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1.1 Static electricity

It was discovered centuries ago that certain types of materials would mysteriously attract one another
after being rubbed together. For example: after rubbing a piece of silk against a piece of glass, the
silk and glass would tend to stick together. Indeed, there was an attractive force that could be
demonstrated even when the two materials were separated:

Glass rod Silk cloth

attraction

ix
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Glass and silk aren’t the only materials known to behave like this. Anyone who has ever brushed
up against a latex balloon only to find that it tries to stick to them has experienced this same phe-
nomenon. Paraffin wax and wool cloth are another pair of materials early experimenters recognized
as manifesting attractive forces after being rubbed together:

attraction

Wool cloth

Wax

This phenomenon became even more interesting when it was discovered that identical materials,
after having been rubbed with their respective cloths, always repelled each other:

Glass rod Glass rod

repulsion

Wax

repulsion

Wax

It was also noted that when a piece of glass rubbed with silk was exposed to a piece of wax
rubbed with wool, the two materials would attract one another:
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Glass rod

Wax

attraction

Furthermore, it was found that any material demonstrating properties of attraction or repulsion
after being rubbed could be classed into one of two distinct categories: attracted to glass and repelled
by wax, or repelled by glass and attracted to wax. It was either one or the other: there were no
materials found that would be attracted to or repelled by both glass and wax, or that reacted to
one without reacting to the other.
More attention was directed toward the pieces of cloth used to do the rubbing. It was discovered

that after rubbing two pieces of glass with two pieces of silk cloth, not only did the glass pieces repel
each other, but so did the cloths. The same phenomenon held for the pieces of wool used to rub the
wax:

Silk clothSilk cloth

repulsion

repulsion

Wool cloth Wool cloth

Now, this was really strange to witness. After all, none of these objects were visibly altered by
the rubbing, yet they definitely behaved differently than before they were rubbed. Whatever change
took place to make these materials attract or repel one another was invisible.
Some experimenters speculated that invisible ”fluids” were being transferred from one object to

another during the process of rubbing, and that these ”fluids” were able to effect a physical force
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over a distance. Charles Dufay was one the early experimenters who demonstrated that there were
definitely two different types of changes wrought by rubbing certain pairs of objects together. The
fact that there was more than one type of change manifested in these materials was evident by the
fact that there were two types of forces produced: attraction and repulsion. The hypothetical fluid
transfer became known as a charge.

One pioneering researcher, Benjamin Franklin, came to the conclusion that there was only one
fluid exchanged between rubbed objects, and that the two different ”charges” were nothing more
than either an excess or a deficiency of that one fluid. After experimenting with wax and wool,
Franklin suggested that the coarse wool removed some of this invisible fluid from the smooth wax,
causing an excess of fluid on the wool and a deficiency of fluid on the wax. The resulting disparity
in fluid content between the wool and wax would then cause an attractive force, as the fluid tried
to regain its former balance between the two materials.

Postulating the existence of a single ”fluid” that was either gained or lost through rubbing
accounted best for the observed behavior: that all these materials fell neatly into one of two categories
when rubbed, and most importantly, that the two active materials rubbed against each other always
fell into opposing categories as evidenced by their invariable attraction to one another. In other
words, there was never a time where two materials rubbed against each other both became either
positive or negative.

Following Franklin’s speculation of the wool rubbing something off of the wax, the type of charge
that was associated with rubbed wax became known as ”negative” (because it was supposed to have
a deficiency of fluid) while the type of charge associated with the rubbing wool became known as
”positive” (because it was supposed to have an excess of fluid). Little did he know that his innocent
conjecture would cause much confusion for students of electricity in the future!

Precise measurements of electrical charge were carried out by the French physicist Charles
Coulomb in the 1780’s using a device called a torsional balance measuring the force generated
between two electrically charged objects. The results of Coulomb’s work led to the development of
a unit of electrical charge named in his honor, the coulomb. If two ”point” objects (hypothetical
objects having no appreciable surface area) were equally charged to a measure of 1 coulomb, and
placed 1 meter (approximately 1 yard) apart, they would generate a force of about 9 billion newtons
(approximately 2 billion pounds), either attracting or repelling depending on the types of charges
involved.

It was discovered much later that this ”fluid” was actually composed of extremely small bits of
matter called electrons, so named in honor of the ancient Greek word for amber: another material
exhibiting charged properties when rubbed with cloth. Experimentation has since revealed that all
objects are composed of extremely small ”building-blocks” known as atoms, and that these atoms
are in turn composed of smaller components known as particles. The three fundamental particles
comprising atoms are called protons, neutrons, and electrons. Atoms are far too small to be seen,
but if we could look at one, it might appear something like this:
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Even though each atom in a piece of material tends to hold together as a unit, there’s actually
a lot of empty space between the electrons and the cluster of protons and neutrons residing in the
middle.

This crude model is that of the element carbon, with six protons, six neutrons, and six electrons.
In any atom, the protons and neutrons are very tightly bound together, which is an important
quality. The tightly-bound clump of protons and neutrons in the center of the atom is called the
nucleus, and the number of protons in an atom’s nucleus determines its elemental identity: change
the number of protons in an atom’s nucleus, and you change the type of atom that it is. In fact,
if you could remove three protons from the nucleus of an atom of lead, you will have achieved the
old alchemists’ dream of producing an atom of gold! The tight binding of protons in the nucleus
is responsible for the stable identity of chemical elements, and the failure of alchemists to achieve
their dream.

Neutrons are much less influential on the chemical character and identity of an atom than protons,
although they are just as hard to add to or remove from the nucleus, being so tightly bound. If
neutrons are added or gained, the atom will still retain the same chemical identity, but its mass will
change slightly and it may acquire strange nuclear properties such as radioactivity.

However, electrons have significantly more freedom to move around in an atom than either
protons or neutrons. In fact, they can be knocked out of their respective positions (even leaving the
atom entirely!) by far less energy than what it takes to dislodge particles in the nucleus. If this
happens, the atom still retains its chemical identity, but an important imbalance occurs. Electrons
and protons are unique in the fact that they are attracted to one another over a distance. It is this
attraction over distance which causes the attraction between rubbed objects, where electrons are
moved away from their original atoms to reside around atoms of another object.

Electrons tend to repel other electrons over a distance, as do protons with other protons. The
only reason protons bind together in the nucleus of an atom is because of a much stronger force
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called the strong nuclear force which has effect only under very short distances. Because of this
attraction/repulsion behavior between individual particles, electrons and protons are said to have
opposite electric charges. That is, each electron has a negative charge, and each proton a positive
charge. In equal numbers within an atom, they counteract each other’s presence so that the net
charge within the atom is zero. This is why the picture of a carbon atom had six electrons: to balance
out the electric charge of the six protons in the nucleus. If electrons leave or extra electrons arrive,
the atom’s net electric charge will be imbalanced, leaving the atom ”charged” as a whole, causing it
to interact with charged particles and other charged atoms nearby. Neutrons are neither attracted
to or repelled by electrons, protons, or even other neutrons, and are consequently categorized as
having no charge at all.

The process of electrons arriving or leaving is exactly what happens when certain combinations
of materials are rubbed together: electrons from the atoms of one material are forced by the rubbing
to leave their respective atoms and transfer over to the atoms of the other material. In other words,
electrons comprise the ”fluid” hypothesized by Benjamin Franklin. The operational definition of a
coulomb as the unit of electrical charge (in terms of force generated between point charges) was
found to be equal to an excess or deficiency of about 6,250,000,000,000,000,000 electrons. Or, stated
in reverse terms, one electron has a charge of about 0.00000000000000000016 coulombs. Being that
one electron is the smallest known carrier of electric charge, this last figure of charge for the electron
is defined as the elementary charge.

The result of an imbalance of this ”fluid” (electrons) between objects is called static electricity.
It is called ”static” because the displaced electrons tend to remain stationary after being moved
from one material to another. In the case of wax and wool, it was determined through further
experimentation that electrons in the wool actually transferred to the atoms in the wax, which is
exactly opposite of Franklin’s conjecture! In honor of Franklin’s designation of the wax’s charge
being ”negative” and the wool’s charge being ”positive,” electrons are said to have a ”negative”
charging influence. Thus, an object whose atoms have received a surplus of electrons is said to be
negatively charged, while an object whose atoms are lacking electrons is said to be positively charged,
as confusing as these designations may seem. By the time the true nature of electric ”fluid” was
discovered, Franklin’s nomenclature of electric charge was too well established to be easily changed,
and so it remains to this day.

• REVIEW:

• All materials are made up of tiny ”building blocks” known as atoms.

• All atoms contain particles called electrons, protons, and neutrons.

• Electrons have a negative (-) electric charge.

• Protons have a positive (+) electric charge.

• Neutrons have no electric charge.

• Electrons can be dislodged from atoms much easier than protons or neutrons.

• The number of protons in an atom’s nucleus determines its identity as a unique element.
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1.2 Conductors, insulators, and electron flow

The electrons of different types of atoms have different degrees of freedom to move around. With
some types of materials, such as metals, the outermost electrons in the atoms are so loosely bound
that they chaotically move in the space between the atoms of that material by nothing more than
the influence of room-temperature heat energy. Because these virtually unbound electrons are free
to leave their respective atoms and float around in the space between adjacent atoms, they are often
called free electrons.
In other types of materials such as glass, the atoms’ electrons have very little freedom to move

around. While external forces such as physical rubbing can force some of these electrons to leave
their respective atoms and transfer to the atoms of another material, they do not move between
atoms within that material very easily.
This relative mobility of electrons within a material is known as electric conductivity. Conduc-

tivity is determined by the types of atoms in a material (the number of protons in each atom’s
nucleus, determining its chemical identity) and how the atoms are linked together with one another.
Materials with high electron mobility (many free electrons) are called conductors, while materials
with low electron mobility (few or no free electrons) are called insulators.
Here are a few common examples of conductors and insulators:

• Conductors:

• silver

• copper

• gold

• aluminum

• iron

• steel

• brass

• bronze

• mercury

• graphite

• dirty water

• concrete

• Insulators:

• glass
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• rubber

• oil

• asphalt

• fiberglass

• porcelain

• ceramic

• quartz

• (dry) cotton

• (dry) paper

• (dry) wood

• plastic

• air

• diamond

• pure water

It must be understood that not all conductive materials have the same level of conductivity,
and not all insulators are equally resistant to electron motion. Electrical conductivity is analogous
to the transparency of certain materials to light: materials that easily ”conduct” light are called
”transparent,” while those that don’t are called ”opaque.” However, not all transparent materials
are equally conductive to light. Window glass is better than most plastics, and certainly better than
”clear” fiberglass. So it is with electrical conductors, some being better than others.
For instance, silver is the best conductor in the ”conductors” list, offering easier passage for

electrons than any other material cited. Dirty water and concrete are also listed as conductors, but
these materials are substantially less conductive than any metal.
Physical dimension also impacts conductivity. For instance, if we take two strips of the same

conductive material – one thin and the other thick – the thick strip will prove to be a better conductor
than the thin for the same length. If we take another pair of strips – this time both with the same
thickness but one shorter than the other – the shorter one will offer easier passage to electrons than
the long one. This is analogous to water flow in a pipe: a fat pipe offers easier passage than a skinny
pipe, and a short pipe is easier for water to move through than a long pipe, all other dimensions
being equal.
It should also be understood that some materials experience changes in their electrical properties

under different conditions. Glass, for instance, is a very good insulator at room temperature, but
becomes a conductor when heated to a very high temperature. Gases such as air, normally insulating
materials, also become conductive if heated to very high temperatures. Most metals become poorer
conductors when heated, and better conductors when cooled. Many conductive materials become
perfectly conductive (this is called superconductivity) at extremely low temperatures.
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While the normal motion of ”free” electrons in a conductor is random, with no particular direc-
tion or speed, electrons can be influenced to move in a coordinated fashion through a conductive
material. This uniform motion of electrons is what we call electricity, or electric current. To be
more precise, it could be called dynamic electricity in contrast to static electricity, which is an un-
moving accumulation of electric charge. Just like water flowing through the emptiness of a pipe,
electrons are able to move within the empty space within and between the atoms of a conductor.
The conductor may appear to be solid to our eyes, but any material composed of atoms is mostly
empty space! The liquid-flow analogy is so fitting that the motion of electrons through a conductor
is often referred to as a ”flow.”
A noteworthy observation may be made here. As each electron moves uniformly through a

conductor, it pushes on the one ahead of it, such that all the electrons move together as a group.
The starting and stopping of electron flow through the length of a conductive path is virtually
instantaneous from one end of a conductor to the other, even though the motion of each electron
may be very slow. An approximate analogy is that of a tube filled end-to-end with marbles:

Tube

Marble Marble

The tube is full of marbles, just as a conductor is full of free electrons ready to be moved by an
outside influence. If a single marble is suddenly inserted into this full tube on the left-hand side,
another marble will immediately try to exit the tube on the right. Even though each marble only
traveled a short distance, the transfer of motion through the tube is virtually instantaneous from
the left end to the right end, no matter how long the tube is. With electricity, the overall effect
from one end of a conductor to the other happens at the speed of light: a swift 186,000 miles per
second!!! Each individual electron, though, travels through the conductor at a much slower pace.
If we want electrons to flow in a certain direction to a certain place, we must provide the proper

path for them to move, just as a plumber must install piping to get water to flow where he or she
wants it to flow. To facilitate this, wires are made of highly conductive metals such as copper or
aluminum in a wide variety of sizes.
Remember that electrons can flow only when they have the opportunity to move in the space

between the atoms of a material. This means that there can be electric current only where there
exists a continuous path of conductive material providing a conduit for electrons to travel through. In
the marble analogy, marbles can flow into the left-hand side of the tube (and, consequently, through
the tube) if and only if the tube is open on the right-hand side for marbles to flow out. If the tube
is blocked on the right-hand side, the marbles will just ”pile up” inside the tube, and marble ”flow”
will not occur. The same holds true for electric current: the continuous flow of electrons requires
there be an unbroken path to permit that flow. Let’s look at a diagram to illustrate how this works:

A thin, solid line (as shown above) is the conventional symbol for a continuous piece of wire.
Since the wire is made of a conductive material, such as copper, its constituent atoms have many
free electrons which can easily move through the wire. However, there will never be a continuous or
uniform flow of electrons within this wire unless they have a place to come from and a place to go.
Let’s add an hypothetical electron ”Source” and ”Destination:”

Electron Electron
Source Destination

Now, with the Electron Source pushing new electrons into the wire on the left-hand side, electron
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flow through the wire can occur (as indicated by the arrows pointing from left to right). However,
the flow will be interrupted if the conductive path formed by the wire is broken:

Electron Electron
Source Destination

no flow! no flow!

(break)

Since air is an insulating material, and an air gap separates the two pieces of wire, the once-
continuous path has now been broken, and electrons cannot flow from Source to Destination. This
is like cutting a water pipe in two and capping off the broken ends of the pipe: water can’t flow if
there’s no exit out of the pipe. In electrical terms, we had a condition of electrical continuity when
the wire was in one piece, and now that continuity is broken with the wire cut and separated.

If we were to take another piece of wire leading to the Destination and simply make physical
contact with the wire leading to the Source, we would once again have a continuous path for electrons
to flow. The two dots in the diagram indicate physical (metal-to-metal) contact between the wire
pieces:

Electron Electron
Source Destination

no flow!

(break)

Now, we have continuity from the Source, to the newly-made connection, down, to the right, and
up to the Destination. This is analogous to putting a ”tee” fitting in one of the capped-off pipes and
directing water through a new segment of pipe to its destination. Please take note that the broken
segment of wire on the right hand side has no electrons flowing through it, because it is no longer
part of a complete path from Source to Destination.

It is interesting to note that no ”wear” occurs within wires due to this electric current, unlike
water-carrying pipes which are eventually corroded and worn by prolonged flows. Electrons do
encounter some degree of friction as they move, however, and this friction can generate heat in a
conductor. This is a topic we’ll explore in much greater detail later.

• REVIEW:

• In conductive materials, the outer electrons in each atom can easily come or go, and are called
free electrons.

• In insulating materials, the outer electrons are not so free to move.

• All metals are electrically conductive.

• Dynamic electricity, or electric current, is the uniform motion of electrons through a conductor.
Static electricity is an unmoving, accumulated charge formed by either an excess or deficiency
of electrons in an object.

• For electrons to flow continuously (indefinitely) through a conductor, there must be a complete,
unbroken path for them to move both into and out of that conductor.
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1.3 Electric circuits

You might have been wondering how electrons can continuously flow in a uniform direction through
wires without the benefit of these hypothetical electron Sources and Destinations. In order for the
Source-and-Destination scheme to work, both would have to have an infinite capacity for electrons
in order to sustain a continuous flow! Using the marble-and-tube analogy, the marble source and
marble destination buckets would have to be infinitely large to contain enough marble capacity for
a ”flow” of marbles to be sustained.

The answer to this paradox is found in the concept of a circuit : a never-ending looped pathway
for electrons. If we take a wire, or many wires joined end-to-end, and loop it around so that it forms
a continuous pathway, we have the means to support a uniform flow of electrons without having to
resort to infinite Sources and Destinations:

electrons can flow

in a path without

beginning or end,

continuing forever!

A marble-and-
hula-hoop "circuit"

Each electron advancing clockwise in this circuit pushes on the one in front of it, which pushes
on the one in front of it, and so on, and so on, just like a hula-hoop filled with marbles. Now, we
have the capability of supporting a continuous flow of electrons indefinitely without the need for
infinite electron supplies and dumps. All we need to maintain this flow is a continuous means of
motivation for those electrons, which we’ll address in the next section of this chapter.

It must be realized that continuity is just as important in a circuit as it is in a straight piece
of wire. Just as in the example with the straight piece of wire between the electron Source and
Destination, any break in this circuit will prevent electrons from flowing through it:
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(break)

electron flow cannot 

in a "broken" circuit!

no flow!

no flow!

no flow!

occur anywhere

continuous

An important principle to realize here is that it doesn’t matter where the break occurs. Any
discontinuity in the circuit will prevent electron flow throughout the entire circuit. Unless there is
a continuous, unbroken loop of conductive material for electrons to flow through, a sustained flow
simply cannot be maintained.

electron flow cannot 

in a "broken" circuit!

no flow!

no flow!

no flow! (break)

occur anywhere

continuous

• REVIEW:

• A circuit is an unbroken loop of conductive material that allows electrons to flow through
continuously without beginning or end.

• If a circuit is ”broken,” that means it’s conductive elements no longer form a complete path,
and continuous electron flow cannot occur in it.

• The location of a break in a circuit is irrelevant to its inability to sustain continuous electron
flow. Any break, anywhere in a circuit prevents electron flow throughout the circuit.
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1.4 Voltage and current

As was previously mentioned, we need more than just a continuous path (circuit) before a continuous
flow of electrons will occur: we also need some means to push these electrons around the circuit.
Just like marbles in a tube or water in a pipe, it takes some kind of influencing force to initiate flow.
With electrons, this force is the same force at work in static electricity: the force produced by an
imbalance of electric charge.

If we take the examples of wax and wool which have been rubbed together, we find that the
surplus of electrons in the wax (negative charge) and the deficit of electrons in the wool (positive
charge) creates an imbalance of charge between them. This imbalance manifests itself as an attractive
force between the two objects:

attraction
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If a conductive wire is placed between the charged wax and wool, electrons will flow through it,
as some of the excess electrons in the wax rush through the wire to get back to the wool, filling the
deficiency of electrons there:

Wool cloth

Wax
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wire
- - -
electron flow

The imbalance of electrons between the atoms in the wax and the atoms in the wool creates a
force between the two materials. With no path for electrons to flow from the wax to the wool, all
this force can do is attract the two objects together. Now that a conductor bridges the insulating
gap, however, the force will provoke electrons to flow in a uniform direction through the wire, if
only momentarily, until the charge in that area neutralizes and the force between the wax and wool
diminishes.

The electric charge formed between these two materials by rubbing them together serves to store
a certain amount of energy. This energy is not unlike the energy stored in a high reservoir of water
that has been pumped from a lower-level pond:
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Pump

Pond

Reservoir Energy stored

   Water flow

The influence of gravity on the water in the reservoir creates a force that attempts to move the
water down to the lower level again. If a suitable pipe is run from the reservoir back to the pond,
water will flow under the influence of gravity down from the reservoir, through the pipe:

Pond

Reservoir

Energy released

It takes energy to pump that water from the low-level pond to the high-level reservoir, and the
movement of water through the piping back down to its original level constitutes a releasing of
energy stored from previous pumping.



1.4. VOLTAGE AND CURRENT xxiii

If the water is pumped to an even higher level, it will take even more energy to do so, thus more
energy will be stored, and more energy released if the water is allowed to flow through a pipe back
down again:

Reservoir

Pump

Pond

Energy stored

More energy releasedMore energy stored

Energy released

Reservoir

Pond

Pump

Electrons are not much different. If we rub wax and wool together, we ”pump” electrons away
from their normal ”levels,” creating a condition where a force exists between the wax and wool, as
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the electrons seek to re-establish their former positions (and balance within their respective atoms).
The force attracting electrons back to their original positions around the positive nuclei of their
atoms is analogous to the force gravity exerts on water in the reservoir, trying to draw it down to
its former level.

Just as the pumping of water to a higher level results in energy being stored, ”pumping” electrons
to create an electric charge imbalance results in a certain amount of energy being stored in that
imbalance. And, just as providing a way for water to flow back down from the heights of the reservoir
results in a release of that stored energy, providing a way for electrons to flow back to their original
”levels” results in a release of stored energy.

:registers

When the electrons are poised in that static condition (just like water sitting still, high in a
reservoir), the energy stored there is called potential energy, because it has the possibility (potential)
of release that has not been fully realized yet. When you scuff your rubber-soled shoes against a
fabric carpet on a dry day, you create an imbalance of electric charge between yourself and the
carpet. The action of scuffing your feet stores energy in the form of an imbalance of electrons forced
from their original locations. This charge (static electricity) is stationary, and you won’t realize that
energy is being stored at all. However, once you place your hand against a metal doorknob (with
lots of electron mobility to neutralize your electric charge), that stored energy will be released in the
form of a sudden flow of electrons through your hand, and you will perceive it as an electric shock!

This potential energy, stored in the form of an electric charge imbalance and capable of provoking
electrons to flow through a conductor, can be expressed as a term called voltage, which technically is
a measure of potential energy per unit charge of electrons, or something a physicist would call specific
potential energy. Defined in the context of static electricity, voltage is the measure of work required
to move a unit charge from one location to another, against the force which tries to keep electric
charges balanced. In the context of electrical power sources, voltage is the amount of potential
energy available (work to be done) per unit charge, to move electrons through a conductor.

Because voltage is an expression of potential energy, representing the possibility or potential for
energy release as the electrons move from one ”level” to another, it is always referenced between
two points. Consider the water reservoir analogy:
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Reservoir

Location #1

Location #2

Drop

Drop

Because of the difference in the height of the drop, there’s potential for much more energy to be
released from the reservoir through the piping to location 2 than to location 1. The principle can be
intuitively understood in dropping a rock: which results in a more violent impact, a rock dropped
from a height of one foot, or the same rock dropped from a height of one mile? Obviously, the drop
of greater height results in greater energy released (a more violent impact). We cannot assess the
amount of stored energy in a water reservoir simply by measuring the volume of water any more
than we can predict the severity of a falling rock’s impact simply from knowing the weight of the
rock: in both cases we must also consider how far these masses will drop from their initial height.
The amount of energy released by allowing a mass to drop is relative to the distance between its
starting and ending points. Likewise, the potential energy available for moving electrons from one
point to another is relative to those two points. Therefore, voltage is always expressed as a quantity
between two points. Interestingly enough, the analogy of a mass potentially ”dropping” from one
height to another is such an apt model that voltage between two points is sometimes called a voltage
drop.

Voltage can be generated by means other than rubbing certain types of materials against each
other. Chemical reactions, radiant energy, and the influence of magnetism on conductors are a few
ways in which voltage may be produced. Respective examples of these three sources of voltage
are batteries, solar cells, and generators (such as the ”alternator” unit under the hood of your
automobile). For now, we won’t go into detail as to how each of these voltage sources works – more
important is that we understand how voltage sources can be applied to create electron flow in a
circuit.

Let’s take the symbol for a chemical battery and build a circuit step by step:
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Battery

-

+

1

2

Any source of voltage, including batteries, have two points for electrical contact. In this case,
we have point 1 and point 2 in the above diagram. The horizontal lines of varying length indicate
that this is a battery, and they further indicate the direction which this battery’s voltage will try
to push electrons through a circuit. The fact that the horizontal lines in the battery symbol appear
separated (and thus unable to serve as a path for electrons to move) is no cause for concern: in real
life, those horizontal lines represent metallic plates immersed in a liquid or semi-solid material that
not only conducts electrons, but also generates the voltage to push them along by interacting with
the plates.

Notice the little ”+” and ”-” signs to the immediate left of the battery symbol. The negative
(-) end of the battery is always the end with the shortest dash, and the positive (+) end of the
battery is always the end with the longest dash. Since we have decided to call electrons ”negatively”
charged (thanks, Ben!), the negative end of a battery is that end which tries to push electrons out
of it. Likewise, the positive end is that end which tries to attract electrons.

With the ”+” and ”-” ends of the battery not connected to anything, there will be voltage
between those two points, but there will be no flow of electrons through the battery, because there
is no continuous path for the electrons to move.

Battery

-

+

1

2

No flow
Pump

Pond

Reservoir

No flow (once the
reservoir has been
completely filled)

Electric Battery

Water analogy

The same principle holds true for the water reservoir and pump analogy: without a return pipe
back to the pond, stored energy in the reservoir cannot be released in the form of water flow. Once
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the reservoir is completely filled up, no flow can occur, no matter how much pressure the pump
may generate. There needs to be a complete path (circuit) for water to flow from the pond, to the
reservoir, and back to the pond in order for continuous flow to occur.

We can provide such a path for the battery by connecting a piece of wire from one end of the
battery to the other. Forming a circuit with a loop of wire, we will initiate a continuous flow of
electrons in a clockwise direction:

Battery

-

+

1

2

Pump

Pond

Reservoir

Water analogy

water flow!

electron flow!

water flow!

Electric Circuit

So long as the battery continues to produce voltage and the continuity of the electrical path
isn’t broken, electrons will continue to flow in the circuit. Following the metaphor of water moving
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through a pipe, this continuous, uniform flow of electrons through the circuit is called a current. So
long as the voltage source keeps ”pushing” in the same direction, the electron flow will continue to
move in the same direction in the circuit. This single-direction flow of electrons is called a Direct
Current, or DC. In the second volume of this book series, electric circuits are explored where the
direction of current switches back and forth: Alternating Current, or AC. But for now, we’ll just
concern ourselves with DC circuits.

Because electric current is composed of individual electrons flowing in unison through a conductor
by moving along and pushing on the electrons ahead, just like marbles through a tube or water
through a pipe, the amount of flow throughout a single circuit will be the same at any point. If we
were to monitor a cross-section of the wire in a single circuit, counting the electrons flowing by, we
would notice the exact same quantity per unit of time as in any other part of the circuit, regardless
of conductor length or conductor diameter.

If we break the circuit’s continuity at any point, the electric current will cease in the entire loop,
and the full voltage produced by the battery will be manifested across the break, between the wire
ends that used to be connected:

Battery

-

+

1

2

(break)

no flow!

no flow!

-

+

voltage
drop

Notice the ”+” and ”-” signs drawn at the ends of the break in the circuit, and how they
correspond to the ”+” and ”-” signs next to the battery’s terminals. These markers indicate the
direction that the voltage attempts to push electron flow, that potential direction commonly referred
to as polarity. Remember that voltage is always relative between two points. Because of this fact,
the polarity of a voltage drop is also relative between two points: whether a point in a circuit gets
labeled with a ”+” or a ”-” depends on the other point to which it is referenced. Take a look at the
following circuit, where each corner of the loop is marked with a number for reference:

Battery

-

+

1 2

(break)

no flow!

no flow!

-

+

34
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With the circuit’s continuity broken between points 2 and 3, the polarity of the voltage dropped
between points 2 and 3 is ”-” for point 2 and ”+” for point 3. The battery’s polarity (1 ”-” and
4 ”+”) is trying to push electrons through the loop clockwise from 1 to 2 to 3 to 4 and back to 1
again.

Now let’s see what happens if we connect points 2 and 3 back together again, but place a break
in the circuit between points 3 and 4:

Battery

-

+

1 2

(break)

no flow!

no flow!

34
-+

With the break between 3 and 4, the polarity of the voltage drop between those two points is
”+” for 4 and ”-” for 3. Take special note of the fact that point 3’s ”sign” is opposite of that in the
first example, where the break was between points 2 and 3 (where point 3 was labeled ”+”). It is
impossible for us to say that point 3 in this circuit will always be either ”+” or ”-”, because polarity,
like voltage itself, is not specific to a single point, but is always relative between two points!

• REVIEW:

• Electrons can be motivated to flow through a conductor by the same force manifested in static
electricity.

• Voltage is the measure of specific potential energy (potential energy per unit charge) between
two locations. In layman’s terms, it is the measure of ”push” available to motivate electrons.

• Voltage, as an expression of potential energy, is always relative between two locations, or
points. Sometimes it is called a voltage ”drop.”

• When a voltage source is connected to a circuit, the voltage will cause a uniform flow of
electrons through that circuit called a current.

• In a single (one loop) circuit, the amount of current at any point is the same as the amount
of current at any other point.

• If a circuit containing a voltage source is broken, the full voltage of that source will appear
across the points of the break.

• The +/- orientation a voltage drop is called the polarity. It is also relative between two points.
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1.5 Resistance

The circuit in the previous section is not a very practical one. In fact, it can be quite dangerous
to build (directly connecting the poles of a voltage source together with a single piece of wire).
The reason it is dangerous is because the magnitude of electric current may be very large in such a
short circuit, and the release of energy very dramatic (usually in the form of heat). Usually, electric
circuits are constructed in such a way as to make practical use of that released energy, in as safe a
manner as possible.

One practical and popular use of electric current is for the operation of electric lighting. The
simplest form of electric lamp is a tiny metal ”filament” inside of a clear glass bulb, which glows
white-hot (”incandesces”) with heat energy when sufficient electric current passes through it. Like
the battery, it has two conductive connection points, one for electrons to enter and the other for
electrons to exit.

Connected to a source of voltage, an electric lamp circuit looks something like this:

Battery

-

+

electron flow

electron flow

Electric lamp (glowing)

As the electrons work their way through the thin metal filament of the lamp, they encounter
more opposition to motion than they typically would in a thick piece of wire. This opposition to
electric current depends on the type of material, its cross-sectional area, and its temperature. It is
technically known as resistance. (It can be said that conductors have low resistance and insulators
have very high resistance.) This resistance serves to limit the amount of current through the circuit
with a given amount of voltage supplied by the battery, as compared with the ”short circuit” where
we had nothing but a wire joining one end of the voltage source (battery) to the other.

When electrons move against the opposition of resistance, ”friction” is generated. Just like
mechanical friction, the friction produced by electrons flowing against a resistance manifests itself
in the form of heat. The concentrated resistance of a lamp’s filament results in a relatively large
amount of heat energy dissipated at that filament. This heat energy is enough to cause the filament
to glow white-hot, producing light, whereas the wires connecting the lamp to the battery (which
have much lower resistance) hardly even get warm while conducting the same amount of current.

As in the case of the short circuit, if the continuity of the circuit is broken at any point, electron
flow stops throughout the entire circuit. With a lamp in place, this means that it will stop glowing:
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Battery

-

+

(break)

no flow!

no flow! no flow!

- +
voltage
drop

Electric lamp
(not glowing)

As before, with no flow of electrons, the entire potential (voltage) of the battery is available
across the break, waiting for the opportunity of a connection to bridge across that break and permit
electron flow again. This condition is known as an open circuit, where a break in the continuity of the
circuit prevents current throughout. All it takes is a single break in continuity to ”open” a circuit.
Once any breaks have been connected once again and the continuity of the circuit re-established, it
is known as a closed circuit.

What we see here is the basis for switching lamps on and off by remote switches. Because any
break in a circuit’s continuity results in current stopping throughout the entire circuit, we can use a
device designed to intentionally break that continuity (called a switch), mounted at any convenient
location that we can run wires to, to control the flow of electrons in the circuit:

Battery

-

+

switch

It doesn’t matter how twisted or
convoluted a route the wires take
conducting current, so long as they
form a complete, uninterrupted 
loop (circuit).

This is how a switch mounted on the wall of a house can control a lamp that is mounted down a
long hallway, or even in another room, far away from the switch. The switch itself is constructed of
a pair of conductive contacts (usually made of some kind of metal) forced together by a mechanical
lever actuator or pushbutton. When the contacts touch each other, electrons are able to flow from
one to the other and the circuit’s continuity is established; when the contacts are separated, electron
flow from one to the other is prevented by the insulation of the air between, and the circuit’s
continuity is broken.

Perhaps the best kind of switch to show for illustration of the basic principle is the ”knife” switch:
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A knife switch is nothing more than a conductive lever, free to pivot on a hinge, coming into
physical contact with one or more stationary contact points which are also conductive. The switch
shown in the above illustration is constructed on a porcelain base (an excellent insulating material),
using copper (an excellent conductor) for the ”blade” and contact points. The handle is plastic to
insulate the operator’s hand from the conductive blade of the switch when opening or closing it.

Here is another type of knife switch, with two stationary contacts instead of one:

The particular knife switch shown here has one ”blade” but two stationary contacts, meaning
that it can make or break more than one circuit. For now this is not terribly important to be aware
of, just the basic concept of what a switch is and how it works.

Knife switches are great for illustrating the basic principle of how a switch works, but they
present distinct safety problems when used in high-power electric circuits. The exposed conductors
in a knife switch make accidental contact with the circuit a distinct possibility, and any sparking
that may occur between the moving blade and the stationary contact is free to ignite any nearby
flammable materials. Most modern switch designs have their moving conductors and contact points
sealed inside an insulating case in order to mitigate these hazards. A photograph of a few modern



1.5. RESISTANCE xxxiii

switch types show how the switching mechanisms are much more concealed than with the knife
design:

In keeping with the ”open” and ”closed” terminology of circuits, a switch that is making contact
from one connection terminal to the other (example: a knife switch with the blade fully touching
the stationary contact point) provides continuity for electrons to flow through, and is called a closed
switch. Conversely, a switch that is breaking continuity (example: a knife switch with the blade not
touching the stationary contact point) won’t allow electrons to pass through and is called an open
switch. This terminology is often confusing to the new student of electronics, because the words
”open” and ”closed” are commonly understood in the context of a door, where ”open” is equated
with free passage and ”closed” with blockage. With electrical switches, these terms have opposite
meaning: ”open” means no flow while ”closed” means free passage of electrons.

• REVIEW:

• Resistance is the measure of opposition to electric current.

• A short circuit is an electric circuit offering little or no resistance to the flow of electrons. Short
circuits are dangerous with high voltage power sources because the high currents encountered
can cause large amounts of heat energy to be released.

• An open circuit is one where the continuity has been broken by an interruption in the path
for electrons to flow.

• A closed circuit is one that is complete, with good continuity throughout.

• A device designed to open or close a circuit under controlled conditions is called a switch.
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• The terms ”open” and ”closed” refer to switches as well as entire circuits. An open switch is
one without continuity: electrons cannot flow through it. A closed switch is one that provides
a direct (low resistance) path for electrons to flow through.

1.6 Voltage and current in a practical circuit

Because it takes energy to force electrons to flow against the opposition of a resistance, there will
be voltage manifested (or ”dropped”) between any points in a circuit with resistance between them.
It is important to note that although the amount of current (the quantity of electrons moving past
a given point every second) is uniform in a simple circuit, the amount of voltage (potential energy
per unit charge) between different sets of points in a single circuit may vary considerably:

Battery

-

+

1 2

34

same rate of current . . .

. . . at all points in this circuit

Take this circuit as an example. If we label four points in this circuit with the numbers 1, 2, 3,
and 4, we will find that the amount of current conducted through the wire between points 1 and 2
is exactly the same as the amount of current conducted through the lamp (between points 2 and
3). This same quantity of current passes through the wire between points 3 and 4, and through the
battery (between points 1 and 4).

However, we will find the voltage appearing between any two of these points to be directly
proportional to the resistance within the conductive path between those two points, given that the
amount of current along any part of the circuit’s path is the same (which, for this simple circuit, it
is). In a normal lamp circuit, the resistance of a lamp will be much greater than the resistance of
the connecting wires, so we should expect to see a substantial amount of voltage between points 2
and 3, with very little between points 1 and 2, or between 3 and 4. The voltage between points 1
and 4, of course, will be the full amount of ”force” offered by the battery, which will be only slightly
greater than the voltage across the lamp (between points 2 and 3).

This, again, is analogous to the water reservoir system:
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Pump

Pond

Reservoir

Waterwheel

(energy released)

(energy stored)

12

3

4

Between points 2 and 3, where the falling water is releasing energy at the water-wheel, there
is a difference of pressure between the two points, reflecting the opposition to the flow of water
through the water-wheel. From point 1 to point 2, or from point 3 to point 4, where water is
flowing freely through reservoirs with little opposition, there is little or no difference of pressure (no
potential energy). However, the rate of water flow in this continuous system is the same everywhere
(assuming the water levels in both pond and reservoir are unchanging): through the pump, through
the water-wheel, and through all the pipes. So it is with simple electric circuits: the rate of electron
flow is the same at every point in the circuit, although voltages may differ between different sets of
points.

1.7 Conventional versus electron flow

”The nice thing about standards is that there are so many of them to choose from.”

Andrew S. Tannenbaum, computer science professor

When Benjamin Franklin made his conjecture regarding the direction of charge flow (from the
smooth wax to the rough wool), he set a precedent for electrical notation that exists to this day,
despite the fact that we know electrons are the constituent units of charge, and that they are
displaced from the wool to the wax – not from the wax to the wool – when those two substances
are rubbed together. This is why electrons are said to have a negative charge: because Franklin
assumed electric charge moved in the opposite direction that it actually does, and so objects he
called ”negative” (representing a deficiency of charge) actually have a surplus of electrons.

By the time the true direction of electron flow was discovered, the nomenclature of ”positive” and
”negative” had already been so well established in the scientific community that no effort was made
to change it, although calling electrons ”positive” would make more sense in referring to ”excess”
charge. You see, the terms ”positive” and ”negative” are human inventions, and as such have no
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absolute meaning beyond our own conventions of language and scientific description. Franklin could
have just as easily referred to a surplus of charge as ”black” and a deficiency as ”white,” in which case
scientists would speak of electrons having a ”white” charge (assuming the same incorrect conjecture
of charge position between wax and wool).

However, because we tend to associate the word ”positive” with ”surplus” and ”negative” with
”deficiency,” the standard label for electron charge does seem backward. Because of this, many
engineers decided to retain the old concept of electricity with ”positive” referring to a surplus
of charge, and label charge flow (current) accordingly. This became known as conventional flow
notation:

+

-

Conventional flow notation

Electric charge moves 
from the positive (surplus)
side of the battery to the
negative (deficiency) side.

Others chose to designate charge flow according to the actual motion of electrons in a circuit.
This form of symbology became known as electron flow notation:

+

-

Electric charge moves 

side of the battery to the

Electron flow notation

from the negative (surplus)

positive (deficiency) side.

In conventional flow notation, we show the motion of charge according to the (technically incor-
rect) labels of + and -. This way the labels make sense, but the direction of charge flow is incorrect.
In electron flow notation, we follow the actual motion of electrons in the circuit, but the + and -
labels seem backward. Does it matter, really, how we designate charge flow in a circuit? Not really,
so long as we’re consistent in the use of our symbols. You may follow an imagined direction of
current (conventional flow) or the actual (electron flow) with equal success insofar as circuit analysis
is concerned. Concepts of voltage, current, resistance, continuity, and even mathematical treatments
such as Ohm’s Law (chapter 2) and Kirchhoff’s Laws (chapter 6) remain just as valid with either
style of notation.

You will find conventional flow notation followed by most electrical engineers, and illustrated
in most engineering textbooks. Electron flow is most often seen in introductory textbooks (this
one included) and in the writings of professional scientists, especially solid-state physicists who are
concerned with the actual motion of electrons in substances. These preferences are cultural, in the
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sense that certain groups of people have found it advantageous to envision electric current motion in
certain ways. Being that most analyses of electric circuits do not depend on a technically accurate
depiction of charge flow, the choice between conventional flow notation and electron flow notation
is arbitrary . . . almost.

Many electrical devices tolerate real currents of either direction with no difference in operation.
Incandescent lamps (the type utilizing a thin metal filament that glows white-hot with sufficient
current), for example, produce light with equal efficiency regardless of current direction. They even
function well on alternating current (AC), where the direction changes rapidly over time. Conductors
and switches operate irrespective of current direction, as well. The technical term for this irrelevance
of charge flow is nonpolarization. We could say then, that incandescent lamps, switches, and wires are
nonpolarized components. Conversely, any device that functions differently on currents of different
direction would be called a polarized device.

There are many such polarized devices used in electric circuits. Most of them are made of so-
called semiconductor substances, and as such aren’t examined in detail until the third volume of this
book series. Like switches, lamps, and batteries, each of these devices is represented in a schematic
diagram by a unique symbol. As one might guess, polarized device symbols typically contain an
arrow within them, somewhere, to designate a preferred or exclusive direction of current. This is
where the competing notations of conventional and electron flow really matter. Because engineers
from long ago have settled on conventional flow as their ”culture’s” standard notation, and because
engineers are the same people who invent electrical devices and the symbols representing them, the
arrows used in these devices’ symbols all point in the direction of conventional flow, not electron
flow. That is to say, all of these devices’ symbols have arrow marks that point against the actual
flow of electrons through them.

Perhaps the best example of a polarized device is the diode. A diode is a one-way ”valve” for
electric current, analogous to a check valve for those familiar with plumbing and hydraulic systems.
Ideally, a diode provides unimpeded flow for current in one direction (little or no resistance), but
prevents flow in the other direction (infinite resistance). Its schematic symbol looks like this:

Diode

Placed within a battery/lamp circuit, its operation is as such:

+

-

Diode operation

Current permitted

+

-

Current prohibited

When the diode is facing in the proper direction to permit current, the lamp glows. Otherwise,
the diode blocks all electron flow just like a break in the circuit, and the lamp will not glow.

If we label the circuit current using conventional flow notation, the arrow symbol of the diode
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makes perfect sense: the triangular arrowhead points in the direction of charge flow, from positive
to negative:

+

-

Current shown using 
conventional flow notation

On the other hand, if we use electron flow notation to show the true direction of electron travel
around the circuit, the diode’s arrow symbology seems backward:

+

-

Current shown using 
electron flow notation

For this reason alone, many people choose to make conventional flow their notation of choice when
drawing the direction of charge motion in a circuit. If for no other reason, the symbols associated
with semiconductor components like diodes make more sense this way. However, others choose to
show the true direction of electron travel so as to avoid having to tell themselves, ”just remember
the electrons are actually moving the other way” whenever the true direction of electron motion
becomes an issue.

In this series of textbooks, I have committed to using electron flow notation. Ironically, this was
not my first choice. I found it much easier when I was first learning electronics to use conventional
flow notation, primarily because of the directions of semiconductor device symbol arrows. Later,
when I began my first formal training in electronics, my instructor insisted on using electron flow
notation in his lectures. In fact, he asked that we take our textbooks (which were illustrated using
conventional flow notation) and use our pens to change the directions of all the current arrows so
as to point the ”correct” way! His preference was not arbitrary, though. In his 20-year career as a
U.S. Navy electronics technician, he worked on a lot of vacuum-tube equipment. Before the advent
of semiconductor components like transistors, devices known as vacuum tubes or electron tubes were
used to amplify small electrical signals. These devices work on the phenomenon of electrons hurtling
through a vacuum, their rate of flow controlled by voltages applied between metal plates and grids
placed within their path, and are best understood when visualized using electron flow notation.

When I graduated from that training program, I went back to my old habit of conventional flow
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notation, primarily for the sake of minimizing confusion with component symbols, since vacuum
tubes are all but obsolete except in special applications. Collecting notes for the writing of this
book, I had full intention of illustrating it using conventional flow.
Years later, when I became a teacher of electronics, the curriculum for the program I was going

to teach had already been established around the notation of electron flow. Oddly enough, this
was due in part to the legacy of my first electronics instructor (the 20-year Navy veteran), but
that’s another story entirely! Not wanting to confuse students by teaching ”differently” from the
other instructors, I had to overcome my habit and get used to visualizing electron flow instead of
conventional. Because I wanted my book to be a useful resource for my students, I begrudgingly
changed plans and illustrated it with all the arrows pointing the ”correct” way. Oh well, sometimes
you just can’t win!
On a positive note (no pun intended), I have subsequently discovered that some students prefer

electron flow notation when first learning about the behavior of semiconductive substances. Also,
the habit of visualizing electrons flowing against the arrows of polarized device symbols isn’t that
difficult to learn, and in the end I’ve found that I can follow the operation of a circuit equally well
using either mode of notation. Still, I sometimes wonder if it would all be much easier if we went
back to the source of the confusion – Ben Franklin’s errant conjecture – and fixed the problem there,
calling electrons ”positive” and protons ”negative.”

1.8 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Bill Heath (September 2002): Pointed out error in illustration of carbon atom – the nucleus
was shown with seven protons instead of six.

Stefan Kluehspies (June 2003): Corrected spelling error in Andrew Tannenbaum’s name.
Ben Crowell, Ph.D. (January 13, 2001): suggestions on improving the technical accuracy of

voltage and charge definitions.
Jason Starck (June 2000): HTML document formatting, which led to a much better-looking

second edition.
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Chapter 2

OHM’s LAW
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”One microampere flowing in one ohm causes a one microvolt potential drop.”
Georg Simon Ohm

2.1 How voltage, current, and resistance relate

An electric circuit is formed when a conductive path is created to allow free electrons to continuously
move. This continuous movement of free electrons through the conductors of a circuit is called a
current, and it is often referred to in terms of ”flow,” just like the flow of a liquid through a hollow
pipe.
The force motivating electrons to ”flow” in a circuit is called voltage. Voltage is a specific measure

of potential energy that is always relative between two points. When we speak of a certain amount
of voltage being present in a circuit, we are referring to the measurement of how much potential
energy exists to move electrons from one particular point in that circuit to another particular point.
Without reference to two particular points, the term ”voltage” has no meaning.
Free electrons tend to move through conductors with some degree of friction, or opposition to

motion. This opposition to motion is more properly called resistance. The amount of current in a

xli
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circuit depends on the amount of voltage available to motivate the electrons, and also the amount
of resistance in the circuit to oppose electron flow. Just like voltage, resistance is a quantity relative
between two points. For this reason, the quantities of voltage and resistance are often stated as
being ”between” or ”across” two points in a circuit.

To be able to make meaningful statements about these quantities in circuits, we need to be able
to describe their quantities in the same way that we might quantify mass, temperature, volume,
length, or any other kind of physical quantity. For mass we might use the units of ”pound” or
”gram.” For temperature we might use degrees Fahrenheit or degrees Celsius. Here are the standard
units of measurement for electrical current, voltage, and resistance:

Quantity Symbol Measurement
Unit of

Abbreviation
Unit

Current

Voltage

Resistance

I

E Vor

R

Ampere ("Amp")

Volt

Ohm

A

V

Ω

The ”symbol” given for each quantity is the standard alphabetical letter used to represent that
quantity in an algebraic equation. Standardized letters like these are common in the disciplines
of physics and engineering, and are internationally recognized. The ”unit abbreviation” for each
quantity represents the alphabetical symbol used as a shorthand notation for its particular unit of
measurement. And, yes, that strange-looking ”horseshoe” symbol is the capital Greek letter Ω, just
a character in a foreign alphabet (apologies to any Greek readers here).

Each unit of measurement is named after a famous experimenter in electricity: The amp after
the Frenchman Andre M. Ampere, the volt after the Italian Alessandro Volta, and the ohm after
the German Georg Simon Ohm.

The mathematical symbol for each quantity is meaningful as well. The ”R” for resistance and
the ”V” for voltage are both self-explanatory, whereas ”I” for current seems a bit weird. The ”I”
is thought to have been meant to represent ”Intensity” (of electron flow), and the other symbol for
voltage, ”E,” stands for ”Electromotive force.” From what research I’ve been able to do, there seems
to be some dispute over the meaning of ”I.” The symbols ”E” and ”V” are interchangeable for the
most part, although some texts reserve ”E” to represent voltage across a source (such as a battery
or generator) and ”V” to represent voltage across anything else.

All of these symbols are expressed using capital letters, except in cases where a quantity (espe-
cially voltage or current) is described in terms of a brief period of time (called an ”instantaneous”
value). For example, the voltage of a battery, which is stable over a long period of time, will be
symbolized with a capital letter ”E,” while the voltage peak of a lightning strike at the very instant
it hits a power line would most likely be symbolized with a lower-case letter ”e” (or lower-case ”v”)
to designate that value as being at a single moment in time. This same lower-case convention holds
true for current as well, the lower-case letter ”i” representing current at some instant in time. Most
direct-current (DC) measurements, however, being stable over time, will be symbolized with capital
letters.

One foundational unit of electrical measurement, often taught in the beginnings of electronics
courses but used infrequently afterwards, is the unit of the coulomb, which is a measure of electric
charge proportional to the number of electrons in an imbalanced state. One coulomb of charge is
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equal to 6,250,000,000,000,000,000 electrons. The symbol for electric charge quantity is the capital
letter ”Q,” with the unit of coulombs abbreviated by the capital letter ”C.” It so happens that the
unit for electron flow, the amp, is equal to 1 coulomb of electrons passing by a given point in a
circuit in 1 second of time. Cast in these terms, current is the rate of electric charge motion through
a conductor.
As stated before, voltage is the measure of potential energy per unit charge available to motivate

electrons from one point to another. Before we can precisely define what a ”volt” is, we must
understand how to measure this quantity we call ”potential energy.” The general metric unit for
energy of any kind is the joule, equal to the amount of work performed by a force of 1 newton
exerted through a motion of 1 meter (in the same direction). In British units, this is slightly less
than 3/4 pound of force exerted over a distance of 1 foot. Put in common terms, it takes about 1
joule of energy to lift a 3/4 pound weight 1 foot off the ground, or to drag something a distance of
1 foot using a parallel pulling force of 3/4 pound. Defined in these scientific terms, 1 volt is equal
to 1 joule of electric potential energy per (divided by) 1 coulomb of charge. Thus, a 9 volt battery
releases 9 joules of energy for every coulomb of electrons moved through a circuit.
These units and symbols for electrical quantities will become very important to know as we

begin to explore the relationships between them in circuits. The first, and perhaps most important,
relationship between current, voltage, and resistance is called Ohm’s Law, discovered by Georg
Simon Ohm and published in his 1827 paper, The Galvanic Circuit Investigated Mathematically.
Ohm’s principal discovery was that the amount of electric current through a metal conductor in
a circuit is directly proportional to the voltage impressed across it, for any given temperature.
Ohm expressed his discovery in the form of a simple equation, describing how voltage, current, and
resistance interrelate:

E = I R

In this algebraic expression, voltage (E) is equal to current (I) multiplied by resistance (R). Using
algebra techniques, we can manipulate this equation into two variations, solving for I and for R,
respectively:

I =
E

R
R =

E

I

Let’s see how these equations might work to help us analyze simple circuits:

Battery
-

+

electron flow

electron flow

Electric lamp (glowing)

In the above circuit, there is only one source of voltage (the battery, on the left) and only one
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source of resistance to current (the lamp, on the right). This makes it very easy to apply Ohm’s
Law. If we know the values of any two of the three quantities (voltage, current, and resistance) in
this circuit, we can use Ohm’s Law to determine the third.

In this first example, we will calculate the amount of current (I) in a circuit, given values of
voltage (E) and resistance (R):

Battery

-

+
Lamp

E = 12 V

I = ???

I = ???

R = 3 Ω

What is the amount of current (I) in this circuit?

I =
E

R
= =

12 V

3 Ω
4 A

In this second example, we will calculate the amount of resistance (R) in a circuit, given values
of voltage (E) and current (I):

Battery

-

+
Lamp

E = 36 V

I = 4 A

I = 4 A

R = ???

What is the amount of resistance (R) offered by the lamp?

E
R = ==

I

36 V

4 A
9 Ω

In the last example, we will calculate the amount of voltage supplied by a battery, given values
of current (I) and resistance (R):
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Battery

-

+
Lamp

E = ???

I = 2 A

I = 2 A

R = 7 Ω

What is the amount of voltage provided by the battery?

R =IE = (2 A)(7 Ω) = 14 V

Ohm’s Law is a very simple and useful tool for analyzing electric circuits. It is used so often
in the study of electricity and electronics that it needs to be committed to memory by the serious
student. For those who are not yet comfortable with algebra, there’s a trick to remembering how to
solve for any one quantity, given the other two. First, arrange the letters E, I, and R in a triangle
like this:

E

I R

If you know E and I, and wish to determine R, just eliminate R from the picture and see what’s
left:

E

I R

E
I

R =

If you know E and R, and wish to determine I, eliminate I and see what’s left:

E

I R

E
I =

R

Lastly, if you know I and R, and wish to determine E, eliminate E and see what’s left:
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E

I R

E = I R

Eventually, you’ll have to be familiar with algebra to seriously study electricity and electronics,
but this tip can make your first calculations a little easier to remember. If you are comfortable with
algebra, all you need to do is commit E=IR to memory and derive the other two formulae from that
when you need them!

• REVIEW:

• Voltage measured in volts, symbolized by the letters ”E” or ”V”.

• Current measured in amps, symbolized by the letter ”I”.

• Resistance measured in ohms, symbolized by the letter ”R”.

• Ohm’s Law: E = IR ; I = E/R ; R = E/I

2.2 An analogy for Ohm’s Law

Ohm’s Law also makes intuitive sense if you apply it to the water-and-pipe analogy. If we have
a water pump that exerts pressure (voltage) to push water around a ”circuit” (current) through a
restriction (resistance), we can model how the three variables interrelate. If the resistance to water
flow stays the same and the pump pressure increases, the flow rate must also increase.

Pressure

Flow rate

Resistance 

=

=

=

Voltage

Current

Resistance 

=

=

=

increase

same

increase increase

increase

same

E = I R
If the pressure stays the same and the resistance increases (making it more difficult for the water

to flow), then the flow rate must decrease:
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Pressure

Flow rate

Resistance 

=

=

=

Voltage

Current

Resistance 

=

=

=

same

increase increase

same

E = I R

decreasedecrease

If the flow rate were to stay the same while the resistance to flow decreased, the required pressure
from the pump would necessarily decrease:

Pressure

Flow rate

Resistance 

=

=

=

Voltage

Current

Resistance 

=

=

=

same same

E = I R

decrease

decrease

decrease

decreasedecrease

As odd as it may seem, the actual mathematical relationship between pressure, flow, and resis-
tance is actually more complex for fluids like water than it is for electrons. If you pursue further
studies in physics, you will discover this for yourself. Thankfully for the electronics student, the
mathematics of Ohm’s Law is very straightforward and simple.

• REVIEW:

• With resistance steady, current follows voltage (an increase in voltage means an increase in
current, and vice versa).

• With voltage steady, changes in current and resistance are opposite (an increase in current
means a decrease in resistance, and vice versa).

• With current steady, voltage follows resistance (an increase in resistance means an increase in
voltage).

2.3 Power in electric circuits

In addition to voltage and current, there is another measure of free electron activity in a circuit:
power. First, we need to understand just what power is before we analyze it in any circuits.

Power is a measure of how much work can be performed in a given amount of time. Work is
generally defined in terms of the lifting of a weight against the pull of gravity. The heavier the
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weight and/or the higher it is lifted, the more work has been done. Power is a measure of how
rapidly a standard amount of work is done.

For American automobiles, engine power is rated in a unit called ”horsepower,” invented initially
as a way for steam engine manufacturers to quantify the working ability of their machines in terms
of the most common power source of their day: horses. One horsepower is defined in British units
as 550 ft-lbs of work per second of time. The power of a car’s engine won’t indicate how tall of a
hill it can climb or how much weight it can tow, but it will indicate how fast it can climb a specific
hill or tow a specific weight.

The power of a mechanical engine is a function of both the engine’s speed and it’s torque provided
at the output shaft. Speed of an engine’s output shaft is measured in revolutions per minute, or
RPM. Torque is the amount of twisting force produced by the engine, and it is usually measured
in pound-feet, or lb-ft (not to be confused with foot-pounds or ft-lbs, which is the unit for work).
Neither speed nor torque alone is a measure of an engine’s power.

A 100 horsepower diesel tractor engine will turn relatively slowly, but provide great amounts of
torque. A 100 horsepower motorcycle engine will turn very fast, but provide relatively little torque.
Both will produce 100 horsepower, but at different speeds and different torques. The equation for
shaft horsepower is simple:

Horsepower =
2 π S T

33,000

Where,
S = shaft speed in r.p.m.

T = shaft torque in lb-ft.

Notice how there are only two variable terms on the right-hand side of the equation, S and T. All
the other terms on that side are constant: 2, pi, and 33,000 are all constants (they do not change in
value). The horsepower varies only with changes in speed and torque, nothing else. We can re-write
the equation to show this relationship:

S THorsepower

This symbol means
"proportional to"

Because the unit of the ”horsepower” doesn’t coincide exactly with speed in revolutions per
minute multiplied by torque in pound-feet, we can’t say that horsepower equals ST. However, they are
proportional to one another. As the mathematical product of ST changes, the value for horsepower
will change by the same proportion.

In electric circuits, power is a function of both voltage and current. Not surprisingly, this
relationship bears striking resemblance to the ”proportional” horsepower formula above:

P = I E

In this case, however, power (P) is exactly equal to current (I) multiplied by voltage (E), rather
than merely being proportional to IE. When using this formula, the unit of measurement for power
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is the watt, abbreviated with the letter ”W.”
It must be understood that neither voltage nor current by themselves constitute power. Rather,

power is the combination of both voltage and current in a circuit. Remember that voltage is the
specific work (or potential energy) per unit charge, while current is the rate at which electric charges
move through a conductor. Voltage (specific work) is analogous to the work done in lifting a weight
against the pull of gravity. Current (rate) is analogous to the speed at which that weight is lifted.
Together as a product (multiplication), voltage (work) and current (rate) constitute power.
Just as in the case of the diesel tractor engine and the motorcycle engine, a circuit with high

voltage and low current may be dissipating the same amount of power as a circuit with low voltage
and high current. Neither the amount of voltage alone nor the amount of current alone indicates
the amount of power in an electric circuit.
In an open circuit, where voltage is present between the terminals of the source and there is

zero current, there is zero power dissipated, no matter how great that voltage may be. Since P=IE
and I=0 and anything multiplied by zero is zero, the power dissipated in any open circuit must be
zero. Likewise, if we were to have a short circuit constructed of a loop of superconducting wire
(absolutely zero resistance), we could have a condition of current in the loop with zero voltage, and
likewise no power would be dissipated. Since P=IE and E=0 and anything multiplied by zero is
zero, the power dissipated in a superconducting loop must be zero. (We’ll be exploring the topic of
superconductivity in a later chapter).
Whether we measure power in the unit of ”horsepower” or the unit of ”watt,” we’re still talking

about the same thing: how much work can be done in a given amount of time. The two units
are not numerically equal, but they express the same kind of thing. In fact, European automobile
manufacturers typically advertise their engine power in terms of kilowatts (kW), or thousands of
watts, instead of horsepower! These two units of power are related to each other by a simple
conversion formula:

1 Horsepower = 745.7 Watts
So, our 100 horsepower diesel and motorcycle engines could also be rated as ”74570 watt” engines,

or more properly, as ”74.57 kilowatt” engines. In European engineering specifications, this rating
would be the norm rather than the exception.

• REVIEW:

• Power is the measure of how much work can be done in a given amount of time.

• Mechanical power is commonly measured (in America) in ”horsepower.”

• Electrical power is almost always measured in ”watts,” and it can be calculated by the formula
P = IE.

• Electrical power is a product of both voltage and current, not either one separately.

• Horsepower and watts are merely two different units for describing the same kind of physical
measurement, with 1 horsepower equaling 745.7 watts.

2.4 Calculating electric power

We’ve seen the formula for determining the power in an electric circuit: by multiplying the voltage
in ”volts” by the current in ”amps” we arrive at an answer in ”watts.” Let’s apply this to a circuit
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example:

Battery

-

+
Lamp

E = 18 V

I = ???

I = ???

R = 3 Ω

In the above circuit, we know we have a battery voltage of 18 volts and a lamp resistance of 3
Ω. Using Ohm’s Law to determine current, we get:

I =
E

R
= =

18 V

3 Ω 6 A

Now that we know the current, we can take that value and multiply it by the voltage to determine
power:

P = I E = (6 A)(18 V) = 108 W

Answer: the lamp is dissipating (releasing) 108 watts of power, most likely in the form of both
light and heat.
Let’s try taking that same circuit and increasing the battery voltage to see what happens. In-

tuition should tell us that the circuit current will increase as the voltage increases and the lamp
resistance stays the same. Likewise, the power will increase as well:

Battery

-

+
Lamp

E = 36 V

I = ???

I = ???

R = 3 Ω

Now, the battery voltage is 36 volts instead of 18 volts. The lamp is still providing 3 Ω of
electrical resistance to the flow of electrons. The current is now:

I =
E

R
= =

36 V

3 Ω 12 A
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This stands to reason: if I = E/R, and we double E while R stays the same, the current should
double. Indeed, it has: we now have 12 amps of current instead of 6. Now, what about power?

P = I E = (12 A)(36 V) = 432 W

Notice that the power has increased just as we might have suspected, but it increased quite a bit
more than the current. Why is this? Because power is a function of voltage multiplied by current,
and both voltage and current doubled from their previous values, the power will increase by a factor
of 2 x 2, or 4. You can check this by dividing 432 watts by 108 watts and seeing that the ratio
between them is indeed 4.

Using algebra again to manipulate the formulae, we can take our original power formula and
modify it for applications where we don’t know both voltage and current:

If we only know voltage (E) and resistance (R):

If, I =
E

R
and P = I E

Then, P =
E

R
E or P =

E
R

2

If we only know current (I) and resistance (R):

If,

I

=E R and P = I E

Then, P = or P = R
2

I

I R( ) I

An historical note: it was James Prescott Joule, not Georg Simon Ohm, who first discovered
the mathematical relationship between power dissipation and current through a resistance. This
discovery, published in 1841, followed the form of the last equation (P = I2R), and is properly
known as Joule’s Law. However, these power equations are so commonly associated with the Ohm’s
Law equations relating voltage, current, and resistance (E=IR ; I=E/R ; and R=E/I) that they are
frequently credited to Ohm.

P = IE P =P =
E

R

E2

I2R

Power equations

• REVIEW:

• Power measured in watts, symbolized by the letter ”W”.

• Joule’s Law: P = I2R ; P = IE ; P = E2/R
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2.5 Resistors

Because the relationship between voltage, current, and resistance in any circuit is so regular, we can
reliably control any variable in a circuit simply by controlling the other two. Perhaps the easiest
variable in any circuit to control is its resistance. This can be done by changing the material, size,
and shape of its conductive components (remember how the thin metal filament of a lamp created
more electrical resistance than a thick wire?).

Special components called resistors are made for the express purpose of creating a precise quantity
of resistance for insertion into a circuit. They are typically constructed of metal wire or carbon,
and engineered to maintain a stable resistance value over a wide range of environmental conditions.
Unlike lamps, they do not produce light, but they do produce heat as electric power is dissipated
by them in a working circuit. Typically, though, the purpose of a resistor is not to produce usable
heat, but simply to provide a precise quantity of electrical resistance.

The most common schematic symbol for a resistor is a zig-zag line:

Resistor values in ohms are usually shown as an adjacent number, and if several resistors are
present in a circuit, they will be labeled with a unique identifier number such as R1, R2, R3, etc. As
you can see, resistor symbols can be shown either horizontally or vertically:

with a resistance value
of 150 ohms.

with a resistance value
of 25 ohms.

R1

R2

150

25

This is resistor "R1"

This is resistor "R2"

Real resistors look nothing like the zig-zag symbol. Instead, they look like small tubes or cylinders
with two wires protruding for connection to a circuit. Here is a sampling of different kinds and sizes
of resistors:
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In keeping more with their physical appearance, an alternative schematic symbol for a resistor
looks like a small, rectangular box:

Resistors can also be shown to have varying rather than fixed resistances. This might be for the
purpose of describing an actual physical device designed for the purpose of providing an adjustable
resistance, or it could be to show some component that just happens to have an unstable resistance:

variable
resistance

. . . or . . .

In fact, any time you see a component symbol drawn with a diagonal arrow through it, that
component has a variable rather than a fixed value. This symbol ”modifier” (the diagonal arrow) is
standard electronic symbol convention.

Variable resistors must have some physical means of adjustment, either a rotating shaft or lever
that can be moved to vary the amount of electrical resistance. Here is a photograph showing some
devices called potentiometers, which can be used as variable resistors:
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Because resistors dissipate heat energy as the electric currents through them overcome the ”fric-
tion” of their resistance, resistors are also rated in terms of how much heat energy they can dissipate
without overheating and sustaining damage. Naturally, this power rating is specified in the physical
unit of ”watts.” Most resistors found in small electronic devices such as portable radios are rated at
1/4 (0.25) watt or less. The power rating of any resistor is roughly proportional to its physical size.
Note in the first resistor photograph how the power ratings relate with size: the bigger the resistor,
the higher its power dissipation rating. Also note how resistances (in ohms) have nothing to do with
size!

Although it may seem pointless now to have a device doing nothing but resisting electric cur-
rent, resistors are extremely useful devices in circuits. Because they are simple and so commonly
used throughout the world of electricity and electronics, we’ll spend a considerable amount of time
analyzing circuits composed of nothing but resistors and batteries.

For a practical illustration of resistors’ usefulness, examine the photograph below. It is a picture
of a printed circuit board, or PCB : an assembly made of sandwiched layers of insulating phenolic
fiber-board and conductive copper strips, into which components may be inserted and secured by a
low-temperature welding process called ”soldering.” The various components on this circuit board
are identified by printed labels. Resistors are denoted by any label beginning with the letter ”R”.
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This particular circuit board is a computer accessory called a ”modem,” which allows digital
information transfer over telephone lines. There are at least a dozen resistors (all rated at 1/4 watt
power dissipation) that can be seen on this modem’s board. Every one of the black rectangles (called
”integrated circuits” or ”chips”) contain their own array of resistors for their internal functions, as
well.

Another circuit board example shows resistors packaged in even smaller units, called ”surface
mount devices.” This particular circuit board is the underside of a personal computer hard disk
drive, and once again the resistors soldered onto it are designated with labels beginning with the
letter ”R”:



lvi CHAPTER 2. OHM’S LAW

There are over one hundred surface-mount resistors on this circuit board, and this count of
course does not include the number of resistors internal to the black ”chips.” These two photographs
should convince anyone that resistors – devices that ”merely” oppose the flow of electrons – are very
important components in the realm of electronics!

In schematic diagrams, resistor symbols are sometimes used to illustrate any general type of
device in a circuit doing something useful with electrical energy. Any non-specific electrical device
is generally called a load, so if you see a schematic diagram showing a resistor symbol labeled
”load,” especially in a tutorial circuit diagram explaining some concept unrelated to the actual use
of electrical power, that symbol may just be a kind of shorthand representation of something else
more practical than a resistor.

To summarize what we’ve learned in this lesson, let’s analyze the following circuit, determining
all that we can from the information given:
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Battery
E = 10 V

I = 2 A

R = ???

P = ???

All we’ve been given here to start with is the battery voltage (10 volts) and the circuit current
(2 amps). We don’t know the resistor’s resistance in ohms or the power dissipated by it in watts.
Surveying our array of Ohm’s Law equations, we find two equations that give us answers from known
quantities of voltage and current:

P = IEandR =
E

I

Inserting the known quantities of voltage (E) and current (I) into these two equations, we can
determine circuit resistance (R) and power dissipation (P):

P =

R = =
10 V

2 A
5 Ω

(2 A)(10 V) = 20 W

For the circuit conditions of 10 volts and 2 amps, the resistor’s resistance must be 5 Ω. If we were
designing a circuit to operate at these values, we would have to specify a resistor with a minimum
power rating of 20 watts, or else it would overheat and fail.

• REVIEW:

• Devices called resistors are built to provide precise amounts of resistance in electric circuits.
Resistors are rated both in terms of their resistance (ohms) and their ability to dissipate heat
energy (watts).

• Resistor resistance ratings cannot be determined from the physical size of the resistor(s) in
question, although approximate power ratings can. The larger the resistor is, the more power
it can safely dissipate without suffering damage.

• Any device that performs some useful task with electric power is generally known as a load.
Sometimes resistor symbols are used in schematic diagrams to designate a non-specific load,
rather than an actual resistor.

2.6 Nonlinear conduction

”Advances are made by answering questions. Discoveries are made by questioning
answers.”

Bernhard Haisch, Astrophysicist
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Ohm’s Law is a simple and powerful mathematical tool for helping us analyze electric circuits,
but it has limitations, and we must understand these limitations in order to properly apply it to real
circuits. For most conductors, resistance is a rather stable property, largely unaffected by voltage
or current. For this reason we can regard the resistance of many circuit components as a constant,
with voltage and current being directly related to each other.

For instance, our previous circuit example with the 3 Ω lamp, we calculated current through the
circuit by dividing voltage by resistance (I=E/R). With an 18 volt battery, our circuit current was
6 amps. Doubling the battery voltage to 36 volts resulted in a doubled current of 12 amps. All of
this makes sense, of course, so long as the lamp continues to provide exactly the same amount of
friction (resistance) to the flow of electrons through it: 3 Ω.

Battery

-

+
Lamp

Battery
+

-

Lamp

18 V

36 V

I = 6 A

I = 12 A

R = 3 Ω

R = 3 Ω

However, reality is not always this simple. One of the phenomena explored in a later chapter
is that of conductor resistance changing with temperature. In an incandescent lamp (the kind
employing the principle of electric current heating a thin filament of wire to the point that it glows
white-hot), the resistance of the filament wire will increase dramatically as it warms from room
temperature to operating temperature. If we were to increase the supply voltage in a real lamp
circuit, the resulting increase in current would cause the filament to increase temperature, which
would in turn increase its resistance, thus preventing further increases in current without further
increases in battery voltage. Consequently, voltage and current do not follow the simple equation
”I=E/R” (with R assumed to be equal to 3 Ω) because an incandescent lamp’s filament resistance
does not remain stable for different currents.

The phenomenon of resistance changing with variations in temperature is one shared by almost
all metals, of which most wires are made. For most applications, these changes in resistance are
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small enough to be ignored. In the application of metal lamp filaments, the change happens to be
quite large.
This is just one example of ”nonlinearity” in electric circuits. It is by no means the only example.

A ”linear” function in mathematics is one that tracks a straight line when plotted on a graph. The
simplified version of the lamp circuit with a constant filament resistance of 3 Ω generates a plot like
this:

I
(current)

E
(voltage)

The straight-line plot of current over voltage indicates that resistance is a stable, unchanging
value for a wide range of circuit voltages and currents. In an ”ideal” situation, this is the case.
Resistors, which are manufactured to provide a definite, stable value of resistance, behave very
much like the plot of values seen above. A mathematician would call their behavior ”linear.”
A more realistic analysis of a lamp circuit, however, over several different values of battery voltage

would generate a plot of this shape:

I
(current)

E
(voltage)

The plot is no longer a straight line. It rises sharply on the left, as voltage increases from zero to
a low level. As it progresses to the right we see the line flattening out, the circuit requiring greater
and greater increases in voltage to achieve equal increases in current.
If we try to apply Ohm’s Law to find the resistance of this lamp circuit with the voltage and

current values plotted above, we arrive at several different values. We could say that the resistance
here is nonlinear, increasing with increasing current and voltage. The nonlinearity is caused by the
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effects of high temperature on the metal wire of the lamp filament.
Another example of nonlinear current conduction is through gases such as air. At standard tem-

peratures and pressures, air is an effective insulator. However, if the voltage between two conductors
separated by an air gap is increased greatly enough, the air molecules between the gap will become
”ionized,” having their electrons stripped off by the force of the high voltage between the wires.
Once ionized, air (and other gases) become good conductors of electricity, allowing electron flow
where none could exist prior to ionization. If we were to plot current over voltage on a graph as we
did with the lamp circuit, the effect of ionization would be clearly seen as nonlinear:

I
(current)

E
(voltage)

ionization potential

0 50 100 150 200 250 300 350 400

The graph shown is approximate for a small air gap (less than one inch). A larger air gap would
yield a higher ionization potential, but the shape of the I/E curve would be very similar: practically
no current until the ionization potential was reached, then substantial conduction after that.
Incidentally, this is the reason lightning bolts exist as momentary surges rather than continuous

flows of electrons. The voltage built up between the earth and clouds (or between different sets of
clouds) must increase to the point where it overcomes the ionization potential of the air gap before
the air ionizes enough to support a substantial flow of electrons. Once it does, the current will
continue to conduct through the ionized air until the static charge between the two points depletes.
Once the charge depletes enough so that the voltage falls below another threshold point, the air
de-ionizes and returns to its normal state of extremely high resistance.
Many solid insulating materials exhibit similar resistance properties: extremely high resistance to

electron flow below some critical threshold voltage, then a much lower resistance at voltages beyond
that threshold. Once a solid insulating material has been compromised by high-voltage breakdown,
as it is called, it often does not return to its former insulating state, unlike most gases. It may
insulate once again at low voltages, but its breakdown threshold voltage will have been decreased to
some lower level, which may allow breakdown to occur more easily in the future. This is a common
mode of failure in high-voltage wiring: insulation damage due to breakdown. Such failures may be
detected through the use of special resistance meters employing high voltage (1000 volts or more).
There are circuit components specifically engineered to provide nonlinear resistance curves, one

of them being the varistor. Commonly manufactured from compounds such as zinc oxide or sili-
con carbide, these devices maintain high resistance across their terminals until a certain ”firing” or
”breakdown” voltage (equivalent to the ”ionization potential” of an air gap) is reached, at which
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point their resistance decreases dramatically. Unlike the breakdown of an insulator, varistor break-
down is repeatable: that is, it is designed to withstand repeated breakdowns without failure. A
picture of a varistor is shown here:

There are also special gas-filled tubes designed to do much the same thing, exploiting the very
same principle at work in the ionization of air by a lightning bolt.

Other electrical components exhibit even stranger current/voltage curves than this. Some devices
actually experience a decrease in current as the applied voltage increases. Because the slope of the
current/voltage for this phenomenon is negative (angling down instead of up as it progresses from
left to right), it is known as negative resistance.

I
(current)

E
(voltage)

negative
resistance

region of
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Most notably, high-vacuum electron tubes known as tetrodes and semiconductor diodes known
as Esaki or tunnel diodes exhibit negative resistance for certain ranges of applied voltage.

Ohm’s Law is not very useful for analyzing the behavior of components like these where resistance
varies with voltage and current. Some have even suggested that ”Ohm’s Law” should be demoted
from the status of a ”Law” because it is not universal. It might be more accurate to call the equation
(R=E/I) a definition of resistance, befitting of a certain class of materials under a narrow range of
conditions.

For the benefit of the student, however, we will assume that resistances specified in example
circuits are stable over a wide range of conditions unless otherwise specified. I just wanted to expose
you to a little bit of the complexity of the real world, lest I give you the false impression that the
whole of electrical phenomena could be summarized in a few simple equations.

• REVIEW:

• The resistance of most conductive materials is stable over a wide range of conditions, but this
is not true of all materials.

• Any function that can be plotted on a graph as a straight line is called a linear function. For
circuits with stable resistances, the plot of current over voltage is linear (I=E/R).

• In circuits where resistance varies with changes in either voltage or current, the plot of current
over voltage will be nonlinear (not a straight line).

• A varistor is a component that changes resistance with the amount of voltage impressed
across it. With little voltage across it, its resistance is high. Then, at a certain ”breakdown”
or ”firing” voltage, its resistance decreases dramatically.

• Negative resistance is where the current through a component actually decreases as the applied
voltage across it is increased. Some electron tubes and semiconductor diodes (most notably,
the tetrode tube and the Esaki, or tunnel diode, respectively) exhibit negative resistance over
a certain range of voltages.

2.7 Circuit wiring

So far, we’ve been analyzing single-battery, single-resistor circuits with no regard for the connecting
wires between the components, so long as a complete circuit is formed. Does the wire length or
circuit ”shape” matter to our calculations? Let’s look at a couple of circuit configurations and find
out:



2.7. CIRCUIT WIRING lxiii

Battery Resistor

1 2

34

Battery Resistor

2

34

1

10 V

10 V

5 Ω

5 Ω

When we draw wires connecting points in a circuit, we usually assume those wires have negligible
resistance. As such, they contribute no appreciable effect to the overall resistance of the circuit, and
so the only resistance we have to contend with is the resistance in the components. In the above
circuits, the only resistance comes from the 5 Ω resistors, so that is all we will consider in our
calculations. In real life, metal wires actually do have resistance (and so do power sources!), but
those resistances are generally so much smaller than the resistance present in the other circuit
components that they can be safely ignored. Exceptions to this rule exist in power system wiring,
where even very small amounts of conductor resistance can create significant voltage drops given
normal (high) levels of current.

If connecting wire resistance is very little or none, we can regard the connected points in a
circuit as being electrically common. That is, points 1 and 2 in the above circuits may be physically
joined close together or far apart, and it doesn’t matter for any voltage or resistance measurements
relative to those points. The same goes for points 3 and 4. It is as if the ends of the resistor
were attached directly across the terminals of the battery, so far as our Ohm’s Law calculations
and voltage measurements are concerned. This is useful to know, because it means you can re-
draw a circuit diagram or re-wire a circuit, shortening or lengthening the wires as desired without
appreciably impacting the circuit’s function. All that matters is that the components attach to each
other in the same sequence.

It also means that voltage measurements between sets of ”electrically common” points will be
the same. That is, the voltage between points 1 and 4 (directly across the battery) will be the same
as the voltage between points 2 and 3 (directly across the resistor). Take a close look at the following
circuit, and try to determine which points are common to each other:
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Battery

Resistor

1 2

3
4

56

10 V

5 Ω

Here, we only have 2 components excluding the wires: the battery and the resistor. Though the
connecting wires take a convoluted path in forming a complete circuit, there are several electrically
common points in the electrons’ path. Points 1, 2, and 3 are all common to each other, because
they’re directly connected together by wire. The same goes for points 4, 5, and 6.
The voltage between points 1 and 6 is 10 volts, coming straight from the battery. However, since

points 5 and 4 are common to 6, and points 2 and 3 common to 1, that same 10 volts also exists
between these other pairs of points:

Between points 1 and 4 = 10 volts

Between points 2 and 4 = 10 volts

Between points 3 and 4 = 10 volts (directly across the resistor)

Between points 1 and 5 = 10 volts

Between points 2 and 5 = 10 volts

Between points 3 and 5 = 10 volts

Between points 1 and 6 = 10 volts (directly across the battery)

Between points 2 and 6 = 10 volts

Between points 3 and 6 = 10 volts

Since electrically common points are connected together by (zero resistance) wire, there is no
significant voltage drop between them regardless of the amount of current conducted from one to
the next through that connecting wire. Thus, if we were to read voltages between common points,
we should show (practically) zero:

Between points 1 and 2 = 0 volts Points 1, 2, and 3 are

Between points 2 and 3 = 0 volts electrically common

Between points 1 and 3 = 0 volts

Between points 4 and 5 = 0 volts Points 4, 5, and 6 are

Between points 5 and 6 = 0 volts electrically common

Between points 4 and 6 = 0 volts

This makes sense mathematically, too. With a 10 volt battery and a 5 Ω resistor, the circuit
current will be 2 amps. With wire resistance being zero, the voltage drop across any continuous
stretch of wire can be determined through Ohm’s Law as such:

E = I R

E = (2 A)(0 Ω)

E = 0 V
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It should be obvious that the calculated voltage drop across any uninterrupted length of wire
in a circuit where wire is assumed to have zero resistance will always be zero, no matter what the
magnitude of current, since zero multiplied by anything equals zero.
Because common points in a circuit will exhibit the same relative voltage and resistance mea-

surements, wires connecting common points are often labeled with the same designation. This is
not to say that the terminal connection points are labeled the same, just the connecting wires. Take
this circuit as an example:

Battery

Resistor

1 2

3
4

56

wire #2

wire #2

wire #1

wire #1

wire #1

10 V

5 Ω

Points 1, 2, and 3 are all common to each other, so the wire connecting point 1 to 2 is labeled
the same (wire 2) as the wire connecting point 2 to 3 (wire 2). In a real circuit, the wire stretching
from point 1 to 2 may not even be the same color or size as the wire connecting point 2 to 3, but
they should bear the exact same label. The same goes for the wires connecting points 6, 5, and 4.
Knowing that electrically common points have zero voltage drop between them is a valuable

troubleshooting principle. If I measure for voltage between points in a circuit that are supposed to
be common to each other, I should read zero. If, however, I read substantial voltage between those
two points, then I know with certainty that they cannot be directly connected together. If those
points are supposed to be electrically common but they register otherwise, then I know that there
is an ”open failure” between those points.
One final note: for most practical purposes, wire conductors can be assumed to possess zero

resistance from end to end. In reality, however, there will always be some small amount of resistance
encountered along the length of a wire, unless it’s a superconducting wire. Knowing this, we need
to bear in mind that the principles learned here about electrically common points are all valid to a
large degree, but not to an absolute degree. That is, the rule that electrically common points are
guaranteed to have zero voltage between them is more accurately stated as such: electrically common
points will have very little voltage dropped between them. That small, virtually unavoidable trace
of resistance found in any piece of connecting wire is bound to create a small voltage across the
length of it as current is conducted through. So long as you understand that these rules are based
upon ideal conditions, you won’t be perplexed when you come across some condition appearing to
be an exception to the rule.

• REVIEW:

• Connecting wires in a circuit are assumed to have zero resistance unless otherwise stated.
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• Wires in a circuit can be shortened or lengthened without impacting the circuit’s function –
all that matters is that the components are attached to one another in the same sequence.

• Points directly connected together in a circuit by zero resistance (wire) are considered to be
electrically common.

• Electrically common points, with zero resistance between them, will have zero voltage dropped
between them, regardless of the magnitude of current (ideally).

• The voltage or resistance readings referenced between sets of electrically common points will
be the same.

• These rules apply to ideal conditions, where connecting wires are assumed to possess absolutely
zero resistance. In real life this will probably not be the case, but wire resistances should be
low enough so that the general principles stated here still hold.

2.8 Polarity of voltage drops

We can trace the direction that electrons will flow in the same circuit by starting at the negative
(-) terminal and following through to the positive (+) terminal of the battery, the only source of
voltage in the circuit. From this we can see that the electrons are moving counter-clockwise, from
point 6 to 5 to 4 to 3 to 2 to 1 and back to 6 again.
As the current encounters the 5 Ω resistance, voltage is dropped across the resistor’s ends. The

polarity of this voltage drop is negative (-) at point 4 with respect to positive (+) at point 3. We
can mark the polarity of the resistor’s voltage drop with these negative and positive symbols, in
accordance with the direction of current (whichever end of the resistor the current is entering is
negative with respect to the end of the resistor it is exiting :

Battery

Resistor

1 2

3
4

56

- +

+

-

current

current

10 V

5 Ω

We could make our table of voltages a little more complete by marking the polarity of the voltage
for each pair of points in this circuit:

Between points 1 (+) and 4 (-) = 10 volts

Between points 2 (+) and 4 (-) = 10 volts

Between points 3 (+) and 4 (-) = 10 volts

Between points 1 (+) and 5 (-) = 10 volts

Between points 2 (+) and 5 (-) = 10 volts

Between points 3 (+) and 5 (-) = 10 volts

Between points 1 (+) and 6 (-) = 10 volts
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Between points 2 (+) and 6 (-) = 10 volts

Between points 3 (+) and 6 (-) = 10 volts

While it might seem a little silly to document polarity of voltage drop in this circuit, it is an
important concept to master. It will be critically important in the analysis of more complex circuits
involving multiple resistors and/or batteries.

It should be understood that polarity has nothing to do with Ohm’s Law: there will never be
negative voltages, currents, or resistance entered into any Ohm’s Law equations! There are other
mathematical principles of electricity that do take polarity into account through the use of signs (+
or -), but not Ohm’s Law.

• REVIEW:

• The polarity of the voltage drop across any resistive component is determined by the direction
of electron flow though it: negative entering, and positive exiting.

2.9 Computer simulation of electric circuits

Computers can be powerful tools if used properly, especially in the realms of science and engineering.
Software exists for the simulation of electric circuits by computer, and these programs can be very
useful in helping circuit designers test ideas before actually building real circuits, saving much time
and money.

These same programs can be fantastic aids to the beginning student of electronics, allowing the
exploration of ideas quickly and easily with no assembly of real circuits required. Of course, there is
no substitute for actually building and testing real circuits, but computer simulations certainly
assist in the learning process by allowing the student to experiment with changes and see the
effects they have on circuits. Throughout this book, I’ll be incorporating computer printouts from
circuit simulation frequently in order to illustrate important concepts. By observing the results
of a computer simulation, a student can gain an intuitive grasp of circuit behavior without the
intimidation of abstract mathematical analysis.

To simulate circuits on computer, I make use of a particular program called SPICE, which works
by describing a circuit to the computer by means of a listing of text. In essence, this listing is a kind
of computer program in itself, and must adhere to the syntactical rules of the SPICE language. The
computer is then used to process, or ”run,” the SPICE program, which interprets the text listing
describing the circuit and outputs the results of its detailed mathematical analysis, also in text form.
Many details of using SPICE are described in volume 5 (”Reference”) of this book series for those
wanting more information. Here, I’ll just introduce the basic concepts and then apply SPICE to the
analysis of these simple circuits we’ve been reading about.

First, we need to have SPICE installed on our computer. As a free program, it is commonly
available on the internet for download, and in formats appropriate for many different operating
systems. In this book, I use one of the earlier versions of SPICE: version 2G6, for its simplicity of
use.

Next, we need a circuit for SPICE to analyze. Let’s try one of the circuits illustrated earlier in
the chapter. Here is its schematic diagram:
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Battery
10 V

5 ΩR1

This simple circuit consists of a battery and a resistor connected directly together. We know the
voltage of the battery (10 volts) and the resistance of the resistor (5 Ω), but nothing else about the
circuit. If we describe this circuit to SPICE, it should be able to tell us (at the very least), how
much current we have in the circuit by using Ohm’s Law (I=E/R).

SPICE cannot directly understand a schematic diagram or any other form of graphical descrip-
tion. SPICE is a text-based computer program, and demands that a circuit be described in terms
of its constituent components and connection points. Each unique connection point in a circuit is
described for SPICE by a ”node” number. Points that are electrically common to each other in the
circuit to be simulated are designated as such by sharing the same number. It might be helpful
to think of these numbers as ”wire” numbers rather than ”node” numbers, following the definition
given in the previous section. This is how the computer knows what’s connected to what: by the
sharing of common wire, or node, numbers. In our example circuit, we only have two ”nodes,” the
top wire and the bottom wire. SPICE demands there be a node 0 somewhere in the circuit, so we’ll
label our wires 0 and 1:

Battery

1

0

1

0

10 V
R1 5 Ω

1 1

0 0

0 0

11

In the above illustration, I’ve shown multiple ”1” and ”0” labels around each respective wire to
emphasize the concept of common points sharing common node numbers, but still this is a graphic
image, not a text description. SPICE needs to have the component values and node numbers given
to it in text form before any analysis may proceed.

Creating a text file in a computer involves the use of a program called a text editor. Similar to a
word processor, a text editor allows you to type text and record what you’ve typed in the form of a
file stored on the computer’s hard disk. Text editors lack the formatting ability of word processors
(no italic, bold, or underlined characters), and this is a good thing, since programs such as SPICE
wouldn’t know what to do with this extra information. If we want to create a plain-text file, with
absolutely nothing recorded except the keyboard characters we select, a text editor is the tool to
use.

If using a Microsoft operating system such as DOS or Windows, a couple of text editors are
readily available with the system. In DOS, there is the old Edit text editing program, which may
be invoked by typing edit at the command prompt. In Windows (3.x/95/98/NT/Me/2k/XP), the
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Notepad text editor is your stock choice. Many other text editing programs are available, and some
are even free. I happen to use a free text editor called Vim, and run it under both Windows 95 and
Linux operating systems. It matters little which editor you use, so don’t worry if the screenshots in
this section don’t look like yours; the important information here is what you type, not which editor
you happen to use.

To describe this simple, two-component circuit to SPICE, I will begin by invoking my text editor
program and typing in a ”title” line for the circuit:

We can describe the battery to the computer by typing in a line of text starting with the letter
”v” (for ”Voltage source”), identifying which wire each terminal of the battery connects to (the node
numbers), and the battery’s voltage, like this:
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This line of text tells SPICE that we have a voltage source connected between nodes 1 and 0,
direct current (DC), 10 volts. That’s all the computer needs to know regarding the battery. Now
we turn to the resistor: SPICE requires that resistors be described with a letter ”r,” the numbers of
the two nodes (connection points), and the resistance in ohms. Since this is a computer simulation,
there is no need to specify a power rating for the resistor. That’s one nice thing about ”virtual”
components: they can’t be harmed by excessive voltages or currents!
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Now, SPICE will know there is a resistor connected between nodes 1 and 0 with a value of 5 Ω.
This very brief line of text tells the computer we have a resistor (”r”) connected between the same
two nodes as the battery (1 and 0), with a resistance value of 5 Ω.

If we add an .end statement to this collection of SPICE commands to indicate the end of the
circuit description, we will have all the information SPICE needs, collected in one file and ready
for processing. This circuit description, comprised of lines of text in a computer file, is technically
known as a netlist, or deck :
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Once we have finished typing all the necessary SPICE commands, we need to ”save” them to a
file on the computer’s hard disk so that SPICE has something to reference to when invoked. Since
this is my first SPICE netlist, I’ll save it under the filename ”circuit1.cir” (the actual name being
arbitrary). You may elect to name your first SPICE netlist something completely different, just as
long as you don’t violate any filename rules for your operating system, such as using no more than
8+3 characters (eight characters in the name, and three characters in the extension: 12345678.123)
in DOS.

To invoke SPICE (tell it to process the contents of the circuit1.cir netlist file), we have to exit
from the text editor and access a command prompt (the ”DOS prompt” for Microsoft users) where
we can enter text commands for the computer’s operating system to obey. This ”primitive” way of
invoking a program may seem archaic to computer users accustomed to a ”point-and-click” graphical
environment, but it is a very powerful and flexible way of doing things. Remember, what you’re
doing here by using SPICE is a simple form of computer programming, and the more comfortable
you become in giving the computer text-form commands to follow – as opposed to simply clicking
on icon images using a mouse – the more mastery you will have over your computer.

Once at a command prompt, type in this command, followed by an [Enter] keystroke (this
example uses the filename circuit1.cir; if you have chosen a different filename for your netlist file,
substitute it):

spice < circuit1.cir

Here is how this looks on my computer (running the Linux operating system), just before I press
the [Enter] key:
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As soon as you press the [Enter] key to issue this command, text from SPICE’s output should
scroll by on the computer screen. Here is a screenshot showing what SPICE outputs on my computer
(I’ve lengthened the ”terminal” window to show you the full text. With a normal-size terminal, the
text easily exceeds one page length):
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SPICE begins with a reiteration of the netlist, complete with title line and .end statement.
About halfway through the simulation it displays the voltage at all nodes with reference to node 0.
In this example, we only have one node other than node 0, so it displays the voltage there: 10.0000
volts. Then it displays the current through each voltage source. Since we only have one voltage
source in the entire circuit, it only displays the current through that one. In this case, the source
current is 2 amps. Due to a quirk in the way SPICE analyzes current, the value of 2 amps is output
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as a negative (-) 2 amps.

The last line of text in the computer’s analysis report is ”total power dissipation,” which in this
case is given as ”2.00E+01” watts: 2.00 x 101, or 20 watts. SPICE outputs most figures in scientific
notation rather than normal (fixed-point) notation. While this may seem to be more confusing at
first, it is actually less confusing when very large or very small numbers are involved. The details of
scientific notation will be covered in the next chapter of this book.

One of the benefits of using a ”primitive” text-based program such as SPICE is that the text
files dealt with are extremely small compared to other file formats, especially graphical formats used
in other circuit simulation software. Also, the fact that SPICE’s output is plain text means you
can direct SPICE’s output to another text file where it may be further manipulated. To do this, we
re-issue a command to the computer’s operating system to invoke SPICE, this time redirecting the
output to a file I’ll call ”output.txt”:

SPICE will run ”silently” this time, without the stream of text output to the computer screen
as before. A new file, output1.txt, will be created, which you may open and change using a text
editor or word processor. For this illustration, I’ll use the same text editor (Vim) to open this file:
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Now, I may freely edit this file, deleting any extraneous text (such as the ”banners” showing
date and time), leaving only the text that I feel to be pertinent to my circuit’s analysis:
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Once suitably edited and re-saved under the same filename (output.txt in this example), the
text may be pasted into any kind of document, ”plain text” being a universal file format for almost
all computer systems. I can even include it directly in the text of this book – rather than as a
”screenshot” graphic image – like this:

my first circuit

v 1 0 dc 10

r 1 0 5

.end

node voltage

( 1) 10.0000

voltage source currents

name current

v -2.000E+00

total power dissipation 2.00E+01 watts

Incidentally, this is the preferred format for text output from SPICE simulations in this book
series: as real text, not as graphic screenshot images.
To alter a component value in the simulation, we need to open up the netlist file (circuit1.cir)

and make the required modifications in the text description of the circuit, then save those changes
to the same filename, and re-invoke SPICE at the command prompt. This process of editing and
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processing a text file is one familiar to every computer programmer. One of the reasons I like to
teach SPICE is that it prepares the learner to think and work like a computer programmer, which
is good because computer programming is a significant area of advanced electronics work.
Earlier we explored the consequences of changing one of the three variables in an electric circuit

(voltage, current, or resistance) using Ohm’s Law to mathematically predict what would happen.
Now let’s try the same thing using SPICE to do the math for us.
If we were to triple the voltage in our last example circuit from 10 to 30 volts and keep the circuit

resistance unchanged, we would expect the current to triple as well. Let’s try this, re-naming our
netlist file so as to not over-write the first file. This way, we will have both versions of the circuit
simulation stored on the hard drive of our computer for future use. The following text listing is the
output of SPICE for this modified netlist, formatted as plain text rather than as a graphic image of
my computer screen:

second example circuit

v 1 0 dc 30

r 1 0 5

.end

node voltage

( 1) 30.0000

voltage source currents

name current

v -6.000E+00

total power dissipation 1.80E+02 watts

Just as we expected, the current tripled with the voltage increase. Current used to be 2 amps,
but now it has increased to 6 amps (-6.000 x 100). Note also how the total power dissipation in the
circuit has increased. It was 20 watts before, but now is 180 watts (1.8 x 102). Recalling that power
is related to the square of the voltage (Joule’s Law: P=E2/R), this makes sense. If we triple the
circuit voltage, the power should increase by a factor of nine (32 = 9). Nine times 20 is indeed 180,
so SPICE’s output does indeed correlate with what we know about power in electric circuits.
If we want to see how this simple circuit would respond over a wide range of battery voltages,

we can invoke some of the more advanced options within SPICE. Here, I’ll use the ”.dc” analysis
option to vary the battery voltage from 0 to 100 volts in 5 volt increments, printing out the circuit
voltage and current at every step. The lines in the SPICE netlist beginning with a star symbol (”*”)
are comments. That is, they don’t tell the computer to do anything relating to circuit analysis, but
merely serve as notes for any human being reading the netlist text.

third example circuit

v 1 0

r 1 0 5

*the ".dc" statement tells spice to sweep the "v" supply

*voltage from 0 to 100 volts in 5 volt steps.

.dc v 0 100 5

.print dc v(1) i(v)

.end
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The .print command in this SPICE netlist instructs SPICE to print columns of numbers cor-
responding to each step in the analysis:

v i(v)

0.000E+00 0.000E+00

5.000E+00 -1.000E+00

1.000E+01 -2.000E+00

1.500E+01 -3.000E+00

2.000E+01 -4.000E+00

2.500E+01 -5.000E+00

3.000E+01 -6.000E+00

3.500E+01 -7.000E+00

4.000E+01 -8.000E+00

4.500E+01 -9.000E+00

5.000E+01 -1.000E+01

5.500E+01 -1.100E+01

6.000E+01 -1.200E+01

6.500E+01 -1.300E+01

7.000E+01 -1.400E+01

7.500E+01 -1.500E+01

8.000E+01 -1.600E+01

8.500E+01 -1.700E+01

9.000E+01 -1.800E+01

9.500E+01 -1.900E+01

1.000E+02 -2.000E+01
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If I re-edit the netlist file, changing the .print command into a .plot command, SPICE will
output a crude graph made up of text characters:

Legend: + = v#branch

------------------------------------------------------------------------

sweep v#branch-2.00e+01 -1.00e+01 0.00e+00

---------------------|------------------------|------------------------|
0.000e+00 0.000e+00 . . +

5.000e+00 -1.000e+00 . . + .

1.000e+01 -2.000e+00 . . + .

1.500e+01 -3.000e+00 . . + .

2.000e+01 -4.000e+00 . . + .

2.500e+01 -5.000e+00 . . + .

3.000e+01 -6.000e+00 . . + .

3.500e+01 -7.000e+00 . . + .

4.000e+01 -8.000e+00 . . + .

4.500e+01 -9.000e+00 . . + .

5.000e+01 -1.000e+01 . + .

5.500e+01 -1.100e+01 . + . .

6.000e+01 -1.200e+01 . + . .

6.500e+01 -1.300e+01 . + . .

7.000e+01 -1.400e+01 . + . .

7.500e+01 -1.500e+01 . + . .

8.000e+01 -1.600e+01 . + . .

8.500e+01 -1.700e+01 . + . .

9.000e+01 -1.800e+01 . + . .

9.500e+01 -1.900e+01 . + . .

1.000e+02 -2.000e+01 + . .

---------------------|------------------------|------------------------|
sweep v#branch-2.00e+01 -1.00e+01 0.00e+00

In both output formats, the left-hand column of numbers represents the battery voltage at each
interval, as it increases from 0 volts to 100 volts, 5 volts at a time. The numbers in the right-
hand column indicate the circuit current for each of those voltages. Look closely at those numbers
and you’ll see the proportional relationship between each pair: Ohm’s Law (I=E/R) holds true in
each and every case, each current value being 1/5 the respective voltage value, because the circuit
resistance is exactly 5 Ω. Again, the negative numbers for current in this SPICE analysis is more of
a quirk than anything else. Just pay attention to the absolute value of each number unless otherwise
specified.

There are even some computer programs able to interpret and convert the non-graphical data
output by SPICE into a graphical plot. One of these programs is called Nutmeg, and its output
looks something like this:
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Note how Nutmeg plots the resistor voltage v(1) (voltage between node 1 and the implied
reference point of node 0) as a line with a positive slope (from lower-left to upper-right).
Whether or not you ever become proficient at using SPICE is not relevant to its application

in this book. All that matters is that you develop an understanding for what the numbers mean
in a SPICE-generated report. In the examples to come, I’ll do my best to annotate the numerical
results of SPICE to eliminate any confusion, and unlock the power of this amazing tool to help you
understand the behavior of electric circuits.

2.10 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Larry Cramblett (September 20, 2004): identified serious typographical error in ”Nonlinear
conduction” section.

James Boorn (January 18, 2001): identified sentence structure error and offered correction.
Also, identified discrepancy in netlist syntax requirements between SPICE version 2g6 and version
3f5.

Ben Crowell, Ph.D. (January 13, 2001): suggestions on improving the technical accuracy of
voltage and charge definitions.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.
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Chapter 5

SERIES AND PARALLEL
CIRCUITS
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5.1 What are ”series” and ”parallel” circuits?

Circuits consisting of just one battery and one load resistance are very simple to analyze, but they are
not often found in practical applications. Usually, we find circuits where more than two components
are connected together.

There are two basic ways in which to connect more than two circuit components: series and
parallel. First, an example of a series circuit:

cxxxiii
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1 2

34

+

-

R1

R2

R3

Series

Here, we have three resistors (labeled R1, R2, and R3), connected in a long chain from one
terminal of the battery to the other. (It should be noted that the subscript labeling – those little
numbers to the lower-right of the letter ”R” – are unrelated to the resistor values in ohms. They
serve only to identify one resistor from another.) The defining characteristic of a series circuit is that
there is only one path for electrons to flow. In this circuit the electrons flow in a counter-clockwise
direction, from point 4 to point 3 to point 2 to point 1 and back around to 4.

Now, let’s look at the other type of circuit, a parallel configuration:

1

+

-

2 3 4

5678

R1 R2 R3

Parallel

Again, we have three resistors, but this time they form more than one continuous path for
electrons to flow. There’s one path from 8 to 7 to 2 to 1 and back to 8 again. There’s another from
8 to 7 to 6 to 3 to 2 to 1 and back to 8 again. And then there’s a third path from 8 to 7 to 6 to 5
to 4 to 3 to 2 to 1 and back to 8 again. Each individual path (through R1, R2, and R3) is called a
branch.

The defining characteristic of a parallel circuit is that all components are connected between the
same set of electrically common points. Looking at the schematic diagram, we see that points 1, 2,
3, and 4 are all electrically common. So are points 8, 7, 6, and 5. Note that all resistors as well as
the battery are connected between these two sets of points.

And, of course, the complexity doesn’t stop at simple series and parallel either! We can have
circuits that are a combination of series and parallel, too:
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1

+

-

2 3

456

R1

R2 R3

Series-parallel

In this circuit, we have two loops for electrons to flow through: one from 6 to 5 to 2 to 1 and
back to 6 again, and another from 6 to 5 to 4 to 3 to 2 to 1 and back to 6 again. Notice how both
current paths go through R1 (from point 2 to point 1). In this configuration, we’d say that R2 and
R3 are in parallel with each other, while R1 is in series with the parallel combination of R2 and R3.

This is just a preview of things to come. Don’t worry! We’ll explore all these circuit configurations
in detail, one at a time!

The basic idea of a ”series” connection is that components are connected end-to-end in a line to
form a single path for electrons to flow:

only one path for electrons to flow!

R1 R2 R3 R4

Series connection

The basic idea of a ”parallel” connection, on the other hand, is that all components are connected
across each other’s leads. In a purely parallel circuit, there are never more than two sets of electrically
common points, no matter how many components are connected. There are many paths for electrons
to flow, but only one voltage across all components:

These points are electrically common

These points are electrically common

R1 R2 R3 R4

Parallel connection

Series and parallel resistor configurations have very different electrical properties. We’ll explore
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the properties of each configuration in the sections to come.

• REVIEW:

• In a series circuit, all components are connected end-to-end, forming a single path for electrons
to flow.

• In a parallel circuit, all components are connected across each other, forming exactly two sets
of electrically common points.

• A ”branch” in a parallel circuit is a path for electric current formed by one of the load com-
ponents (such as a resistor).

5.2 Simple series circuits

Let’s start with a series circuit consisting of three resistors and a single battery:

1 2

34

+

-
9 V

R1

R2

R3

3 kΩ

10 kΩ

5 kΩ

The first principle to understand about series circuits is that the amount of current is the same
through any component in the circuit. This is because there is only one path for electrons to flow in
a series circuit, and because free electrons flow through conductors like marbles in a tube, the rate
of flow (marble speed) at any point in the circuit (tube) at any specific point in time must be equal.

From the way that the 9 volt battery is arranged, we can tell that the electrons in this circuit
will flow in a counter-clockwise direction, from point 4 to 3 to 2 to 1 and back to 4. However, we
have one source of voltage and three resistances. How do we use Ohm’s Law here?

An important caveat to Ohm’s Law is that all quantities (voltage, current, resistance, and power)
must relate to each other in terms of the same two points in a circuit. For instance, with a single-
battery, single-resistor circuit, we could easily calculate any quantity because they all applied to the
same two points in the circuit:

1 2

34

+

-
9 V 3 kΩ



5.2. SIMPLE SERIES CIRCUITS cxxxvii

I =
E

R

=I
9 volts

3 kΩ
= 3 mA

Since points 1 and 2 are connected together with wire of negligible resistance, as are points 3 and
4, we can say that point 1 is electrically common to point 2, and that point 3 is electrically common
to point 4. Since we know we have 9 volts of electromotive force between points 1 and 4 (directly
across the battery), and since point 2 is common to point 1 and point 3 common to point 4, we
must also have 9 volts between points 2 and 3 (directly across the resistor). Therefore, we can apply
Ohm’s Law (I = E/R) to the current through the resistor, because we know the voltage (E) across
the resistor and the resistance (R) of that resistor. All terms (E, I, R) apply to the same two points
in the circuit, to that same resistor, so we can use the Ohm’s Law formula with no reservation.
However, in circuits containing more than one resistor, we must be careful in how we apply

Ohm’s Law. In the three-resistor example circuit below, we know that we have 9 volts between
points 1 and 4, which is the amount of electromotive force trying to push electrons through the
series combination of R1, R2, and R3. However, we cannot take the value of 9 volts and divide it by
3k, 10k or 5k Ω to try to find a current value, because we don’t know how much voltage is across
any one of those resistors, individually.

1 2

34

+

-
9 V

R1

R2

R3

3 kΩ

10 kΩ

5 kΩ

The figure of 9 volts is a total quantity for the whole circuit, whereas the figures of 3k, 10k,
and 5k Ω are individual quantities for individual resistors. If we were to plug a figure for total
voltage into an Ohm’s Law equation with a figure for individual resistance, the result would not
relate accurately to any quantity in the real circuit.
For R1, Ohm’s Law will relate the amount of voltage across R1 with the current through R1,

given R1’s resistance, 3kΩ:

IR1 =
ER1

3 kΩ
ER1 = IR1(3 kΩ)

But, since we don’t know the voltage across R1 (only the total voltage supplied by the battery
across the three-resistor series combination) and we don’t know the current through R1, we can’t do
any calculations with either formula. The same goes for R2 and R3: we can apply the Ohm’s Law
equations if and only if all terms are representative of their respective quantities between the same
two points in the circuit.
So what can we do? We know the voltage of the source (9 volts) applied across the series

combination of R1, R2, and R3, and we know the resistances of each resistor, but since those
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quantities aren’t in the same context, we can’t use Ohm’s Law to determine the circuit current. If
only we knew what the total resistance was for the circuit: then we could calculate total current
with our figure for total voltage (I=E/R).

This brings us to the second principle of series circuits: the total resistance of any series circuit is
equal to the sum of the individual resistances. This should make intuitive sense: the more resistors
in series that the electrons must flow through, the more difficult it will be for those electrons to
flow. In the example problem, we had a 3 kΩ, 10 kΩ, and 5 kΩ resistor in series, giving us a total
resistance of 18 kΩ:

Rtotal = R1 R2 R3+ +

Rtotal = 3 kΩ 10 kΩ 5 kΩ+ +

Rtotal = 18 kΩ

In essence, we’ve calculated the equivalent resistance of R1, R2, and R3 combined. Knowing this,
we could re-draw the circuit with a single equivalent resistor representing the series combination of
R1, R2, and R3:

1

4

+

-

R1 + R2 + R3 =
18 kΩ9 V

Now we have all the necessary information to calculate circuit current, because we have the
voltage between points 1 and 4 (9 volts) and the resistance between points 1 and 4 (18 kΩ):

=
9 volts

=
18 kΩ

500 µAItotal

Itotal=
Etotal

Rtotal

Knowing that current is equal through all components of a series circuit (and we just determined
the current through the battery), we can go back to our original circuit schematic and note the
current through each component:
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1 2

34

+

-
9 V

R1

R2

R3

I = 500 µA

I = 500 µA

3 kΩ

10 kΩ

5 kΩ

Now that we know the amount of current through each resistor, we can use Ohm’s Law to
determine the voltage drop across each one (applying Ohm’s Law in its proper context):

ER1 = IR1 R1 ER2 = IR2 R2 ER3 = IR3 R3

ER1 = (500 µA)(3 kΩ) = 1.5 V

ER2 = (500 µA)(10 kΩ) = 5 V

ER3 = (500 µA)(5 kΩ) = 2.5 V

Notice the voltage drops across each resistor, and how the sum of the voltage drops (1.5 + 5 +
2.5) is equal to the battery (supply) voltage: 9 volts. This is the third principle of series circuits:
that the supply voltage is equal to the sum of the individual voltage drops.

However, the method we just used to analyze this simple series circuit can be streamlined for
better understanding. By using a table to list all voltages, currents, and resistances in the circuit,
it becomes very easy to see which of those quantities can be properly related in any Ohm’s Law
equation:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

Ohm’s 
Law

Ohm’s 
Law

Ohm’s 
Law

Ohm’s 
Law

The rule with such a table is to apply Ohm’s Law only to the values within each vertical column.
For instance, ER1 only with IR1 and R1; ER2 only with IR2 and R2; etc. You begin your analysis
by filling in those elements of the table that are given to you from the beginning:
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9

3k 10k 5k

As you can see from the arrangement of the data, we can’t apply the 9 volts of ET (total voltage)
to any of the resistances (R1, R2, or R3) in any Ohm’s Law formula because they’re in different
columns. The 9 volts of battery voltage is not applied directly across R1, R2, or R3. However, we
can use our ”rules” of series circuits to fill in blank spots on a horizontal row. In this case, we can use
the series rule of resistances to determine a total resistance from the sum of individual resistances:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9

3k 10k 5k 18k

Rule of series
circuits

RT = R1 + R2 + R3

Now, with a value for total resistance inserted into the rightmost (”Total”) column, we can apply
Ohm’s Law of I=E/R to total voltage and total resistance to arrive at a total current of 500 µA:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

Ohm’s 
Law

3k 10k 5k 18k

9

500µ

Then, knowing that the current is shared equally by all components of a series circuit (another
”rule” of series circuits), we can fill in the currents for each resistor from the current figure just
calculated:
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

3k 10k 5k 18k

9

500µ500µ500µ500µ

Rule of series
circuits

IT = I1 = I2 = I3

Finally, we can use Ohm’s Law to determine the voltage drop across each resistor, one column
at a time:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

3k 10k 5k 18k

9

500µ500µ500µ500µ

Ohm’s
Law

Ohm’s
Law

Ohm’s
Law

1.5 5 2.5

Just for fun, we can use a computer to analyze this very same circuit automatically. It will be a
good way to verify our calculations and also become more familiar with computer analysis. First, we
have to describe the circuit to the computer in a format recognizable by the software. The SPICE
program we’ll be using requires that all electrically unique points in a circuit be numbered, and
component placement is understood by which of those numbered points, or ”nodes,” they share. For
clarity, I numbered the four corners of our example circuit 1 through 4. SPICE, however, demands
that there be a node zero somewhere in the circuit, so I’ll re-draw the circuit, changing the numbering
scheme slightly:

1 2

3

+

-
9 V

0

R1

R2

R3

3 kΩ

10 kΩ

5 kΩ

All I’ve done here is re-numbered the lower-left corner of the circuit 0 instead of 4. Now, I can
enter several lines of text into a computer file describing the circuit in terms SPICE will understand,
complete with a couple of extra lines of code directing the program to display voltage and current
data for our viewing pleasure. This computer file is known as the netlist in SPICE terminology:

series circuit

v1 1 0
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r1 1 2 3k

r2 2 3 10k

r3 3 0 5k

.dc v1 9 9 1

.print dc v(1,2) v(2,3) v(3,0)

.end

Now, all I have to do is run the SPICE program to process the netlist and output the results:

v1 v(1,2) v(2,3) v(3) i(v1)

9.000E+00 1.500E+00 5.000E+00 2.500E+00 -5.000E-04

This printout is telling us the battery voltage is 9 volts, and the voltage drops across R1, R2, and
R3 are 1.5 volts, 5 volts, and 2.5 volts, respectively. Voltage drops across any component in SPICE
are referenced by the node numbers the component lies between, so v(1,2) is referencing the voltage
between nodes 1 and 2 in the circuit, which are the points between which R1 is located. The order
of node numbers is important: when SPICE outputs a figure for v(1,2), it regards the polarity the
same way as if we were holding a voltmeter with the red test lead on node 1 and the black test lead
on node 2.

We also have a display showing current (albeit with a negative value) at 0.5 milliamps, or 500
microamps. So our mathematical analysis has been vindicated by the computer. This figure appears
as a negative number in the SPICE analysis, due to a quirk in the way SPICE handles current
calculations.

In summary, a series circuit is defined as having only one path for electrons to flow. From this
definition, three rules of series circuits follow: all components share the same current; resistances
add to equal a larger, total resistance; and voltage drops add to equal a larger, total voltage. All of
these rules find root in the definition of a series circuit. If you understand that definition fully, then
the rules are nothing more than footnotes to the definition.

• REVIEW:

• Components in a series circuit share the same current: ITotal = I1 = I2 = . . . In

• Total resistance in a series circuit is equal to the sum of the individual resistances: RTotal =
R1 + R2 + . . . Rn

• Total voltage in a series circuit is equal to the sum of the individual voltage drops: ETotal =
E1 + E2 + . . . En

5.3 Simple parallel circuits

Let’s start with a parallel circuit consisting of three resistors and a single battery:
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1

+

-

2 3 4

5678

R1 R2 R3

10 kΩ 2 kΩ 1 kΩ
9 V

The first principle to understand about parallel circuits is that the voltage is equal across all
components in the circuit. This is because there are only two sets of electrically common points in
a parallel circuit, and voltage measured between sets of common points must always be the same at
any given time. Therefore, in the above circuit, the voltage across R1 is equal to the voltage across
R2 which is equal to the voltage across R3 which is equal to the voltage across the battery. This
equality of voltages can be represented in another table for our starting values:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

10k 2k 1k

Just as in the case of series circuits, the same caveat for Ohm’s Law applies: values for voltage,
current, and resistance must be in the same context in order for the calculations to work correctly.
However, in the above example circuit, we can immediately apply Ohm’s Law to each resistor to
find its current because we know the voltage across each resistor (9 volts) and the resistance of each
resistor:

IR1 =
ER1

R1

IR2 =
ER2

R2

IR3 =
ER3

R3

IR1 =
9 V

10 kΩ
= 0.9 mA

IR2 =
9 V

=
2 kΩ

4.5 mA

IR3 =
9 V

=
1 kΩ

9 mA
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

10k 2k 1k

0.9m 4.5m 9m

Ohm’s
Law

Ohm’s
Law

Ohm’s
Law

At this point we still don’t know what the total current or total resistance for this parallel circuit
is, so we can’t apply Ohm’s Law to the rightmost (”Total”) column. However, if we think carefully
about what is happening it should become apparent that the total current must equal the sum of
all individual resistor (”branch”) currents:

1

+

-

2 3 4

5678

IT

IT

R1 R2 R3

10 kΩ 2 kΩ 1 kΩ
9 V

IR1 IR2 IR3

As the total current exits the negative (-) battery terminal at point 8 and travels through the
circuit, some of the flow splits off at point 7 to go up through R1, some more splits off at point 6
to go up through R2, and the remainder goes up through R3. Like a river branching into several
smaller streams, the combined flow rates of all streams must equal the flow rate of the whole river.
The same thing is encountered where the currents through R1, R2, and R3 join to flow back to the
positive terminal of the battery (+) toward point 1: the flow of electrons from point 2 to point 1
must equal the sum of the (branch) currents through R1, R2, and R3.

This is the second principle of parallel circuits: the total circuit current is equal to the sum of
the individual branch currents. Using this principle, we can fill in the IT spot on our table with the
sum of IR1, IR2, and IR3:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

10k 2k 1k

0.9m 4.5m 9m

Rule of parallel
circuits

Itotal = I1 + I2 + I3

14.4m

Finally, applying Ohm’s Law to the rightmost (”Total”) column, we can calculate the total circuit
resistance:
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

10k 2k 1k

0.9m 4.5m 9m 14.4m

625

Ohm’s
Law

Rtotal =
Etotal

Itotal

=
9 V

14.4 mA
= 625 Ω

Please note something very important here. The total circuit resistance is only 625 Ω: less
than any one of the individual resistors. In the series circuit, where the total resistance was the
sum of the individual resistances, the total was bound to be greater than any one of the resistors
individually. Here in the parallel circuit, however, the opposite is true: we say that the individual
resistances diminish rather than add to make the total. This principle completes our triad of ”rules”
for parallel circuits, just as series circuits were found to have three rules for voltage, current, and
resistance. Mathematically, the relationship between total resistance and individual resistances in a
parallel circuit looks like this:

Rtotal = 

R1 R2 R3

1 1 1
+ +

1

The same basic form of equation works for any number of resistors connected together in parallel,
just add as many 1/R terms on the denominator of the fraction as needed to accommodate all parallel
resistors in the circuit.

Just as with the series circuit, we can use computer analysis to double-check our calculations.
First, of course, we have to describe our example circuit to the computer in terms it can understand.
I’ll start by re-drawing the circuit:

1

+

-

2 3 4

5678

R1 R2 R3

10 kΩ 2 kΩ 1 kΩ
9 V

Once again we find that the original numbering scheme used to identify points in the circuit will
have to be altered for the benefit of SPICE. In SPICE, all electrically common points must share
identical node numbers. This is how SPICE knows what’s connected to what, and how. In a simple
parallel circuit, all points are electrically common in one of two sets of points. For our example
circuit, the wire connecting the tops of all the components will have one node number and the wire
connecting the bottoms of the components will have the other. Staying true to the convention of
including zero as a node number, I choose the numbers 0 and 1:
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1

+

-

0 0 0 0

1 1 1

R1 R2 R3

10 kΩ 2 kΩ 1 kΩ
9 V

An example like this makes the rationale of node numbers in SPICE fairly clear to understand. By
having all components share common sets of numbers, the computer ”knows” they’re all connected
in parallel with each other.
In order to display branch currents in SPICE, we need to insert zero-voltage sources in line

(in series) with each resistor, and then reference our current measurements to those sources. For
whatever reason, the creators of the SPICE program made it so that current could only be calculated
through a voltage source. This is a somewhat annoying demand of the SPICE simulation program.
With each of these ”dummy” voltage sources added, some new node numbers must be created to
connect them to their respective branch resistors:

1

+

-

0 0 0 0

1 1 1

2 3 4

vr1 vr2 vr3

NOTE: vr1, vr2, and vr3 are all
"dummy" voltage sources with 
values of 0 volts each!!

R1 R2 R3

10 kΩ 2 kΩ 1 kΩ
9 V

The dummy voltage sources are all set at 0 volts so as to have no impact on the operation of the
circuit. The circuit description file, or netlist, looks like this:

Parallel circuit

v1 1 0

r1 2 0 10k

r2 3 0 2k

r3 4 0 1k

vr1 1 2 dc 0

vr2 1 3 dc 0

vr3 1 4 dc 0

.dc v1 9 9 1
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.print dc v(2,0) v(3,0) v(4,0)

.print dc i(vr1) i(vr2) i(vr3)

.end

Running the computer analysis, we get these results (I’ve annotated the printout with descriptive
labels):

v1 v(2) v(3) v(4)

9.000E+00 9.000E+00 9.000E+00 9.000E+00

battery R1 voltage R2 voltage R3 voltage

voltage

v1 i(vr1) i(vr2) i(vr3)

9.000E+00 9.000E-04 4.500E-03 9.000E-03

battery R1 current R2 current R3 current

voltage

These values do indeed match those calculated through Ohm’s Law earlier: 0.9 mA for IR1, 4.5
mA for IR2, and 9 mA for IR3. Being connected in parallel, of course, all resistors have the same
voltage dropped across them (9 volts, same as the battery).
In summary, a parallel circuit is defined as one where all components are connected between

the same set of electrically common points. Another way of saying this is that all components are
connected across each other’s terminals. From this definition, three rules of parallel circuits follow:
all components share the same voltage; resistances diminish to equal a smaller, total resistance; and
branch currents add to equal a larger, total current. Just as in the case of series circuits, all of these
rules find root in the definition of a parallel circuit. If you understand that definition fully, then the
rules are nothing more than footnotes to the definition.

• REVIEW:

• Components in a parallel circuit share the same voltage: ETotal = E1 = E2 = . . . En

• Total resistance in a parallel circuit is less than any of the individual resistances: RTotal = 1
/ (1/R1 + 1/R2 + . . . 1/Rn)

• Total current in a parallel circuit is equal to the sum of the individual branch currents: ITotal

= I1 + I2 + . . . In.

5.4 Conductance

When students first see the parallel resistance equation, the natural question to ask is, ”Where
did that thing come from?” It is truly an odd piece of arithmetic, and its origin deserves a good
explanation.
Resistance, by definition, is the measure of friction a component presents to the flow of electrons

through it. Resistance is symbolized by the capital letter ”R” and is measured in the unit of ”ohm.”
However, we can also think of this electrical property in terms of its inverse: how easy it is for
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electrons to flow through a component, rather than how difficult. If resistance is the word we use to
symbolize the measure of how difficult it is for electrons to flow, then a good word to express how
easy it is for electrons to flow would be conductance.

Mathematically, conductance is the reciprocal, or inverse, of resistance:

Conductance = 
Resistance

1

The greater the resistance, the less the conductance, and vice versa. This should make intuitive
sense, resistance and conductance being opposite ways to denote the same essential electrical prop-
erty. If two components’ resistances are compared and it is found that component ”A” has one-half
the resistance of component ”B,” then we could alternatively express this relationship by saying that
component ”A” is twice as conductive as component ”B.” If component ”A” has but one-third the
resistance of component ”B,” then we could say it is three times more conductive than component
”B,” and so on.

Carrying this idea further, a symbol and unit were created to represent conductance. The symbol
is the capital letter ”G” and the unit is the mho, which is ”ohm” spelled backwards (and you didn’t
think electronics engineers had any sense of humor!). Despite its appropriateness, the unit of the
mho was replaced in later years by the unit of siemens (abbreviated by the capital letter ”S”). This
decision to change unit names is reminiscent of the change from the temperature unit of degrees
Centigrade to degrees Celsius, or the change from the unit of frequency c.p.s. (cycles per second) to
Hertz. If you’re looking for a pattern here, Siemens, Celsius, and Hertz are all surnames of famous
scientists, the names of which, sadly, tell us less about the nature of the units than the units’ original
designations.

As a footnote, the unit of siemens is never expressed without the last letter ”s.” In other words,
there is no such thing as a unit of ”siemen” as there is in the case of the ”ohm” or the ”mho.” The
reason for this is the proper spelling of the respective scientists’ surnames. The unit for electrical
resistance was named after someone named ”Ohm,” whereas the unit for electrical conductance was
named after someone named ”Siemens,” therefore it would be improper to ”singularize” the latter
unit as its final ”s” does not denote plurality.

Back to our parallel circuit example, we should be able to see that multiple paths (branches) for
current reduces total resistance for the whole circuit, as electrons are able to flow easier through
the whole network of multiple branches than through any one of those branch resistances alone. In
terms of resistance, additional branches results in a lesser total (current meets with less opposition).
In terms of conductance, however, additional branches results in a greater total (electrons flow with
greater conductance):

Total parallel resistance is less than any one of the individual branch resistances because parallel
resistors resist less together than they would separately:

Rtotal

Rtotal is less than R1, R2, R3, or R4 individually

R1 R2 R3 R4
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Total parallel conductance is greater than any of the individual branch conductances because
parallel resistors conduct better together than they would separately:

Gtotal G1 G2 G3 G4

Gtotal is greater than G1, G2, G3, or G4 individually

To be more precise, the total conductance in a parallel circuit is equal to the sum of the individual
conductances:

Gtotal = G1 + G2 + G3 + G4

If we know that conductance is nothing more than the mathematical reciprocal (1/x) of resistance,
we can translate each term of the above formula into resistance by substituting the reciprocal of
each respective conductance:

R1 R2 R3

1 1 1
+ +

1

Rtotal

= +
1

R4

Solving the above equation for total resistance (instead of the reciprocal of total resistance), we
can invert (reciprocate) both sides of the equation:

Rtotal = 

R1 R2 R3

1 1 1
+ +

1

1
+

R4

So, we arrive at our cryptic resistance formula at last! Conductance (G) is seldom used as a
practical measurement, and so the above formula is a common one to see in the analysis of parallel
circuits.

• REVIEW:

• Conductance is the opposite of resistance: the measure of how easy is it for electrons to flow
through something.

• Conductance is symbolized with the letter ”G” and is measured in units of mhos or Siemens.

• Mathematically, conductance equals the reciprocal of resistance: G = 1/R

5.5 Power calculations

When calculating the power dissipation of resistive components, use any one of the three power
equations to derive and answer from values of voltage, current, and/or resistance pertaining to each
component:
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P = IE P =P =
E

R

E2

I2R

Power equations

This is easily managed by adding another row to our familiar table of voltages, currents, and
resistances:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

P Watts

Power for any particular table column can be found by the appropriate Ohm’s Law equation
(appropriate based on what figures are present for E, I, and R in that column).
An interesting rule for total power versus individual power is that it is additive for any config-

uration of circuit: series, parallel, series/parallel, or otherwise. Power is a measure of rate of work,
and since power dissipated must equal the total power applied by the source(s) (as per the Law of
Conservation of Energy in physics), circuit configuration has no effect on the mathematics.

• REVIEW:

• Power is additive in any configuration of resistive circuit: PTotal = P1 + P2 + . . . Pn

5.6 Correct use of Ohm’s Law

One of the most common mistakes made by beginning electronics students in their application of
Ohm’s Laws is mixing the contexts of voltage, current, and resistance. In other words, a student
might mistakenly use a value for I through one resistor and the value for E across a set of intercon-
nected resistors, thinking that they’ll arrive at the resistance of that one resistor. Not so! Remember
this important rule: The variables used in Ohm’s Law equations must be common to the same two
points in the circuit under consideration. I cannot overemphasize this rule. This is especially im-
portant in series-parallel combination circuits where nearby components may have different values
for both voltage drop and current.
When using Ohm’s Law to calculate a variable pertaining to a single component, be sure the

voltage you’re referencing is solely across that single component and the current you’re referencing
is solely through that single component and the resistance you’re referencing is solely for that single
component. Likewise, when calculating a variable pertaining to a set of components in a circuit, be
sure that the voltage, current, and resistance values are specific to that complete set of components
only! A good way to remember this is to pay close attention to the two points terminating the
component or set of components being analyzed, making sure that the voltage in question is across
those two points, that the current in question is the electron flow from one of those points all the
way to the other point, that the resistance in question is the equivalent of a single resistor between
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those two points, and that the power in question is the total power dissipated by all components
between those two points.

The ”table” method presented for both series and parallel circuits in this chapter is a good way
to keep the context of Ohm’s Law correct for any kind of circuit configuration. In a table like the
one shown below, you are only allowed to apply an Ohm’s Law equation for the values of a single
vertical column at a time:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

P Watts

Ohm’s
Law

Ohm’s
Law

Ohm’s
Law

Ohm’s
Law

Deriving values horizontally across columns is allowable as per the principles of series and parallel
circuits:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

P Watts

For series circuits:

Add

Equal

Add

Add

Etotal = E1 + E2 + E3

Rtotal = R1 + R2 + R3

Ptotal = P1 + P2 + P3

Itotal = I1 = I2 = I3
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

P Watts

Equal

Add

Add

Ptotal = P1 + P2 + P3

For parallel circuits:

Diminish

Etotal = E1 = E2 = E3

Itotal = I1 + I2 + I3

Rtotal = 

R1 R2 R3

1 1 1
+ +

1

Not only does the ”table” method simplify the management of all relevant quantities, it also
facilitates cross-checking of answers by making it easy to solve for the original unknown variables
through other methods, or by working backwards to solve for the initially given values from your
solutions. For example, if you have just solved for all unknown voltages, currents, and resistances
in a circuit, you can check your work by adding a row at the bottom for power calculations on each
resistor, seeing whether or not all the individual power values add up to the total power. If not,
then you must have made a mistake somewhere! While this technique of ”cross-checking” your work
is nothing new, using the table to arrange all the data for the cross-check(s) results in a minimum
of confusion.

• REVIEW:

• Apply Ohm’s Law to vertical columns in the table.

• Apply rules of series/parallel to horizontal rows in the table.

• Check your calculations by working ”backwards” to try to arrive at originally given values
(from your first calculated answers), or by solving for a quantity using more than one method
(from different given values).

5.7 Component failure analysis

The job of a technician frequently entails ”troubleshooting” (locating and correcting a problem)
in malfunctioning circuits. Good troubleshooting is a demanding and rewarding effort, requiring
a thorough understanding of the basic concepts, the ability to formulate hypotheses (proposed
explanations of an effect), the ability to judge the value of different hypotheses based on their
probability (how likely one particular cause may be over another), and a sense of creativity in
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applying a solution to rectify the problem. While it is possible to distill these skills into a scientific
methodology, most practiced troubleshooters would agree that troubleshooting involves a touch of
art, and that it can take years of experience to fully develop this art.

An essential skill to have is a ready and intuitive understanding of how component faults affect
circuits in different configurations. We will explore some of the effects of component faults in
both series and parallel circuits here, then to a greater degree at the end of the ”Series-Parallel
Combination Circuits” chapter.

Let’s start with a simple series circuit:

R1 R2 R3

100 Ω 300 Ω 50 Ω

9 V

With all components in this circuit functioning at their proper values, we can mathematically
determine all currents and voltage drops:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

100 300 50 450

9

20m20m20m20m

2 6 1

Now let us suppose that R2 fails shorted. Shorted means that the resistor now acts like a straight
piece of wire, with little or no resistance. The circuit will behave as though a ”jumper” wire were
connected across R2 (in case you were wondering, ”jumper wire” is a common term for a temporary
wire connection in a circuit). What causes the shorted condition of R2 is no matter to us in this
example; we only care about its effect upon the circuit:

R1 R2 R3

100 Ω 300 Ω 50 Ω

9 V

jumper wire

With R2 shorted, either by a jumper wire or by an internal resistor failure, the total circuit
resistance will decrease. Since the voltage output by the battery is a constant (at least in our ideal
simulation here), a decrease in total circuit resistance means that total circuit current must increase:
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

100 50

9

Shorted
resistor

0

60m 60m 60m 60m

150

06 3

As the circuit current increases from 20 milliamps to 60 milliamps, the voltage drops across R1

and R3 (which haven’t changed resistances) increase as well, so that the two resistors are dropping
the whole 9 volts. R2, being bypassed by the very low resistance of the jumper wire, is effectively
eliminated from the circuit, the resistance from one lead to the other having been reduced to zero.
Thus, the voltage drop across R2, even with the increased total current, is zero volts.

On the other hand, if R2 were to fail ”open” – resistance increasing to nearly infinite levels – it
would also create wide-reaching effects in the rest of the circuit:

R1
R2 R3

100 Ω
300 Ω 50 Ω

9 V

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

100 50

9

resistor

90 0

0 0 0 0

Open

With R2 at infinite resistance and total resistance being the sum of all individual resistances in
a series circuit, the total current decreases to zero. With zero circuit current, there is no electron
flow to produce voltage drops across R1 or R3. R2, on the other hand, will manifest the full supply
voltage across its terminals.

We can apply the same before/after analysis technique to parallel circuits as well. First, we
determine what a ”healthy” parallel circuit should behave like.
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+

-
R1 R2 R3

90 Ω 45 Ω 180 Ω
9 V

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

90 45 180 25.714

350m100m 200m 50m

Supposing that R2 opens in this parallel circuit, here’s what the effects will be:

+

-

R1 R2 R3

90 Ω 45 Ω 180 Ω
9 V

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

90 180

100m 50m0 150m

60

Open
resistor

Notice that in this parallel circuit, an open branch only affects the current through that branch
and the circuit’s total current. Total voltage – being shared equally across all components in a
parallel circuit, will be the same for all resistors. Due to the fact that the voltage source’s tendency
is to hold voltage constant, its voltage will not change, and being in parallel with all the resistors,
it will hold all the resistors’ voltages the same as they were before: 9 volts. Being that voltage is
the only common parameter in a parallel circuit, and the other resistors haven’t changed resistance
value, their respective branch currents remain unchanged.

This is what happens in a household lamp circuit: all lamps get their operating voltage from
power wiring arranged in a parallel fashion. Turning one lamp on and off (one branch in that parallel
circuit closing and opening) doesn’t affect the operation of other lamps in the room, only the current
in that one lamp (branch circuit) and the total current powering all the lamps in the room:
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+

-

120
V

In an ideal case (with perfect voltage sources and zero-resistance connecting wire), shorted re-
sistors in a simple parallel circuit will also have no effect on what’s happening in other branches of
the circuit. In real life, the effect is not quite the same, and we’ll see why in the following example:

+

-
9 V R1 R2 R3

90 Ω 45 Ω 180 Ω

R2 "shorted" with a jumper wire

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

9 9 9 9

90 180

100m 50m

0

resistor
Shorted

0

A shorted resistor (resistance of 0 Ω) would theoretically draw infinite current from any finite
source of voltage (I=E/0). In this case, the zero resistance of R2 decreases the circuit total resistance
to zero Ω as well, increasing total current to a value of infinity. As long as the voltage source holds
steady at 9 volts, however, the other branch currents (IR1 and IR3) will remain unchanged.

The critical assumption in this ”perfect” scheme, however, is that the voltage supply will hold
steady at its rated voltage while supplying an infinite amount of current to a short-circuit load.
This is simply not realistic. Even if the short has a small amount of resistance (as opposed to
absolutely zero resistance), no real voltage source could arbitrarily supply a huge overload current
and maintain steady voltage at the same time. This is primarily due to the internal resistance
intrinsic to all electrical power sources, stemming from the inescapable physical properties of the
materials they’re constructed of:
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+

-
9 V

Rinternal

Battery

These internal resistances, small as they may be, turn our simple parallel circuit into a series-
parallel combination circuit. Usually, the internal resistances of voltage sources are low enough
that they can be safely ignored, but when high currents resulting from shorted components are
encountered, their effects become very noticeable. In this case, a shorted R2 would result in almost
all the voltage being dropped across the internal resistance of the battery, with almost no voltage
left over for resistors R1, R2, and R3:

+

-

9 V

R1 R2 R3

90 Ω 45 Ω 180 Ω

R2 "shorted" with a jumper wire

Rinternal

Battery

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

90 1800

resistor
Shorted

0

lowlow

lowlow

low low

high high

Supply voltage
decrease due to

voltage drop across
internal resistance

Suffice it to say, intentional direct short-circuits across the terminals of any voltage source is a
bad idea. Even if the resulting high current (heat, flashes, sparks) causes no harm to people nearby,
the voltage source will likely sustain damage, unless it has been specifically designed to handle
short-circuits, which most voltage sources are not.
Eventually in this book I will lead you through the analysis of circuits without the use of any

numbers, that is, analyzing the effects of component failure in a circuit without knowing exactly how
many volts the battery produces, how many ohms of resistance is in each resistor, etc. This section
serves as an introductory step to that kind of analysis.
Whereas the normal application of Ohm’s Law and the rules of series and parallel circuits is

performed with numerical quantities (”quantitative”), this new kind of analysis without precise
numerical figures something I like to call qualitative analysis. In other words, we will be analyzing
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the qualities of the effects in a circuit rather than the precise quantities. The result, for you, will be
a much deeper intuitive understanding of electric circuit operation.

• REVIEW:

• To determine what would happen in a circuit if a component fails, re-draw that circuit with
the equivalent resistance of the failed component in place and re-calculate all values.

• The ability to intuitively determine what will happen to a circuit with any given component
fault is a crucial skill for any electronics troubleshooter to develop. The best way to learn is
to experiment with circuit calculations and real-life circuits, paying close attention to what
changes with a fault, what remains the same, and why !

• A shorted component is one whose resistance has dramatically decreased.

• An open component is one whose resistance has dramatically increased. For the record, resis-
tors tend to fail open more often than fail shorted, and they almost never fail unless physically
or electrically overstressed (physically abused or overheated).

5.8 Building simple resistor circuits

In the course of learning about electricity, you will want to construct your own circuits using resistors
and batteries. Some options are available in this matter of circuit assembly, some easier than others.
In this section, I will explore a couple of fabrication techniques that will not only help you build the
circuits shown in this chapter, but also more advanced circuits.
If all we wish to construct is a simple single-battery, single-resistor circuit, we may easily use

alligator clip jumper wires like this:

Battery

Resistor
+

-

Schematic
diagram

Real circuit using jumper wires
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Jumper wires with ”alligator” style spring clips at each end provide a safe and convenient method
of electrically joining components together.

If we wanted to build a simple series circuit with one battery and three resistors, the same
”point-to-point” construction technique using jumper wires could be applied:

Battery

+
-

Schematic
diagram

Real circuit using jumper wires

This technique, however, proves impractical for circuits much more complex than this, due to the
awkwardness of the jumper wires and the physical fragility of their connections. A more common
method of temporary construction for the hobbyist is the solderless breadboard, a device made of
plastic with hundreds of spring-loaded connection sockets joining the inserted ends of components
and/or 22-gauge solid wire pieces. A photograph of a real breadboard is shown here, followed by an
illustration showing a simple series circuit constructed on one:
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Battery

+
-

Schematic
diagram

Real circuit using a solderless breadboard

Underneath each hole in the breadboard face is a metal spring clip, designed to grasp any inserted
wire or component lead. These metal spring clips are joined underneath the breadboard face, making
connections between inserted leads. The connection pattern joins every five holes along a vertical
column (as shown with the long axis of the breadboard situated horizontally):
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Lines show common connections
underneath board between holes

Thus, when a wire or component lead is inserted into a hole on the breadboard, there are four
more holes in that column providing potential connection points to other wires and/or component
leads. The result is an extremely flexible platform for constructing temporary circuits. For example,
the three-resistor circuit just shown could also be built on a breadboard like this:

Battery

+
-

Schematic
diagram

Real circuit using a solderless breadboard

A parallel circuit is also easy to construct on a solderless breadboard:
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Battery

+
-

Schematic
diagram

Real circuit using a solderless breadboard

Breadboards have their limitations, though. First and foremost, they are intended for temporary
construction only. If you pick up a breadboard, turn it upside-down, and shake it, any components
plugged into it are sure to loosen, and may fall out of their respective holes. Also, breadboards are
limited to fairly low-current (less than 1 amp) circuits. Those spring clips have a small contact area,
and thus cannot support high currents without excessive heating.

For greater permanence, one might wish to choose soldering or wire-wrapping. These techniques
involve fastening the components and wires to some structure providing a secure mechanical location
(such as a phenolic or fiberglass board with holes drilled in it, much like a breadboard without
the intrinsic spring-clip connections), and then attaching wires to the secured component leads.
Soldering is a form of low-temperature welding, using a tin/lead or tin/silver alloy that melts to and
electrically bonds copper objects. Wire ends soldered to component leads or to small, copper ring
”pads” bonded on the surface of the circuit board serve to connect the components together. In wire
wrapping, a small-gauge wire is tightly wrapped around component leads rather than soldered to
leads or copper pads, the tension of the wrapped wire providing a sound mechanical and electrical
junction to connect components together.

An example of a printed circuit board, or PCB, intended for hobbyist use is shown in this pho-
tograph:
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This board appears copper-side-up: the side where all the soldering is done. Each hole is ringed
with a small layer of copper metal for bonding to the solder. All holes are independent of each other
on this particular board, unlike the holes on a solderless breadboard which are connected together
in groups of five. Printed circuit boards with the same 5-hole connection pattern as breadboards
can be purchased and used for hobby circuit construction, though.

Production printed circuit boards have traces of copper laid down on the phenolic or fiberglass
substrate material to form pre-engineered connection pathways which function as wires in a circuit.
An example of such a board is shown here, this unit actually a ”power supply” circuit designed to
take 120 volt alternating current (AC) power from a household wall socket and transform it into
low-voltage direct current (DC). A resistor appears on this board, the fifth component counting up
from the bottom, located in the middle-right area of the board.

A view of this board’s underside reveals the copper ”traces” connecting components together, as
well as the silver-colored deposits of solder bonding the component leads to those traces:
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A soldered or wire-wrapped circuit is considered permanent: that is, it is unlikely to fall apart
accidently. However, these construction techniques are sometimes considered too permanent. If
anyone wishes to replace a component or change the circuit in any substantial way, they must invest
a fair amount of time undoing the connections. Also, both soldering and wire-wrapping require
specialized tools which may not be immediately available.

An alternative construction technique used throughout the industrial world is that of the terminal
strip. Terminal strips, alternatively called barrier strips or terminal blocks, are comprised of a length
of nonconducting material with several small bars of metal embedded within. Each metal bar has
at least one machine screw or other fastener under which a wire or component lead may be secured.
Multiple wires fastened by one screw are made electrically common to each other, as are wires
fastened to multiple screws on the same bar. The following photograph shows one style of terminal
strip, with a few wires attached.

Another, smaller terminal strip is shown in this next photograph. This type, sometimes referred
to as a ”European” style, has recessed screws to help prevent accidental shorting between terminals
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by a screwdriver or other metal object:

In the following illustration, a single-battery, three-resistor circuit is shown constructed on a
terminal strip:

+
-

Series circuit constructed on a 
terminal strip

If the terminal strip uses machine screws to hold the component and wire ends, nothing but
a screwdriver is needed to secure new connections or break old connections. Some terminal strips
use spring-loaded clips – similar to a breadboard’s except for increased ruggedness – engaged and
disengaged using a screwdriver as a push tool (no twisting involved). The electrical connections
established by a terminal strip are quite robust, and are considered suitable for both permanent and
temporary construction.

One of the essential skills for anyone interested in electricity and electronics is to be able to
”translate” a schematic diagram to a real circuit layout where the components may not be oriented
the same way. Schematic diagrams are usually drawn for maximum readability (excepting those few
noteworthy examples sketched to create maximum confusion!), but practical circuit construction
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often demands a different component orientation. Building simple circuits on terminal strips is one
way to develop the spatial-reasoning skill of ”stretching” wires to make the same connection paths.
Consider the case of a single-battery, three-resistor parallel circuit constructed on a terminal strip:

+
-

Schematic diagram

Real circuit using a terminal strip

Progressing from a nice, neat, schematic diagram to the real circuit – especially when the resistors
to be connected are physically arranged in a linear fashion on the terminal strip – is not obvious to
many, so I’ll outline the process step-by-step. First, start with the clean schematic diagram and all
components secured to the terminal strip, with no connecting wires:
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+
-

Schematic diagram

Real circuit using a terminal strip

Next, trace the wire connection from one side of the battery to the first component in the
schematic, securing a connecting wire between the same two points on the real circuit. I find it
helpful to over-draw the schematic’s wire with another line to indicate what connections I’ve made
in real life:
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+
-

Schematic diagram

Real circuit using a terminal strip

Continue this process, wire by wire, until all connections in the schematic diagram have been
accounted for. It might be helpful to regard common wires in a SPICE-like fashion: make all
connections to a common wire in the circuit as one step, making sure each and every component
with a connection to that wire actually has a connection to that wire before proceeding to the next.
For the next step, I’ll show how the top sides of the remaining two resistors are connected together,
being common with the wire secured in the previous step:
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+
-

Schematic diagram

Real circuit using a terminal strip

With the top sides of all resistors (as shown in the schematic) connected together, and to the
battery’s positive (+) terminal, all we have to do now is connect the bottom sides together and to
the other side of the battery:
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+
-

Schematic diagram

Real circuit using a terminal strip

Typically in industry, all wires are labeled with number tags, and electrically common wires bear
the same tag number, just as they do in a SPICE simulation. In this case, we could label the wires
1 and 2:
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+
-

1

1 1 1 1 1 1

1

1 1 1

1 12

2

2 2

2 2

2 2 2 2 2 2

1 1 12 2 2

Common wire numbers representing
electrically common points

1 2

Another industrial convention is to modify the schematic diagram slightly so as to indicate actual
wire connection points on the terminal strip. This demands a labeling system for the strip itself: a
”TB” number (terminal block number) for the strip, followed by another number representing each
metal bar on the strip.
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+
-

1

1 1 1 1 1 1

1

1 1 1

1 12

2

2 2

2 2

2 2 2 2 2 2

1 1 12 2 2

1 2

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15TB1

TB1-1

TB1-5

TB1-6

TB1-10

TB1-11

TB1-15

Terminal strip bars labeled and 
connection points referenced in diagram

This way, the schematic may be used as a ”map” to locate points in a real circuit, regardless of
how tangled and complex the connecting wiring may appear to the eyes. This may seem excessive for
the simple, three-resistor circuit shown here, but such detail is absolutely necessary for construction
and maintenance of large circuits, especially when those circuits may span a great physical distance,
using more than one terminal strip located in more than one panel or box.

• REVIEW:

• A solderless breadboard is a device used to quickly assemble temporary circuits by plugging
wires and components into electrically common spring-clips arranged underneath rows of holes
in a plastic board.

• Soldering is a low-temperature welding process utilizing a lead/tin or tin/silver alloy to bond
wires and component leads together, usually with the components secured to a fiberglass board.

• Wire-wrapping is an alternative to soldering, involving small-gauge wire tightly wrapped
around component leads rather than a welded joint to connect components together.

• A terminal strip, also known as a barrier strip or terminal block is another device used to
mount components and wires to build circuits. Screw terminals or heavy spring clips attached
to metal bars provide connection points for the wire ends and component leads, these metal
bars mounted separately to a piece of nonconducting material such as plastic, bakelite, or
ceramic.
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DIVIDER CIRCUITS AND
KIRCHHOFF’S LAWS

Contents

6.1 Voltage divider circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . clxxv

6.2 Kirchhoff’s Voltage Law (KVL) . . . . . . . . . . . . . . . . . . . . . . clxxxiii

6.3 Current divider circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . cxciii

6.4 Kirchhoff’s Current Law (KCL) . . . . . . . . . . . . . . . . . . . . . . cxcvii

6.5 Contributors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cxcix

6.1 Voltage divider circuits

Let’s analyze a simple series circuit, determining the voltage drops across individual resistors:

+

-

R1

R2

R3

5 kΩ

7.5 kΩ

10 kΩ45 V

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

5k 10k 7.5k

45

clxxv
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From the given values of individual resistances, we can determine a total circuit resistance,
knowing that resistances add in series:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

5k 10k 7.5k 22.5k

45

From here, we can use Ohm’s Law (I=E/R) to determine the total current, which we know will
be the same as each resistor current, currents being equal in all parts of a series circuit:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

5k 10k 7.5k

45

22.5k

2m 2m 2m 2m

Now, knowing that the circuit current is 2 mA, we can use Ohm’s Law (E=IR) to calculate
voltage across each resistor:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

5k 10k 7.5k

45

22.5k

2m 2m 2m 2m

10 20 15

It should be apparent that the voltage drop across each resistor is proportional to its resistance,
given that the current is the same through all resistors. Notice how the voltage across R2 is double
that of the voltage across R1, just as the resistance of R2 is double that of R1.

If we were to change the total voltage, we would find this proportionality of voltage drops remains
constant:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

5k 10k 7.5k 22.5k

8m 8m 8m 8m

40 80 60 180

The voltage across R2 is still exactly twice that of R1’s drop, despite the fact that the source
voltage has changed. The proportionality of voltage drops (ratio of one to another) is strictly a
function of resistance values.

With a little more observation, it becomes apparent that the voltage drop across each resistor is
also a fixed proportion of the supply voltage. The voltage across R1, for example, was 10 volts when
the battery supply was 45 volts. When the battery voltage was increased to 180 volts (4 times as
much), the voltage drop across R1 also increased by a factor of 4 (from 10 to 40 volts). The ratio
between R1’s voltage drop and total voltage, however, did not change:
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ER1

Etotal

=
10 V

45 V
=

40 V

180 V
= 0.22222

Likewise, none of the other voltage drop ratios changed with the increased supply voltage either:

Etotal

ER2
= = =

45 V 180 V

80 V
0.44444

20 V

Etotal

=
45 V

=
180 V

=
ER3 15 V 60 V

0.33333

For this reason a series circuit is often called a voltage divider for its ability to proportion – or
divide – the total voltage into fractional portions of constant ratio. With a little bit of algebra,
we can derive a formula for determining series resistor voltage drop given nothing more than total
voltage, individual resistance, and total resistance:

Voltage drop across any resistor En = In Rn

Current in a series circuit Itotal = 
Etotal

Rtotal

Substituting 
Etotal

Rtotal

for In in the first equation. . . . . .

Voltage drop across any series resistor En = 
Etotal

Rtotal

Rn

. . . or . . .

Rtotal

RnEtotalEn = 

The ratio of individual resistance to total resistance is the same as the ratio of individual voltage
drop to total supply voltage in a voltage divider circuit. This is known as the voltage divider formula,
and it is a short-cut method for determining voltage drop in a series circuit without going through
the current calculation(s) of Ohm’s Law.

Using this formula, we can re-analyze the example circuit’s voltage drops in fewer steps:



clxxviii CHAPTER 6. DIVIDER CIRCUITS AND KIRCHHOFF’S LAWS

+

-

R1

R2

R3

5 kΩ

7.5 kΩ

10 kΩ45 V

ER1 =
5 kΩ

22.5 kΩ
= 10 V45 V

ER2 =45 V
22.5 kΩ

=
10 kΩ

20 V

ER3 =45 V
22.5 kΩ

=
7.5 kΩ

15 V

Voltage dividers find wide application in electric meter circuits, where specific combinations of se-
ries resistors are used to ”divide” a voltage into precise proportions as part of a voltage measurement
device.

Input

voltage
Divided

voltage

R1

R2

One device frequently used as a voltage-dividing component is the potentiometer, which is a
resistor with a movable element positioned by a manual knob or lever. The movable element,
typically called a wiper, makes contact with a resistive strip of material (commonly called the
slidewire if made of resistive metal wire) at any point selected by the manual control:
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1

2

wiper contact

Potentiometer

The wiper contact is the left-facing arrow symbol drawn in the middle of the vertical resistor
element. As it is moved up, it contacts the resistive strip closer to terminal 1 and further away from
terminal 2, lowering resistance to terminal 1 and raising resistance to terminal 2. As it is moved
down, the opposite effect results. The resistance as measured between terminals 1 and 2 is constant
for any wiper position.

1

2

less resistance

more resistance

1

2

less resistance

more resistance

Shown here are internal illustrations of two potentiometer types, rotary and linear:

Resistive strip

Wiper

Terminals

Rotary potentiometer
construction
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Resistive strip
Wiper

Terminals

Linear potentiometer construction

Some linear potentiometers are actuated by straight-line motion of a lever or slide button. Others,
like the one depicted in the previous illustration, are actuated by a turn-screw for fine adjustment
ability. The latter units are sometimes referred to as trimpots, because they work well for applications
requiring a variable resistance to be ”trimmed” to some precise value. It should be noted that not
all linear potentiometers have the same terminal assignments as shown in this illustration. With
some, the wiper terminal is in the middle, between the two end terminals.

The following photograph shows a real, rotary potentiometer with exposed wiper and slidewire
for easy viewing. The shaft which moves the wiper has been turned almost fully clockwise so that
the wiper is nearly touching the left terminal end of the slidewire:

Here is the same potentiometer with the wiper shaft moved almost to the full-counterclockwise
position, so that the wiper is near the other extreme end of travel:
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If a constant voltage is applied between the outer terminals (across the length of the slidewire),
the wiper position will tap off a fraction of the applied voltage, measurable between the wiper contact
and either of the other two terminals. The fractional value depends entirely on the physical position
of the wiper:

less voltagemore voltage

Using a potentiometer as a variable voltage divider

Just like the fixed voltage divider, the potentiometer’s voltage division ratio is strictly a function
of resistance and not of the magnitude of applied voltage. In other words, if the potentiometer
knob or lever is moved to the 50 percent (exact center) position, the voltage dropped between
wiper and either outside terminal would be exactly 1/2 of the applied voltage, no matter what that
voltage happens to be, or what the end-to-end resistance of the potentiometer is. In other words, a
potentiometer functions as a variable voltage divider where the voltage division ratio is set by wiper
position.

This application of the potentiometer is a very useful means of obtaining a variable voltage from
a fixed-voltage source such as a battery. If a circuit you’re building requires a certain amount of
voltage that is less than the value of an available battery’s voltage, you may connect the outer
terminals of a potentiometer across that battery and ”dial up” whatever voltage you need between
the potentiometer wiper and one of the outer terminals for use in your circuit:
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Circuit requiring
less voltage than
what the battery

provides

+
V

-

Adjust potentiometer
to obtain desired 

voltage

Battery

When used in this manner, the name potentiometer makes perfect sense: they meter (control)
the potential (voltage) applied across them by creating a variable voltage-divider ratio. This use of
the three-terminal potentiometer as a variable voltage divider is very popular in circuit design.

Shown here are several small potentiometers of the kind commonly used in consumer electronic
equipment and by hobbyists and students in constructing circuits:

The smaller units on the very left and very right are designed to plug into a solderless breadboard
or be soldered into a printed circuit board. The middle units are designed to be mounted on a flat
panel with wires soldered to each of the three terminals.

Here are three more potentiometers, more specialized than the set just shown:
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The large ”Helipot” unit is a laboratory potentiometer designed for quick and easy connection
to a circuit. The unit in the lower-left corner of the photograph is the same type of potentiometer,
just without a case or 10-turn counting dial. Both of these potentiometers are precision units, using
multi-turn helical-track resistance strips and wiper mechanisms for making small adjustments. The
unit on the lower-right is a panel-mount potentiometer, designed for rough service in industrial
applications.

• REVIEW:

• Series circuits proportion, or divide, the total supply voltage among individual voltage drops,
the proportions being strictly dependent upon resistances: ERn = ETotal (Rn / RTotal)

• A potentiometer is a variable-resistance component with three connection points, frequently
used as an adjustable voltage divider.

6.2 Kirchhoff’s Voltage Law (KVL)

Let’s take another look at our example series circuit, this time numbering the points in the circuit
for voltage reference:

+

-

1

2 3

4

+
+

+

-

-
-

R1

R2

R3

5 kΩ

10 kΩ

7.5 k Ω

45 V
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If we were to connect a voltmeter between points 2 and 1, red test lead to point 2 and black test
lead to point 1, the meter would register +45 volts. Typically the ”+” sign is not shown, but rather
implied, for positive readings in digital meter displays. However, for this lesson the polarity of the
voltage reading is very important and so I will show positive numbers explicitly:

E2-1 = +45 V

When a voltage is specified with a double subscript (the characters ”2-1” in the notation ”E2−1”),
it means the voltage at the first point (2) as measured in reference to the second point (1). A voltage
specified as ”Ecg” would mean the voltage as indicated by a digital meter with the red test lead on
point ”c” and the black test lead on point ”g”: the voltage at ”c” in reference to ”g”.

COMA

V

V A

A
OFF

. . . . . . 
cd

Ecd

The meaning of

RedBlack

If we were to take that same voltmeter and measure the voltage drop across each resistor, stepping
around the circuit in a clockwise direction with the red test lead of our meter on the point ahead
and the black test lead on the point behind, we would obtain the following readings:

E3-2 = -10 V

E4-3 = -20 V

E1-4 = -15 V
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+

-

1

2 3

4

+
+

+

-

-
-

R1

R2

R3

5 kΩ

10 kΩ

7.5 k Ω

45 VV Ω

COMA

V Ω

COMA

V Ω

COMA

V Ω

COMA

E2-1

E3-2

E4-3

E1-4

+45

-10

-20

-15

We should already be familiar with the general principle for series circuits stating that individual
voltage drops add up to the total applied voltage, but measuring voltage drops in this manner and
paying attention to the polarity (mathematical sign) of the readings reveals another facet of this
principle: that the voltages measured as such all add up to zero:

-10 V
-20 V
-15 V

+45 V

0 V

+

voltage from point   to point   12
voltage from point   to point   
voltage from point   to point   
voltage from point   to point   

23
34
41

E2-1 =
E3-2 =
E4-3 =
E1-4 =

This principle is known as Kirchhoff’s Voltage Law (discovered in 1847 by Gustav R. Kirchhoff,
a German physicist), and it can be stated as such:

”The algebraic sum of all voltages in a loop must equal zero”

By algebraic, I mean accounting for signs (polarities) as well as magnitudes. By loop, I mean any
path traced from one point in a circuit around to other points in that circuit, and finally back to the
initial point. In the above example the loop was formed by following points in this order: 1-2-3-4-1.
It doesn’t matter which point we start at or which direction we proceed in tracing the loop; the
voltage sum will still equal zero. To demonstrate, we can tally up the voltages in loop 3-2-1-4-3 of
the same circuit:
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0 V

+

voltage from point   to point   
voltage from point   to point   
voltage from point   to point   
voltage from point   to point   

+10 V
-45 V
+15 V

+20 V

32
21
14
43

E2-3 =
E1-2 =
E4-1 =
E3-4 =

This may make more sense if we re-draw our example series circuit so that all components are
represented in a straight line:

+

12 3 4
+ + +- - -

2
-

current

current

R1 R2 R3

45 V
5 kΩ 10 kΩ 7.5 kΩ

It’s still the same series circuit, just with the components arranged in a different form. Notice the
polarities of the resistor voltage drops with respect to the battery: the battery’s voltage is negative
on the left and positive on the right, whereas all the resistor voltage drops are oriented the other
way: positive on the left and negative on the right. This is because the resistors are resisting the
flow of electrons being pushed by the battery. In other words, the ”push” exerted by the resistors
against the flow of electrons must be in a direction opposite the source of electromotive force.

Here we see what a digital voltmeter would indicate across each component in this circuit, black
lead on the left and red lead on the right, as laid out in horizontal fashion:

+

12 3 4
+ + +- - -

2
-

current

R1 R2 R3

45 V5 kΩ 10 kΩ 7.5 kΩ

-10 V -20 V -15 V +45 V

V Ω

COMA

-10

V Ω

COMA

V Ω

COMA

V Ω

COMA

-20 -15 +45

E3-2 E4-3 E1-4 E2-1

If we were to take that same voltmeter and read voltage across combinations of components,
starting with only R1 on the left and progressing across the whole string of components, we will see
how the voltages add algebraically (to zero):
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+

12 3 4
+ + +- - -

2
-

current

R1 R2 R3

45 V5 kΩ 10 kΩ 7.5 kΩ

V Ω

COMA

-10

V Ω

COMA

V Ω

COMA

V Ω

COMA

-20 -15 +45

V Ω

COMA

V Ω

COMA

V Ω

COMA

-30

-45

0

-30 V

-45 V

0 V

E3-2 E4-3 E1-4 E2-1

E4-2

E1-2

E2-2

The fact that series voltages add up should be no mystery, but we notice that the polarity of
these voltages makes a lot of difference in how the figures add. While reading voltage across R1,
R1−−R2, and R1−−R2−−R3 (I’m using a ”double-dash” symbol ”−−” to represent the series
connection between resistors R1, R2, and R3), we see how the voltages measure successively larger
(albeit negative) magnitudes, because the polarities of the individual voltage drops are in the same
orientation (positive left, negative right). The sum of the voltage drops across R1, R2, and R3 equals
45 volts, which is the same as the battery’s output, except that the battery’s polarity is opposite
that of the resistor voltage drops (negative left, positive right), so we end up with 0 volts measured
across the whole string of components.

That we should end up with exactly 0 volts across the whole string should be no mystery, either.
Looking at the circuit, we can see that the far left of the string (left side of R1: point number 2) is
directly connected to the far right of the string (right side of battery: point number 2), as necessary
to complete the circuit. Since these two points are directly connected, they are electrically common
to each other. And, as such, the voltage between those two electrically common points must be zero.

Kirchhoff’s Voltage Law (sometimes denoted as KVL for short) will work for any circuit config-
uration at all, not just simple series. Note how it works for this parallel circuit:
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+

-

+

-

+

-

+

-

1 2 3 4

5678

R1 R2 R36 V

Being a parallel circuit, the voltage across every resistor is the same as the supply voltage: 6
volts. Tallying up voltages around loop 2-3-4-5-6-7-2, we get:

0 V

+

voltage from point   to point   
voltage from point   to point   
voltage from point   to point   

23
34
4

0 V
0 V

5
voltage from point   to point   
voltage from point   to point   
voltage from point   to point   

56
67
72

-6 V
0 V
0 V

+6 V

E3-2 =
E4-3 =
E5-4 =
E6-5 =
E7-6 =
E2-7 =

E2-2 =

Note how I label the final (sum) voltage as E2−2. Since we began our loop-stepping sequence at
point 2 and ended at point 2, the algebraic sum of those voltages will be the same as the voltage
measured between the same point (E2−2), which of course must be zero.

The fact that this circuit is parallel instead of series has nothing to do with the validity of
Kirchhoff’s Voltage Law. For that matter, the circuit could be a ”black box” – its component
configuration completely hidden from our view, with only a set of exposed terminals for us to
measure voltage between – and KVL would still hold true:
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+

-

+ -

-
+

+

-

-

+

+

-

+

-

5 V

8 V

3 V

11 V

8 V
10 V

2 V

Try any order of steps from any terminal in the above diagram, stepping around back to the
original terminal, and you’ll find that the algebraic sum of the voltages always equals zero.
Furthermore, the ”loop” we trace for KVL doesn’t even have to be a real current path in the

closed-circuit sense of the word. All we have to do to comply with KVL is to begin and end at
the same point in the circuit, tallying voltage drops and polarities as we go between the next and
the last point. Consider this absurd example, tracing ”loop” 2-3-6-3-2 in the same parallel resistor
circuit:

+

-

+

-

+

-

+

-

1 2 3 4

5678

R1 R2 R36 V

0 V

+

voltage from point   to point   
voltage from point   to point   

230 V

voltage from point   to point   
voltage from point   to point   

6
6

2

-6 V

0 V
+6 V

3
3

3

E3-2 =
E6-3 =
E3-6 =
E2-3 =

E2-2 =
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KVL can be used to determine an unknown voltage in a complex circuit, where all other voltages
around a particular ”loop” are known. Take the following complex circuit (actually two series circuits
joined by a single wire at the bottom) as an example:

1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 V

To make the problem simpler, I’ve omitted resistance values and simply given voltage drops
across each resistor. The two series circuits share a common wire between them (wire 7-8-9-10),
making voltage measurements between the two circuits possible. If we wanted to determine the
voltage between points 4 and 3, we could set up a KVL equation with the voltage between those
points as the unknown:

E4-3 + E9-4 + E8-9 + E3-8 = 0

E4-3 + 12 + 0 + 20 = 0

E4-3 + 32 = 0

E4-3 = -32 V
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1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 V

Measuring voltage from point 4 to point 3 (unknown amount)

V Ω

COMA

E4-3

???

1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 V

V Ω

COMA

Measuring voltage from point 9 to point 4 (+12 volts)

E4-3 + 12

+12
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1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 V

V Ω

COMA

0

E4-3 + 12 + 0

Measuring voltage from point 8 to point 9 (0 volts)

1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 V

V Ω

COMA

+20

E4-3 + 12 + 0 + 20 = 0

Measuring voltage from point 3 to point 8 (+20 volts)

Stepping around the loop 3-4-9-8-3, we write the voltage drop figures as a digital voltmeter would
register them, measuring with the red test lead on the point ahead and black test lead on the point
behind as we progress around the loop. Therefore, the voltage from point 9 to point 4 is a positive
(+) 12 volts because the ”red lead” is on point 9 and the ”black lead” is on point 4. The voltage
from point 3 to point 8 is a positive (+) 20 volts because the ”red lead” is on point 3 and the ”black
lead” is on point 8. The voltage from point 8 to point 9 is zero, of course, because those two points
are electrically common.
Our final answer for the voltage from point 4 to point 3 is a negative (-) 32 volts, telling us that

point 3 is actually positive with respect to point 4, precisely what a digital voltmeter would indicate
with the red lead on point 4 and the black lead on point 3:
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1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 VV Ω

COMA

-32

E4-3 = -32 

In other words, the initial placement of our ”meter leads” in this KVL problem was ”backwards.”
Had we generated our KVL equation starting with E3−4 instead of E4−3, stepping around the same
loop with the opposite meter lead orientation, the final answer would have been E3−4 = +32 volts:

1 2

3 4

5 6

7 8 9 10

+

-

+

-

+

-

+

-+

-

+

-

35 V

15 V

20 V

13 V

12 V

25 VV Ω

COMA

+32

E3-4 = +32

It is important to realize that neither approach is ”wrong.” In both cases, we arrive at the correct
assessment of voltage between the two points, 3 and 4: point 3 is positive with respect to point 4,
and the voltage between them is 32 volts.

• REVIEW:

• Kirchhoff’s Voltage Law (KVL): ”The algebraic sum of all voltages in a loop must equal zero”

6.3 Current divider circuits

Let’s analyze a simple parallel circuit, determining the branch currents through individual resistors:
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+

-

+

-

+

-

+

-

R1 R2 R3

1 kΩ 3 kΩ 2 kΩ
6 V

Knowing that voltages across all components in a parallel circuit are the same, we can fill in our
voltage/current/resistance table with 6 volts across the top row:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

6 6 6 6

1k 3k 2k

Using Ohm’s Law (I=E/R) we can calculate each branch current:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

6 6 6 6

1k 3k 2k

6m 2m 3m

Knowing that branch currents add up in parallel circuits to equal the total current, we can arrive
at total current by summing 6 mA, 2 mA, and 3 mA:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

6 6 6 6

1k 3k 2k

6m 2m 3m 11m

The final step, of course, is to figure total resistance. This can be done with Ohm’s Law (R=E/I)
in the ”total” column, or with the parallel resistance formula from individual resistances. Either
way, we’ll get the same answer:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

6 6 6 6

1k 3k 2k

6m 2m 3m 11m

545.45

Once again, it should be apparent that the current through each resistor is related to its resistance,
given that the voltage across all resistors is the same. Rather than being directly proportional, the
relationship here is one of inverse proportion. For example, the current through R1 is half as much
as the current through R3, which has twice the resistance of R1.
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If we were to change the supply voltage of this circuit, we find that (surprise!) these proportional
ratios do not change:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

1k 3k 2k 545.45

24 24 24 24

24m 8m 12m 44m

The current through R1 is still exactly twice that of R2, despite the fact that the source volt-
age has changed. The proportionality between different branch currents is strictly a function of
resistance.

Also reminiscent of voltage dividers is the fact that branch currents are fixed proportions of the
total current. Despite the fourfold increase in supply voltage, the ratio between any branch current
and the total current remains unchanged:

= = =

= = =

IR1

Itotal

Itotal

11 mA

11 mA

44 mA

44 mA

IR2

6 mA 24 mA

2 mA 8 mA

0.54545

0.18182

=
Itotal 11 mA

=
44 mA

=
IR3 3 mA 12 mA

0.27273

For this reason a parallel circuit is often called a current divider for its ability to proportion – or
divide – the total current into fractional parts. With a little bit of algebra, we can derive a formula
for determining parallel resistor current given nothing more than total current, individual resistance,
and total resistance:
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Current through any resistor
En

Rn

In =

Voltage in a parallel circuit Etotal = En = Itotal Rtotal

Substituting . . . Itotal Rtotal for En in the first equation . . .

Current through any parallel resistor In =
Rn

Itotal Rtotal

. . . or . . .

In = Itotal Rn

Rtotal

The ratio of total resistance to individual resistance is the same ratio as individual (branch)
current to total current. This is known as the current divider formula, and it is a short-cut method
for determining branch currents in a parallel circuit when the total current is known.

Using the original parallel circuit as an example, we can re-calculate the branch currents using
this formula, if we start by knowing the total current and total resistance:

IR1 =
545.45 Ω

11 mA
1 kΩ

= 6 mA

11 mA
545.45 Ω

=

11 mA
545.45 Ω

=

IR2 =

IR3 =

3 kΩ
2 mA

2 kΩ
3 mA

If you take the time to compare the two divider formulae, you’ll see that they are remarkably
similar. Notice, however, that the ratio in the voltage divider formula is Rn (individual resistance)
divided by RTotal, and how the ratio in the current divider formula is RTotal divided by Rn:

Rtotal

RnEtotalEn = In = Itotal Rn

Rtotal

Voltage divider
formula formula

Current divider
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It is quite easy to confuse these two equations, getting the resistance ratios backwards. One way
to help remember the proper form is to keep in mind that both ratios in the voltage and current
divider equations must equal less than one. After all these are divider equations, not multiplier
equations! If the fraction is upside-down, it will provide a ratio greater than one, which is incorrect.
Knowing that total resistance in a series (voltage divider) circuit is always greater than any of
the individual resistances, we know that the fraction for that formula must be Rn over RTotal.
Conversely, knowing that total resistance in a parallel (current divider) circuit is always less then
any of the individual resistances, we know that the fraction for that formula must be RTotal over
Rn.
Current divider circuits also find application in electric meter circuits, where a fraction of a

measured current is desired to be routed through a sensitive detection device. Using the current
divider formula, the proper shunt resistor can be sized to proportion just the right amount of current
for the device in any given instance:

sensitive device

fraction of total
current

RshuntItotal Itotal

• REVIEW:

• Parallel circuits proportion, or ”divide,” the total circuit current among individual branch
currents, the proportions being strictly dependent upon resistances: In = ITotal (RTotal / Rn)

6.4 Kirchhoff’s Current Law (KCL)

Let’s take a closer look at that last parallel example circuit:

+

-

+

-

+

-

+

-

1 2 3 4

5678

Itotal

Itotal

6 V R1 R2 R3

1 kΩ 3 kΩ 2 kΩ
IR1 IR2 IR3

Solving for all values of voltage and current in this circuit:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

6 6 6 6

1k 3k 2k

6m 2m 3m 11m

545.45



cxcviii CHAPTER 6. DIVIDER CIRCUITS AND KIRCHHOFF’S LAWS

At this point, we know the value of each branch current and of the total current in the circuit.
We know that the total current in a parallel circuit must equal the sum of the branch currents,
but there’s more going on in this circuit than just that. Taking a look at the currents at each wire
junction point (node) in the circuit, we should be able to see something else:

+

-

+

-

+

-

+

-

1 2 3 4

5678

R1 R2 R3

1 kΩ 3 kΩ 2 kΩ

Itotal

Itotal

IR1 + IR2 + IR3

IR1 + IR2 + IR3

IR2 + IR3

IR2 + IR3

IR3

IR3

IR3IR2IR16 V

At each node on the negative ”rail” (wire 8-7-6-5) we have current splitting off the main flow to
each successive branch resistor. At each node on the positive ”rail” (wire 1-2-3-4) we have current
merging together to form the main flow from each successive branch resistor. This fact should be
fairly obvious if you think of the water pipe circuit analogy with every branch node acting as a ”tee”
fitting, the water flow splitting or merging with the main piping as it travels from the output of the
water pump toward the return reservoir or sump.
If we were to take a closer look at one particular ”tee” node, such as node 3, we see that the

current entering the node is equal in magnitude to the current exiting the node:

+

-

3
IR2 + IR3 IR3

R2

3 kΩ

IR2

From the right and from the bottom, we have two currents entering the wire connection labeled
as node 3. To the left, we have a single current exiting the node equal in magnitude to the sum
of the two currents entering. To refer to the plumbing analogy: so long as there are no leaks in
the piping, what flow enters the fitting must also exit the fitting. This holds true for any node
(”fitting”), no matter how many flows are entering or exiting. Mathematically, we can express this
general relationship as such:

Iexiting = Ientering

Mr. Kirchhoff decided to express it in a slightly different form (though mathematically equiva-
lent), calling it Kirchhoff’s Current Law (KCL):

Ientering + (-Iexiting) = 0

Summarized in a phrase, Kirchhoff’s Current Law reads as such:

”The algebraic sum of all currents entering and exiting a node must equal
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zero”

That is, if we assign a mathematical sign (polarity) to each current, denoting whether they enter
(+) or exit (-) a node, we can add them together to arrive at a total of zero, guaranteed.
Taking our example node (number 3), we can determine the magnitude of the current exiting

from the left by setting up a KCL equation with that current as the unknown value:

I2 + I3 + I = 0

2 mA + 3 mA + I = 0

. . . solving for I . . .

I = -2 mA - 3 mA

I = -5 mA
The negative (-) sign on the value of 5 milliamps tells us that the current is exiting the node, as

opposed to the 2 milliamp and 3 milliamp currents, which must were both positive (and therefore
entering the node). Whether negative or positive denotes current entering or exiting is entirely
arbitrary, so long as they are opposite signs for opposite directions and we stay consistent in our
notation, KCL will work.
Together, Kirchhoff’s Voltage and Current Laws are a formidable pair of tools useful in analyzing

electric circuits. Their usefulness will become all the more apparent in a later chapter (”Network
Analysis”), but suffice it to say that these Laws deserve to be memorized by the electronics student
every bit as much as Ohm’s Law.

• REVIEW:

• Kirchhoff’s Current Law (KCL): ”The algebraic sum of all currents entering and exiting a
node must equal zero”

6.5 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.

Ron LaPlante (October 1998): helped create ”table” method of series and parallel circuit
analysis.
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Chapter 7

SERIES-PARALLEL
COMBINATION CIRCUITS

Contents

7.1 What is a series-parallel circuit? . . . . . . . . . . . . . . . . . . . . . . cci

7.2 Analysis technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cciv

7.3 Re-drawing complex schematics . . . . . . . . . . . . . . . . . . . . . . ccxi

7.4 Component failure analysis . . . . . . . . . . . . . . . . . . . . . . . . . ccxix

7.5 Building series-parallel resistor circuits . . . . . . . . . . . . . . . . . . ccxxiv

7.6 Contributors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ccxxxvi

7.1 What is a series-parallel circuit?

With simple series circuits, all components are connected end-to-end to form only one path for
electrons to flow through the circuit:

1 2

34

+

-

R1

R2

R3

Series

With simple parallel circuits, all components are connected between the same two sets of elec-
trically common points, creating multiple paths for electrons to flow from one end of the battery to
the other:

cci
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1

+

-

2 3 4

5678

R1 R2 R3

Parallel

With each of these two basic circuit configurations, we have specific sets of rules describing
voltage, current, and resistance relationships.

• Series Circuits:

• Voltage drops add to equal total voltage.

• All components share the same (equal) current.

• Resistances add to equal total resistance.

• Parallel Circuits:

• All components share the same (equal) voltage.

• Branch currents add to equal total current.

• Resistances diminish to equal total resistance.

However, if circuit components are series-connected in some parts and parallel in others, we won’t
be able to apply a single set of rules to every part of that circuit. Instead, we will have to identify
which parts of that circuit are series and which parts are parallel, then selectively apply series and
parallel rules as necessary to determine what is happening. Take the following circuit, for instance:
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R1 R2

R3 R4

100 Ω 250 Ω

200 Ω350 Ω

24 V

A series-parallel combination circuit

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

This circuit is neither simple series nor simple parallel. Rather, it contains elements of both.
The current exits the bottom of the battery, splits up to travel through R3 and R4, rejoins, then
splits up again to travel through R1 and R2, then rejoins again to return to the top of the battery.
There exists more than one path for current to travel (not series), yet there are more than two sets
of electrically common points in the circuit (not parallel).
Because the circuit is a combination of both series and parallel, we cannot apply the rules for

voltage, current, and resistance ”across the table” to begin analysis like we could when the circuits
were one way or the other. For instance, if the above circuit were simple series, we could just add up
R1 through R4 to arrive at a total resistance, solve for total current, and then solve for all voltage
drops. Likewise, if the above circuit were simple parallel, we could just solve for branch currents,
add up branch currents to figure the total current, and then calculate total resistance from total
voltage and total current. However, this circuit’s solution will be more complex.
The table will still help us manage the different values for series-parallel combination circuits,

but we’ll have to be careful how and where we apply the different rules for series and parallel. Ohm’s
Law, of course, still works just the same for determining values within a vertical column in the table.
If we are able to identify which parts of the circuit are series and which parts are parallel, we can

analyze it in stages, approaching each part one at a time, using the appropriate rules to determine
the relationships of voltage, current, and resistance. The rest of this chapter will be devoted to
showing you techniques for doing this.

• REVIEW:
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• The rules of series and parallel circuits must be applied selectively to circuits containing both
types of interconnections.

7.2 Analysis technique

The goal of series-parallel resistor circuit analysis is to be able to determine all voltage drops,
currents, and power dissipations in a circuit. The general strategy to accomplish this goal is as
follows:

• Step 1: Assess which resistors in a circuit are connected together in simple series or simple
parallel.

• Step 2: Re-draw the circuit, replacing each of those series or parallel resistor combinations
identified in step 1 with a single, equivalent-value resistor. If using a table to manage variables,
make a new table column for each resistance equivalent.

• Step 3: Repeat steps 1 and 2 until the entire circuit is reduced to one equivalent resistor.

• Step 4: Calculate total current from total voltage and total resistance (I=E/R).

• Step 5: Taking total voltage and total current values, go back to last step in the circuit
reduction process and insert those values where applicable.

• Step 6: From known resistances and total voltage / total current values from step 5, use Ohm’s
Law to calculate unknown values (voltage or current) (E=IR or I=E/R).

• Step 7: Repeat steps 5 and 6 until all values for voltage and current are known in the original
circuit configuration. Essentially, you will proceed step-by-step from the simplified version of
the circuit back into its original, complex form, plugging in values of voltage and current where
appropriate until all values of voltage and current are known.

• Step 8: Calculate power dissipations from known voltage, current, and/or resistance values.

This may sound like an intimidating process, but it’s much easier understood through example
than through description.
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R1 R2

R3 R4

100 Ω 250 Ω

200 Ω350 Ω

24 V

A series-parallel combination circuit

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

In the example circuit above, R1 and R2 are connected in a simple parallel arrangement, as
are R3 and R4. Having been identified, these sections need to be converted into equivalent single
resistors, and the circuit re-drawn:

R1 // R2

R3 // R4

71.429 Ω

24 V

127.27 Ω

The double slash (//) symbols represent ”parallel” to show that the equivalent resistor values
were calculated using the 1/(1/R) formula. The 71.429 Ω resistor at the top of the circuit is the
equivalent of R1 and R2 in parallel with each other. The 127.27 Ω resistor at the bottom is the
equivalent of R3 and R4 in parallel with each other.
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Our table can be expanded to include these resistor equivalents in their own columns:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

It should be apparent now that the circuit has been reduced to a simple series configuration
with only two (equivalent) resistances. The final step in reduction is to add these two resistances
to come up with a total circuit resistance. When we add those two equivalent resistances, we get a
resistance of 198.70 Ω. Now, we can re-draw the circuit as a single equivalent resistance and add the
total resistance figure to the rightmost column of our table. Note that the ”Total” column has been
relabeled (R1//R2−−R3//R4) to indicate how it relates electrically to the other columns of figures.
The ”−−” symbol is used here to represent ”series,” just as the ”//” symbol is used to represent
”parallel.”

--R1 // R2 R3 // R424 V 198.70 Ω

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

R3 // R4

R1 // R2--

198.70

Now, total circuit current can be determined by applying Ohm’s Law (I=E/R) to the ”Total”
column in the table:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

R3 // R4

R1 // R2--

198.70

120.78m
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Back to our equivalent circuit drawing, our total current value of 120.78 milliamps is shown as
the only current here:

I = 120.78 mA

I = 120.78 mA

24 V 198.70 Ω R1 // R2  --  R3 // R4

Now we start to work backwards in our progression of circuit re-drawings to the original config-
uration. The next step is to go to the circuit where R1//R2 and R3//R4 are in series:

I = 120.78 mA

I = 120.78 mA

I = 120.78 mA

71.429 Ω R1 // R2

R3 // R4

24 V

127.27 Ω

Since R1//R2 and R3//R4 are in series with each other, the current through those two sets of
equivalent resistances must be the same. Furthermore, the current through them must be the same
as the total current, so we can fill in our table with the appropriate current values, simply copying
the current figure from the Total column to the R1//R2 and R3//R4 columns:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

R3 // R4

R1 // R2--

198.70

120.78m120.78m120.78m
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Now, knowing the current through the equivalent resistors R1//R2 and R3//R4, we can apply
Ohm’s Law (E=IR) to the two right vertical columns to find voltage drops across them:

+

-

+

-

I = 120.78 mA

I = 120.78 mA

I = 120.78 mA

71.429 Ω

127.27 Ω

R1 //R2

R3 // R4

24 V

8.6275 V

15.373 V

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

R3 // R4

R1 // R2--

198.70

120.78m120.78m120.78m

8.6275 15.373

Because we know R1//R2 and R3//R4 are parallel resistor equivalents, and we know that voltage
drops in parallel circuits are the same, we can transfer the respective voltage drops to the appropriate
columns on the table for those individual resistors. In other words, we take another step backwards
in our drawing sequence to the original configuration, and complete the table accordingly:

+

+

-

-

I = 120.78 mA

I = 120.78 mA

100 Ω

350 Ω

250 Ω

200 Ω

R1 R2

R3 R4

8.6275 V

15.373 V

24 V
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

R3 // R4

R1 // R2--

198.70

120.78m120.78m120.78m

8.6275 15.3738.62758.6275 15.37315.373

Finally, the original section of the table (columns R1 through R4) is complete with enough values
to finish. Applying Ohm’s Law to the remaining vertical columns (I=E/R), we can determine the
currents through R1, R2, R3, and R4 individually:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4

24

100 250 350 200

R1 // R2 R3 // R4

71.429 127.27

R3 // R4

R1 // R2--

198.70

120.78m120.78m120.78m

8.6275 15.3738.62758.6275 15.37315.373

86.275m 34.510m 43.922m 76.863m

Having found all voltage and current values for this circuit, we can show those values in the
schematic diagram as such:

+

+

-

-

I = 120.78 mA

I = 120.78 mA

43.922 mA
76.863 mA

350 Ω 200 Ω

250 Ω100 Ω

86.275 mA
34.510 mA

R1

R2

R3

R4

8.6275 V

15.373 V

24 V

As a final check of our work, we can see if the calculated current values add up as they should
to the total. Since R1 and R2 are in parallel, their combined currents should add up to the total
of 120.78 mA. Likewise, since R3 and R4 are in parallel, their combined currents should also add
up to the total of 120.78 mA. You can check for yourself to verify that these figures do add up as
expected.

A computer simulation can also be used to verify the accuracy of these figures. The following
SPICE analysis will show all resistor voltages and currents (note the current-sensing vi1, vi2, . .
. ”dummy” voltage sources in series with each resistor in the netlist, necessary for the SPICE
computer program to track current through each path). These voltage sources will be set to have
values of zero volts each so they will not affect the circuit in any way.



ccx CHAPTER 7. SERIES-PARALLEL COMBINATION CIRCUITS

vi1 vi2

vi3 vi4

NOTE: voltage sources vi1,
vi2, vi3, and vi4 are "dummy"
sources set at zero volts each.

1 1

1 1

2 3

44 4

5 6

0 0

0 0

24 V

R1 R2

R3 R4

100 Ω 250 Ω

200 Ω350 Ω

series-parallel circuit

v1 1 0

vi1 1 2 dc 0

vi2 1 3 dc 0

r1 2 4 100

r2 3 4 250

vi3 4 5 dc 0

vi4 4 6 dc 0

r3 5 0 350

r4 6 0 200

.dc v1 24 24 1

.print dc v(2,4) v(3,4) v(5,0) v(6,0)

.print dc i(vi1) i(vi2) i(vi3) i(vi4)

.end

I’ve annotated SPICE’s output figures to make them more readable, denoting which voltage and
current figures belong to which resistors.

v1 v(2,4) v(3,4) v(5) v(6)

2.400E+01 8.627E+00 8.627E+00 1.537E+01 1.537E+01

Battery R1 voltage R2 voltage R3 voltage R4 voltage
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voltage

v1 i(vi1) i(vi2) i(vi3) i(vi4)

2.400E+01 8.627E-02 3.451E-02 4.392E-02 7.686E-02

Battery R1 current R2 current R3 current R4 current

voltage

As you can see, all the figures do agree with the our calculated values.

• REVIEW:

• To analyze a series-parallel combination circuit, follow these steps:

• Reduce the original circuit to a single equivalent resistor, re-drawing the circuit in each step of
reduction as simple series and simple parallel parts are reduced to single, equivalent resistors.

• Solve for total resistance.

• Solve for total current (I=E/R).

• Determine equivalent resistor voltage drops and branch currents one stage at a time, working
backwards to the original circuit configuration again.

7.3 Re-drawing complex schematics

Typically, complex circuits are not arranged in nice, neat, clean schematic diagrams for us to follow.
They are often drawn in such a way that makes it difficult to follow which components are in series
and which are in parallel with each other. The purpose of this section is to show you a method useful
for re-drawing circuit schematics in a neat and orderly fashion. Like the stage-reduction strategy
for solving series-parallel combination circuits, it is a method easier demonstrated than described.
Let’s start with the following (convoluted) circuit diagram. Perhaps this diagram was originally

drawn this way by a technician or engineer. Perhaps it was sketched as someone traced the wires
and connections of a real circuit. In any case, here it is in all its ugliness:

R1
R2

R3

R4

With electric circuits and circuit diagrams, the length and routing of wire connecting components
in a circuit matters little. (Actually, in some AC circuits it becomes critical, and very long wire
lengths can contribute unwanted resistance to both AC and DC circuits, but in most cases wire length
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is irrelevant.) What this means for us is that we can lengthen, shrink, and/or bend connecting wires
without affecting the operation of our circuit.
The strategy I have found easiest to apply is to start by tracing the current from one terminal

of the battery around to the other terminal, following the loop of components closest to the battery
and ignoring all other wires and components for the time being. While tracing the path of the loop,
mark each resistor with the appropriate polarity for voltage drop.
In this case, I’ll begin my tracing of this circuit at the negative terminal of the battery and finish

at the positive terminal, in the same general direction as the electrons would flow. When tracing
this direction, I will mark each resistor with the polarity of negative on the entering side and positive
on the exiting side, for that is how the actual polarity will be as electrons (negative in charge) enter
and exit a resistor:

Direction of electron flow

- +
Polarity of voltage drop

+

-

+

+

-

-

R1
R2

R3

R4

Any components encountered along this short loop are drawn vertically in order:

+

-

+

+

-

-

R1

R3

Now, proceed to trace any loops of components connected around components that were just
traced. In this case, there’s a loop around R1 formed by R2, and another loop around R3 formed by
R4:
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+

-

+

+

-

-

R1

R3

R2

R4

loops aroundR2 R1

loops aroundR4 R3

Tracing those loops, I draw R2 and R4 in parallel with R1 and R3 (respectively) on the vertical
diagram. Noting the polarity of voltage drops across R3 and R1, I mark R4 and R2 likewise:

+

-

+

+

-

-

+

-

+

-

R1 R2

R3 R4

Now we have a circuit that is very easily understood and analyzed. In this case, it is identical
to the four-resistor series-parallel configuration we examined earlier in the chapter.

Let’s look at another example, even uglier than the one before:
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R1

R2
R3

R4

R5

R6

R7

The first loop I’ll trace is from the negative (-) side of the battery, through R6, through R1, and
back to the positive (+) end of the battery:

R1

R2
R3

R4

R5

R6

R7

+

-

+ -

+

-

Re-drawing vertically and keeping track of voltage drop polarities along the way, our equivalent
circuit starts out looking like this:
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+

-

+

+

-

-

R1

R6

Next, we can proceed to follow the next loop around one of the traced resistors (R6), in this
case, the loop formed by R5 and R7. As before, we start at the negative end of R6 and proceed to
the positive end of R6, marking voltage drop polarities across R7 and R5 as we go:

R1

R2
R3

R4

R5

R6

R7

+

-

+ -

+

-
R5 andR7

loop around
R6

+ -

+

-

Now we add the R5−−R7 loop to the vertical drawing. Notice how the voltage drop polarities
across R7 and R5 correspond with that of R6, and how this is the same as what we found tracing
R7 and R5 in the original circuit:
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+

-

+

+

-

-

+

-
+

-

R1

R6

R5

R7

We repeat the process again, identifying and tracing another loop around an already-traced
resistor. In this case, the R3−−R4 loop around R5 looks like a good loop to trace next:

R1

R2
R3

R4

R5

R6

R7

+

-

+ -

+

-

and
loop around

+ -

+

-

R3 R4

R5

+

-
+

-

Adding the R3−−R4 loop to the vertical drawing, marking the correct polarities as well:
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+

-

+

+

-

-

+

-

+

-

+

-

+

-

R1

R6

R5

R7

R3

R4

With only one remaining resistor left to trace, then next step is obvious: trace the loop formed
by R2 around R3:

R1

R2
R3

R4

R5

R6

R7

+

-

+ -

+

-

+ -

+

-

+

-
+

-

loops aroundR2 R3

+

-

Adding R2 to the vertical drawing, and we’re finished! The result is a diagram that’s very easy
to understand compared to the original:
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+

-

+

+

-

-

+

-

+

-

+

-

+

-

+

-

R1

R6

R5

R7

R4

R3 R2

This simplified layout greatly eases the task of determining where to start and how to proceed
in reducing the circuit down to a single equivalent (total) resistance. Notice how the circuit has
been re-drawn, all we have to do is start from the right-hand side and work our way left, reducing
simple-series and simple-parallel resistor combinations one group at a time until we’re done.
In this particular case, we would start with the simple parallel combination of R2 and R3, reducing

it to a single resistance. Then, we would take that equivalent resistance (R2//R3) and the one in
series with it (R4), reducing them to another equivalent resistance (R2//R3−−R4). Next, we would
proceed to calculate the parallel equivalent of that resistance (R2//R3−−R4) with R5, then in series
with R7, then in parallel with R6, then in series with R1 to give us a grand total resistance for the
circuit as a whole.
From there we could calculate total current from total voltage and total resistance (I=E/R), then

”expand” the circuit back into its original form one stage at a time, distributing the appropriate
values of voltage and current to the resistances as we go.

• REVIEW:

• Wires in diagrams and in real circuits can be lengthened, shortened, and/or moved without
affecting circuit operation.

• To simplify a convoluted circuit schematic, follow these steps:

• Trace current from one side of the battery to the other, following any single path (”loop”) to
the battery. Sometimes it works better to start with the loop containing the most components,
but regardless of the path taken the result will be accurate. Mark polarity of voltage drops
across each resistor as you trace the loop. Draw those components you encounter along this
loop in a vertical schematic.
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• Mark traced components in the original diagram and trace remaining loops of components in
the circuit. Use polarity marks across traced components as guides for what connects where.
Document new components in loops on the vertical re-draw schematic as well.

• Repeat last step as often as needed until all components in original diagram have been traced.

7.4 Component failure analysis

”I consider that I understand an equation when I can predict the properties of its
solutions, without actually solving it.”

P.A.M Dirac, physicist

There is a lot of truth to that quote from Dirac. With a little modification, I can extend his
wisdom to electric circuits by saying, ”I consider that I understand a circuit when I can predict the
approximate effects of various changes made to it without actually performing any calculations.”

At the end of the series and parallel circuits chapter, we briefly considered how circuits could
be analyzed in a qualitative rather than quantitative manner. Building this skill is an important
step towards becoming a proficient troubleshooter of electric circuits. Once you have a thorough
understanding of how any particular failure will affect a circuit (i.e. you don’t have to perform any
arithmetic to predict the results), it will be much easier to work the other way around: pinpointing
the source of trouble by assessing how a circuit is behaving.

Also shown at the end of the series and parallel circuits chapter was how the table method works
just as well for aiding failure analysis as it does for the analysis of healthy circuits. We may take
this technique one step further and adapt it for total qualitative analysis. By ”qualitative” I mean
working with symbols representing ”increase,” ”decrease,” and ”same” instead of precise numerical
figures. We can still use the principles of series and parallel circuits, and the concepts of Ohm’s Law,
we’ll just use symbolic qualities instead of numerical quantities. By doing this, we can gain more of
an intuitive ”feel” for how circuits work rather than leaning on abstract equations, attaining Dirac’s
definition of ”understanding.”

Enough talk. Let’s try this technique on a real circuit example and see how it works:

R1
R2

R3

R4

This is the first ”convoluted” circuit we straightened out for analysis in the last section. Since
you already know how this particular circuit reduces to series and parallel sections, I’ll skip the
process and go straight to the final form:
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+

-

+

+

-

-

+

-

+

-

R1 R2

R3 R4

R3 and R4 are in parallel with each other; so are R1 and R2. The parallel equivalents of R3//R4

and R1//R2 are in series with each other. Expressed in symbolic form, the total resistance for this
circuit is as follows:

RTotal = (R1//R2)−−(R3//R4)

First, we need to formulate a table with all the necessary rows and columns for this circuit:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

Next, we need a failure scenario. Let’s suppose that resistor R2 were to fail shorted. We will
assume that all other components maintain their original values. Because we’ll be analyzing this
circuit qualitatively rather than quantitatively, we won’t be inserting any real numbers into the table.
For any quantity unchanged after the component failure, we’ll use the word ”same” to represent ”no
change from before.” For any quantity that has changed as a result of the failure, we’ll use a down
arrow for ”decrease” and an up arrow for ”increase.” As usual, we start by filling in the spaces of
the table for individual resistances and total voltage, our ”given” values:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

The only ”given” value different from the normal state of the circuit is R2, which we said was
failed shorted (abnormally low resistance). All other initial values are the same as they were before,
as represented by the ”same” entries. All we have to do now is work through the familiar Ohm’s
Law and series-parallel principles to determine what will happen to all the other circuit values.
First, we need to determine what happens to the resistances of parallel subsections R1//R2 and

R3//R4. If neither R3 nor R4 have changed in resistance value, then neither will their parallel
combination. However, since the resistance of R2 has decreased while R1 has stayed the same, their
parallel combination must decrease in resistance as well:
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

Now, we need to figure out what happens to the total resistance. This part is easy: when we’re
dealing with only one component change in the circuit, the change in total resistance will be in
the same direction as the change of the failed component. This is not to say that the magnitude
of change between individual component and total circuit will be the same, merely the direction of
change. In other words, if any single resistor decreases in value, then the total circuit resistance must
also decrease, and vice versa. In this case, since R2 is the only failed component, and its resistance
has decreased, the total resistance must decrease:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

Now we can apply Ohm’s Law (qualitatively) to the Total column in the table. Given the fact
that total voltage has remained the same and total resistance has decreased, we can conclude that
total current must increase (I=E/R).

In case you’re not familiar with the qualitative assessment of an equation, it works like this.
First, we write the equation as solved for the unknown quantity. In this case, we’re trying to solve
for current, given voltage and resistance:

I =
E

R

Now that our equation is in the proper form, we assess what change (if any) will be experienced
by ”I,” given the change(s) to ”E” and ”R”:

I =
E

R

(same)

If the denominator of a fraction decreases in value while the numerator stays the same, then the
overall value of the fraction must increase:

I =
E

R

(same)

Therefore, Ohm’s Law (I=E/R) tells us that the current (I) will increase. We’ll mark this
conclusion in our table with an ”up” arrow:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

With all resistance places filled in the table and all quantities determined in the Total column, we
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can proceed to determine the other voltages and currents. Knowing that the total resistance in this
table was the result of R1//R2 and R3//R4 in series, we know that the value of total current will
be the same as that in R1//R2 and R3//R4 (because series components share the same current).
Therefore, if total current increased, then current through R1//R2 and R3//R4 must also have
increased with the failure of R2:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

Fundamentally, what we’re doing here with a qualitative usage of Ohm’s Law and the rules of
series and parallel circuits is no different from what we’ve done before with numerical figures. In fact,
it’s a lot easier because you don’t have to worry about making an arithmetic or calculator keystroke
error in a calculation. Instead, you’re just focusing on the principles behind the equations. From our
table above, we can see that Ohm’s Law should be applicable to the R1//R2 and R3//R4 columns.
For R3//R4, we figure what happens to the voltage, given an increase in current and no change in
resistance. Intuitively, we can see that this must result in an increase in voltage across the parallel
combination of R3//R4:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

But how do we apply the same Ohm’s Law formula (E=IR) to the R1//R2 column, where we
have resistance decreasing and current increasing? It’s easy to determine if only one variable is
changing, as it was with R3//R4, but with two variables moving around and no definite numbers
to work with, Ohm’s Law isn’t going to be much help. However, there is another rule we can apply
horizontally to determine what happens to the voltage across R1//R2: the rule for voltage in series
circuits. If the voltages across R1//R2 and R3//R4 add up to equal the total (battery) voltage and
we know that the R3//R4 voltage has increased while total voltage has stayed the same, then the
voltage across R1//R2 must have decreased with the change of R2’s resistance value:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

Now we’re ready to proceed to some new columns in the table. Knowing that R3 and R4

comprise the parallel subsection R3//R4, and knowing that voltage is shared equally between parallel
components, the increase in voltage seen across the parallel combination R3//R4 must also be seen
across R3 and R4 individually:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same
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The same goes for R1 and R2. The voltage decrease seen across the parallel combination of R1

and R2 will be seen across R1 and R2 individually:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

Applying Ohm’s Law vertically to those columns with unchanged (”same”) resistance values, we
can tell what the current will do through those components. Increased voltage across an unchanged
resistance leads to increased current. Conversely, decreased voltage across an unchanged resistance
leads to decreased current:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

Once again we find ourselves in a position where Ohm’s Law can’t help us: for R2, both voltage
and resistance have decreased, but without knowing how much each one has changed, we can’t use
the I=E/R formula to qualitatively determine the resulting change in current. However, we can
still apply the rules of series and parallel circuits horizontally. We know that the current through
the R1//R2 parallel combination has increased, and we also know that the current through R1 has
decreased. One of the rules of parallel circuits is that total current is equal to the sum of the
individual branch currents. In this case, the current through R1//R2 is equal to the current through
R1 added to the current through R2. If current through R1//R2 has increased while current through
R1 has decreased, current through R2 must have increased:

E

I

R

Volts

Amps

Ohms

R1 R2 R3 TotalR4 R1 // R2 R3 // R4

same same same

same

same

And with that, our table of qualitative values stands completed. This particular exercise may
look laborious due to all the detailed commentary, but the actual process can be performed very
quickly with some practice. An important thing to realize here is that the general procedure is little
different from quantitative analysis: start with the known values, then proceed to determining total
resistance, then total current, then transfer figures of voltage and current as allowed by the rules of
series and parallel circuits to the appropriate columns.

A few general rules can be memorized to assist and/or to check your progress when proceeding
with such an analysis:

• For any single component failure (open or shorted), the total resistance will always change in
the same direction (either increase or decrease) as the resistance change of the failed component.

• When a component fails shorted, its resistance always decreases. Also, the current through it
will increase, and the voltage across it may drop. I say ”may” because in some cases it will
remain the same (case in point: a simple parallel circuit with an ideal power source).
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• When a component fails open, its resistance always increases. The current through that
component will decrease to zero, because it is an incomplete electrical path (no continuity).
This may result in an increase of voltage across it. The same exception stated above applies
here as well: in a simple parallel circuit with an ideal voltage source, the voltage across an
open-failed component will remain unchanged.

7.5 Building series-parallel resistor circuits

Once again, when building battery/resistor circuits, the student or hobbyist is faced with several
different modes of construction. Perhaps the most popular is the solderless breadboard : a platform
for constructing temporary circuits by plugging components and wires into a grid of interconnected
points. A breadboard appears to be nothing but a plastic frame with hundreds of small holes in it.
Underneath each hole, though, is a spring clip which connects to other spring clips beneath other
holes. The connection pattern between holes is simple and uniform:

Lines show common connections
underneath board between holes

Suppose we wanted to construct the following series-parallel combination circuit on a breadboard:

R1 R2

R3 R4

100 Ω 250 Ω

200 Ω350 Ω

24 V

A series-parallel combination circuit
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The recommended way to do so on a breadboard would be to arrange the resistors in approxi-
mately the same pattern as seen in the schematic, for ease of relation to the schematic. If 24 volts
is required and we only have 6-volt batteries available, four may be connected in series to achieve
the same effect:

R1

R2

R3

R4

+
-

+
-

+
-

+
-

6 volts 6 volts 6 volts 6 volts

This is by no means the only way to connect these four resistors together to form the circuit
shown in the schematic. Consider this alternative layout:

R1

R2

R3

R4

+
-

+
-

+
-

+
-

6 volts 6 volts 6 volts 6 volts

If greater permanence is desired without resorting to soldering or wire-wrapping, one could choose
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to construct this circuit on a terminal strip (also called a barrier strip, or terminal block). In this
method, components and wires are secured by mechanical tension underneath screws or heavy clips
attached to small metal bars. The metal bars, in turn, are mounted on a nonconducting body to
keep them electrically isolated from each other.

Building a circuit with components secured to a terminal strip isn’t as easy as plugging com-
ponents into a breadboard, principally because the components cannot be physically arranged to
resemble the schematic layout. Instead, the builder must understand how to ”bend” the schematic’s
representation into the real-world layout of the strip. Consider one example of how the same four-
resistor circuit could be built on a terminal strip:

+
-

+
-

+
-

+
-

6 volts 6 volts 6 volts 6 volts

R2 R3 R4R1

Another terminal strip layout, simpler to understand and relate to the schematic, involves an-
choring parallel resistors (R1//R2 and R3//R4) to the same two terminal points on the strip like
this:
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+
-

+
-

+
-

+
-

6 volts 6 volts 6 volts 6 volts

R2

R3

R4

R1

Building more complex circuits on a terminal strip involves the same spatial-reasoning skills, but
of course requires greater care and planning. Take for instance this complex circuit, represented in
schematic form:

R1

R2
R3

R4

R5

R6

R7

The terminal strip used in the prior example barely has enough terminals to mount all seven
resistors required for this circuit! It will be a challenge to determine all the necessary wire connections
between resistors, but with patience it can be done. First, begin by installing and labeling all resistors
on the strip. The original schematic diagram will be shown next to the terminal strip circuit for
reference:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Next, begin connecting components together wire by wire as shown in the schematic. Over-draw
connecting lines in the schematic to indicate completion in the real circuit. Watch this sequence of
illustrations as each individual wire is identified in the schematic, then added to the real circuit:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 1:

+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 2:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 3:

+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 4:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 5:

+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 6:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 7:

+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 8:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 9:

+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 10:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Step 11:

Although there are minor variations possible with this terminal strip circuit, the choice of con-
nections shown in this example sequence is both electrically accurate (electrically identical to the
schematic diagram) and carries the additional benefit of not burdening any one screw terminal on
the strip with more than two wire ends, a good practice in any terminal strip circuit.

An example of a ”variant” wire connection might be the very last wire added (step 11), which
I placed between the left terminal of R2 and the left terminal of R3. This last wire completed
the parallel connection between R2 and R3 in the circuit. However, I could have placed this wire
instead between the left terminal of R2 and the right terminal of R1, since the right terminal of
R1 is already connected to the left terminal of R3 (having been placed there in step 9) and so is
electrically common with that one point. Doing this, though, would have resulted in three wires
secured to the right terminal of R1 instead of two, which is a faux pax in terminal strip etiquette.
Would the circuit have worked this way? Certainly! It’s just that more than two wires secured at a
single terminal makes for a ”messy” connection: one that is aesthetically unpleasing and may place
undue stress on the screw terminal.

Another variation would be to reverse the terminal connections for resistor R7. As shown in the
last diagram, the voltage polarity across R7 is negative on the left and positive on the right (- , +),
whereas all the other resistor polarities are positive on the left and negative on the right (+ , -):
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

While this poses no electrical problem, it might cause confusion for anyone measuring resistor
voltage drops with a voltmeter, especially an analog voltmeter which will ”peg” downscale when
subjected to a voltage of the wrong polarity. For the sake of consistency, it might be wise to arrange
all wire connections so that all resistor voltage drop polarities are the same, like this:
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+
-

R1 R2 R3 R4 R5 R6 R7

R1

R2
R3

R4

R5

R6

R7

Wires moved

Though electrons do not care about such consistency in component layout, people do. This
illustrates an important aspect of any engineering endeavor: the human factor. Whenever a design
may be modified for easier comprehension and/or easier maintenance – with no sacrifice of functional
performance – it should be done so.

• REVIEW:

• Circuits built on terminal strips can be difficult to lay out, but when built they are robust
enough to be considered permanent, yet easy to modify.

• It is bad practice to secure more than two wire ends and/or component leads under a single
terminal screw or clip on a terminal strip. Try to arrange connecting wires so as to avoid this
condition.

• Whenever possible, build your circuits with clarity and ease of understanding in mind. Even
though component and wiring layout is usually of little consequence in DC circuit function, it
matters significantly for the sake of the person who has to modify or troubleshoot it later.

7.6 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Tony Armstrong (January 23, 2003): Suggested reversing polarity on resistor R7 in last ter-
minal strip circuit.



7.6. CONTRIBUTORS ccxxxvii

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
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Ron LaPlante (October 1998): helped create ”table” method of series and parallel circuit
analysis.
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Chapter 8

DC METERING CIRCUITS
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8.1 What is a meter?

A meter is any device built to accurately detect and display an electrical quantity in a form readable
by a human being. Usually this ”readable form” is visual: motion of a pointer on a scale, a series of
lights arranged to form a ”bargraph,” or some sort of display composed of numerical figures. In the
analysis and testing of circuits, there are meters designed to accurately measure the basic quantities
of voltage, current, and resistance. There are many other types of meters as well, but this chapter
primarily covers the design and operation of the basic three.
Most modern meters are ”digital” in design, meaning that their readable display is in the form

of numerical digits. Older designs of meters are mechanical in nature, using some kind of pointer
device to show quantity of measurement. In either case, the principles applied in adapting a display
unit to the measurement of (relatively) large quantities of voltage, current, or resistance are the
same.

ccxxxix
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The display mechanism of a meter is often referred to as a movement, borrowing from its me-
chanical nature to move a pointer along a scale so that a measured value may be read. Though
modern digital meters have no moving parts, the term ”movement” may be applied to the same
basic device performing the display function.

The design of digital ”movements” is beyond the scope of this chapter, but mechanical meter
movement designs are very understandable. Most mechanical movements are based on the principle
of electromagnetism: that electric current through a conductor produces a magnetic field perpen-
dicular to the axis of electron flow. The greater the electric current, the stronger the magnetic field
produced. If the magnetic field formed by the conductor is allowed to interact with another magnetic
field, a physical force will be generated between the two sources of fields. If one of these sources is
free to move with respect to the other, it will do so as current is conducted through the wire, the
motion (usually against the resistance of a spring) being proportional to strength of current.

The first meter movements built were known as galvanometers, and were usually designed with
maximum sensitivity in mind. A very simple galvanometer may be made from a magnetized needle
(such as the needle from a magnetic compass) suspended from a string, and positioned within a coil
of wire. Current through the wire coil will produce a magnetic field which will deflect the needle
from pointing in the direction of earth’s magnetic field. An antique string galvanometer is shown in
the following photograph:

Such instruments were useful in their time, but have little place in the modern world except
as proof-of-concept and elementary experimental devices. They are highly susceptible to motion
of any kind, and to any disturbances in the natural magnetic field of the earth. Now, the term
”galvanometer” usually refers to any design of electromagnetic meter movement built for exceptional
sensitivity, and not necessarily a crude device such as that shown in the photograph. Practical
electromagnetic meter movements can be made now where a pivoting wire coil is suspended in a
strong magnetic field, shielded from the majority of outside influences. Such an instrument design
is generally known as a permanent-magnet, moving coil, or PMMC movement:
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wire coil

meter terminal
connections

magnet magnet

"needle"

0

50

100

current through wire coil
causes needle to deflect

Permanent magnet, moving coil (PMMC) meter movement

In the picture above, the meter movement ”needle” is shown pointing somewhere around 35
percent of full-scale, zero being full to the left of the arc and full-scale being completely to the right
of the arc. An increase in measured current will drive the needle to point further to the right and
a decrease will cause the needle to drop back down toward its resting point on the left. The arc
on the meter display is labeled with numbers to indicate the value of the quantity being measured,
whatever that quantity is. In other words, if it takes 50 microamps of current to drive the needle
fully to the right (making this a ”50 µA full-scale movement”), the scale would have 0 µA written
at the very left end and 50 µA at the very right, 25 µA being marked in the middle of the scale. In
all likelihood, the scale would be divided into much smaller graduating marks, probably every 5 or
1 µA, to allow whoever is viewing the movement to infer a more precise reading from the needle’s
position.

The meter movement will have a pair of metal connection terminals on the back for current to
enter and exit. Most meter movements are polarity-sensitive, one direction of current driving the
needle to the right and the other driving it to the left. Some meter movements have a needle that is
spring-centered in the middle of the scale sweep instead of to the left, thus enabling measurements
of either polarity:
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0

100-100

A "zero-center" meter movement

Common polarity-sensitive movements include the D’Arsonval and Weston designs, both PMMC-
type instruments. Current in one direction through the wire will produce a clockwise torque on the
needle mechanism, while current the other direction will produce a counter-clockwise torque.

Some meter movements are polarity-insensitive, relying on the attraction of an unmagnetized,
movable iron vane toward a stationary, current-carrying wire to deflect the needle. Such meters
are ideally suited for the measurement of alternating current (AC). A polarity-sensitive movement
would just vibrate back and forth uselessly if connected to a source of AC.

While most mechanical meter movements are based on electromagnetism (electron flow through
a conductor creating a perpendicular magnetic field), a few are based on electrostatics: that is, the
attractive or repulsive force generated by electric charges across space. This is the same phenomenon
exhibited by certain materials (such as wax and wool) when rubbed together. If a voltage is applied
between two conductive surfaces across an air gap, there will be a physical force attracting the
two surfaces together capable of moving some kind of indicating mechanism. That physical force is
directly proportional to the voltage applied between the plates, and inversely proportional to the
square of the distance between the plates. The force is also irrespective of polarity, making this a
polarity-insensitive type of meter movement:

force

Voltage to be measured

Electrostatic meter movement

Unfortunately, the force generated by the electrostatic attraction is very small for common
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voltages. In fact, it is so small that such meter movement designs are impractical for use in general
test instruments. Typically, electrostatic meter movements are used for measuring very high voltages
(many thousands of volts). One great advantage of the electrostatic meter movement, however, is
the fact that it has extremely high resistance, whereas electromagnetic movements (which depend
on the flow of electrons through wire to generate a magnetic field) are much lower in resistance. As
we will see in greater detail to come, greater resistance (resulting in less current drawn from the
circuit under test) makes for a better voltmeter.
A much more common application of electrostatic voltage measurement is seen in an device

known as a Cathode Ray Tube, or CRT. These are special glass tubes, very similar to television
viewscreen tubes. In the cathode ray tube, a beam of electrons traveling in a vacuum are deflected
from their course by voltage between pairs of metal plates on either side of the beam. Because
electrons are negatively charged, they tend to be repelled by the negative plate and attracted to the
positive plate. A reversal of voltage polarity across the two plates will result in a deflection of the
electron beam in the opposite direction, making this type of meter ”movement” polarity-sensitive:

electron "gun"

electrons

plates

voltage to be measured

-

+
electrons

light

view-
screen(vacuum)

The electrons, having much less mass than metal plates, are moved by this electrostatic force
very quickly and readily. Their deflected path can be traced as the electrons impinge on the glass
end of the tube where they strike a coating of phosphorus chemical, emitting a glow of light seen
outside of the tube. The greater the voltage between the deflection plates, the further the electron
beam will be ”bent” from its straight path, and the further the glowing spot will be seen from center
on the end of the tube.
A photograph of a CRT is shown here:

In a real CRT, as shown in the above photograph, there are two pairs of deflection plates rather
than just one. In order to be able to sweep the electron beam around the whole area of the screen
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rather than just in a straight line, the beam must be deflected in more than one dimension.
Although these tubes are able to accurately register small voltages, they are bulky and require

electrical power to operate (unlike electromagnetic meter movements, which are more compact and
actuated by the power of the measured signal current going through them). They are also much
more fragile than other types of electrical metering devices. Usually, cathode ray tubes are used
in conjunction with precise external circuits to form a larger piece of test equipment known as an
oscilloscope, which has the ability to display a graph of voltage over time, a tremendously useful
tool for certain types of circuits where voltage and/or current levels are dynamically changing.
Whatever the type of meter or size of meter movement, there will be a rated value of voltage

or current necessary to give full-scale indication. In electromagnetic movements, this will be the
”full-scale deflection current” necessary to rotate the needle so that it points to the exact end of
the indicating scale. In electrostatic movements, the full-scale rating will be expressed as the value
of voltage resulting in the maximum deflection of the needle actuated by the plates, or the value of
voltage in a cathode-ray tube which deflects the electron beam to the edge of the indicating screen.
In digital ”movements,” it is the amount of voltage resulting in a ”full-count” indication on the
numerical display: when the digits cannot display a larger quantity.
The task of the meter designer is to take a given meter movement and design the necessary

external circuitry for full-scale indication at some specified amount of voltage or current. Most
meter movements (electrostatic movements excepted) are quite sensitive, giving full-scale indication
at only a small fraction of a volt or an amp. This is impractical for most tasks of voltage and current
measurement. What the technician often requires is a meter capable of measuring high voltages and
currents.
By making the sensitive meter movement part of a voltage or current divider circuit, the move-

ment’s useful measurement range may be extended to measure far greater levels than what could be
indicated by the movement alone. Precision resistors are used to create the divider circuits necessary
to divide voltage or current appropriately. One of the lessons you will learn in this chapter is how
to design these divider circuits.

• REVIEW:

• A ”movement” is the display mechanism of a meter.

• Electromagnetic movements work on the principle of a magnetic field being generated by
electric current through a wire. Examples of electromagnetic meter movements include the
D’Arsonval, Weston, and iron-vane designs.

• Electrostatic movements work on the principle of physical force generated by an electric field
between two plates.

• Cathode Ray Tubes (CRT’s) use an electrostatic field to bend the path of an electron beam,
providing indication of the beam’s position by light created when the beam strikes the end of
the glass tube.

8.2 Voltmeter design

As was stated earlier, most meter movements are sensitive devices. Some D’Arsonval movements
have full-scale deflection current ratings as little as 50 µA, with an (internal) wire resistance of
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less than 1000 Ω. This makes for a voltmeter with a full-scale rating of only 50 millivolts (50 µA
X 1000 Ω)! In order to build voltmeters with practical (higher voltage) scales from such sensitive
movements, we need to find some way to reduce the measured quantity of voltage down to a level
the movement can handle.

Let’s start our example problems with a D’Arsonval meter movement having a full-scale deflection
rating of 1 mA and a coil resistance of 500 Ω:

black test
lead lead

red test

+-

500 Ω F.S = 1 mA

Using Ohm’s Law (E=IR), we can determine how much voltage will drive this meter movement
directly to full scale:

E = I R

E = (1 mA)(500 Ω)

E = 0.5 volts

If all we wanted was a meter that could measure 1/2 of a volt, the bare meter movement we have
here would suffice. But to measure greater levels of voltage, something more is needed. To get an
effective voltmeter meter range in excess of 1/2 volt, we’ll need to design a circuit allowing only a
precise proportion of measured voltage to drop across the meter movement. This will extend the
meter movement’s range to being able to measure higher voltages than before. Correspondingly, we
will need to re-label the scale on the meter face to indicate its new measurement range with this
proportioning circuit connected.

But how do we create the necessary proportioning circuit? Well, if our intention is to allow this
meter movement to measure a greater voltage than it does now, what we need is a voltage divider
circuit to proportion the total measured voltage into a lesser fraction across the meter movement’s
connection points. Knowing that voltage divider circuits are built from series resistances, we’ll
connect a resistor in series with the meter movement (using the movement’s own internal resistance
as the second resistance in the divider):
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black test
lead lead

red test

+-

500 Ω F.S. = 1 mA

Rmultiplier

The series resistor is called a ”multiplier” resistor because it multiplies the working range of
the meter movement as it proportionately divides the measured voltage across it. Determining the
required multiplier resistance value is an easy task if you’re familiar with series circuit analysis.

For example, let’s determine the necessary multiplier value to make this 1 mA, 500 Ω movement
read exactly full-scale at an applied voltage of 10 volts. To do this, we first need to set up an E/I/R
table for the two series components:

E

I

R

Volts

Amps

Ohms

TotalMovement Rmultiplier

Knowing that the movement will be at full-scale with 1 mA of current going through it, and that
we want this to happen at an applied (total series circuit) voltage of 10 volts, we can fill in the table
as such:

E

I

R

Volts

Amps

Ohms

TotalMovement Rmultiplier

10

1m1m1m

500

There are a couple of ways to determine the resistance value of the multiplier. One way is to
determine total circuit resistance using Ohm’s Law in the ”total” column (R=E/I), then subtract
the 500 Ω of the movement to arrive at the value for the multiplier:

E

I

R

Volts

Amps

Ohms

TotalMovement Rmultiplier

10

1m1m1m

500 10k9.5k

Another way to figure the same value of resistance would be to determine voltage drop across the
movement at full-scale deflection (E=IR), then subtract that voltage drop from the total to arrive
at the voltage across the multiplier resistor. Finally, Ohm’s Law could be used again to determine
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resistance (R=E/I) for the multiplier:

E

I

R

Volts

Amps

Ohms

TotalMovement Rmultiplier

10

1m1m1m

500 10k9.5k

0.5 9.5

Either way provides the same answer (9.5 kΩ), and one method could be used as verification for
the other, to check accuracy of work.

black test
lead lead

red test

+-

10 volts gives full-scale
deflection of needle

- +

9.5 kΩ

500 Ω   F.S. = 1 mA

Rmultiplier

10 V

Meter movement ranged for 10 volts full-scale

With exactly 10 volts applied between the meter test leads (from some battery or precision power
supply), there will be exactly 1 mA of current through the meter movement, as restricted by the
”multiplier” resistor and the movement’s own internal resistance. Exactly 1/2 volt will be dropped
across the resistance of the movement’s wire coil, and the needle will be pointing precisely at full-
scale. Having re-labeled the scale to read from 0 to 10 V (instead of 0 to 1 mA), anyone viewing the
scale will interpret its indication as ten volts. Please take note that the meter user does not have
to be aware at all that the movement itself is actually measuring just a fraction of that ten volts
from the external source. All that matters to the user is that the circuit as a whole functions to
accurately display the total, applied voltage.

This is how practical electrical meters are designed and used: a sensitive meter movement is built
to operate with as little voltage and current as possible for maximum sensitivity, then it is ”fooled”
by some sort of divider circuit built of precision resistors so that it indicates full-scale when a much
larger voltage or current is impressed on the circuit as a whole. We have examined the design of
a simple voltmeter here. Ammeters follow the same general rule, except that parallel-connected
”shunt” resistors are used to create a current divider circuit as opposed to the series-connected
voltage divider ”multiplier” resistors used for voltmeter designs.

Generally, it is useful to have multiple ranges established for an electromechanical meter such
as this, allowing it to read a broad range of voltages with a single movement mechanism. This is
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accomplished through the use of a multi-pole switch and several multiplier resistors, each one sized
for a particular voltage range:

black test
lead lead

red test

+-

range selector
switch

500 Ω   F.S. = 1 mA

R1

R2

R3

R4

A multi-range voltmeter

The five-position switch makes contact with only one resistor at a time. In the bottom (full
clockwise) position, it makes contact with no resistor at all, providing an ”off” setting. Each resistor
is sized to provide a particular full-scale range for the voltmeter, all based on the particular rating
of the meter movement (1 mA, 500 Ω). The end result is a voltmeter with four different full-scale
ranges of measurement. Of course, in order to make this work sensibly, the meter movement’s scale
must be equipped with labels appropriate for each range.

With such a meter design, each resistor value is determined by the same technique, using a known
total voltage, movement full-scale deflection rating, and movement resistance. For a voltmeter with
ranges of 1 volt, 10 volts, 100 volts, and 1000 volts, the multiplier resistances would be as follows:

black test
lead lead

red test

+-

range selector
switch

off

R1 = 999.5 kΩ
R2 = 99.5 kΩ
R3 = 9.5 kΩ
R4 = 500 Ω

500 Ω   F.S. = 1 mA

R1

R2

R3

R4

1000 V

100 V

10 V

1 V

Note the multiplier resistor values used for these ranges, and how odd they are. It is highly
unlikely that a 999.5 kΩ precision resistor will ever be found in a parts bin, so voltmeter designers
often opt for a variation of the above design which uses more common resistor values:
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black test
lead lead

red test

+-

range selector
switch

off R1 = 900 kΩ
R2 = 90 kΩ
R3 = 9 kΩ
R4 = 500 Ω

500 Ω   F.S. = 1 mA

R1 R2 R3 R41000 V

100 V

10 V

1 V

With each successively higher voltage range, more multiplier resistors are pressed into service by
the selector switch, making their series resistances add for the necessary total. For example, with
the range selector switch set to the 1000 volt position, we need a total multiplier resistance value of
999.5 kΩ. With this meter design, that’s exactly what we’ll get:

RTotal = R4 + R3 + R2 + R1

RTotal = 900 kΩ + 90 kΩ + 9 kΩ + 500 Ω

RTotal = 999.5 kΩ

The advantage, of course, is that the individual multiplier resistor values are more common (900k,
90k, 9k) than some of the odd values in the first design (999.5k, 99.5k, 9.5k). From the perspective
of the meter user, however, there will be no discernible difference in function.

• REVIEW:

• Extended voltmeter ranges are created for sensitive meter movements by adding series ”mul-
tiplier” resistors to the movement circuit, providing a precise voltage division ratio.

8.3 Voltmeter impact on measured circuit

Every meter impacts the circuit it is measuring to some extent, just as any tire-pressure gauge
changes the measured tire pressure slightly as some air is let out to operate the gauge. While some
impact is inevitable, it can be minimized through good meter design.
Since voltmeters are always connected in parallel with the component or components under

test, any current through the voltmeter will contribute to the overall current in the tested circuit,
potentially affecting the voltage being measured. A perfect voltmeter has infinite resistance, so that
it draws no current from the circuit under test. However, perfect voltmeters only exist in the pages
of textbooks, not in real life! Take the following voltage divider circuit as an extreme example of
how a realistic voltmeter might impact the circuit it’s measuring:
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+
V

-
voltmeter

250 MΩ

250 MΩ

24 V

With no voltmeter connected to the circuit, there should be exactly 12 volts across each 250 MΩ
resistor in the series circuit, the two equal-value resistors dividing the total voltage (24 volts) exactly
in half. However, if the voltmeter in question has a lead-to-lead resistance of 10 MΩ (a common
amount for a modern digital voltmeter), its resistance will create a parallel subcircuit with the lower
resistor of the divider when connected:

+
V

-

voltmeter

250 MΩ

250 MΩ (10 MΩ)

24 V

This effectively reduces the lower resistance from 250 MΩ to 9.615 MΩ (250 MΩ and 10 MΩ in
parallel), drastically altering voltage drops in the circuit. The lower resistor will now have far less
voltage across it than before, and the upper resistor far more.
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250 MΩ

9.615 MΩ
(250 MΩ // 10 MΩ)

24 V

0.8889 V

23.1111 V

A voltage divider with resistance values of 250 MΩ and 9.615 MΩ will divide 24 volts into
portions of 23.1111 volts and 0.8889 volts, respectively. Since the voltmeter is part of that 9.615
MΩ resistance, that is what it will indicate: 0.8889 volts.

Now, the voltmeter can only indicate the voltage it’s connected across. It has no way of ”knowing”
there was a potential of 12 volts dropped across the lower 250 MΩ resistor before it was connected
across it. The very act of connecting the voltmeter to the circuit makes it part of the circuit, and
the voltmeter’s own resistance alters the resistance ratio of the voltage divider circuit, consequently
affecting the voltage being measured.

Imagine using a tire pressure gauge that took so great a volume of air to operate that it would
deflate any tire it was connected to. The amount of air consumed by the pressure gauge in the act
of measurement is analogous to the current taken by the voltmeter movement to move the needle.
The less air a pressure gauge requires to operate, the less it will deflate the tire under test. The less
current drawn by a voltmeter to actuate the needle, the less it will burden the circuit under test.

This effect is called loading, and it is present to some degree in every instance of voltmeter
usage. The scenario shown here is worst-case, with a voltmeter resistance substantially lower than
the resistances of the divider resistors. But there always will be some degree of loading, causing
the meter to indicate less than the true voltage with no meter connected. Obviously, the higher the
voltmeter resistance, the less loading of the circuit under test, and that is why an ideal voltmeter
has infinite internal resistance.

Voltmeters with electromechanical movements are typically given ratings in ”ohms per volt” of
range to designate the amount of circuit impact created by the current draw of the movement.
Because such meters rely on different values of multiplier resistors to give different measurement
ranges, their lead-to-lead resistances will change depending on what range they’re set to. Digital
voltmeters, on the other hand, often exhibit a constant resistance across their test leads regardless
of range setting (but not always!), and as such are usually rated simply in ohms of input resistance,
rather than ”ohms per volt” sensitivity.

What ”ohms per volt” means is how many ohms of lead-to-lead resistance for every volt of range
setting on the selector switch. Let’s take our example voltmeter from the last section as an example:
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black test
lead lead

red test

+-

range selector
switch

off

R1 = 999.5 kΩ
R2 = 99.5 kΩ
R3 = 9.5 kΩ
R4 = 500 Ω

500 Ω   F.S. = 1 mA

R1

R2

R3

R4

1000 V

100 V

10 V

1 V

On the 1000 volt scale, the total resistance is 1 MΩ (999.5 kΩ + 500Ω), giving 1,000,000 Ω per
1000 volts of range, or 1000 ohms per volt (1 kΩ/V). This ohms-per-volt ”sensitivity” rating remains
constant for any range of this meter:

100 volt range 100 kΩ
100 V

= 1000 Ω/V sensitivity

= 1000 Ω/V sensitivity10 kΩ
10 V

10 volt range

= 1000 Ω/V sensitivity1 kΩ
1 V

1 volt range

The astute observer will notice that the ohms-per-volt rating of any meter is determined by a
single factor: the full-scale current of the movement, in this case 1 mA. ”Ohms per volt” is the
mathematical reciprocal of ”volts per ohm,” which is defined by Ohm’s Law as current (I=E/R).
Consequently, the full-scale current of the movement dictates the Ω/volt sensitivity of the meter,
regardless of what ranges the designer equips it with through multiplier resistors. In this case, the
meter movement’s full-scale current rating of 1 mA gives it a voltmeter sensitivity of 1000 Ω/V
regardless of how we range it with multiplier resistors.

To minimize the loading of a voltmeter on any circuit, the designer must seek to minimize the
current draw of its movement. This can be accomplished by re-designing the movement itself for
maximum sensitivity (less current required for full-scale deflection), but the tradeoff here is typically
ruggedness: a more sensitive movement tends to be more fragile.

Another approach is to electronically boost the current sent to the movement, so that very little
current needs to be drawn from the circuit under test. This special electronic circuit is known as an
amplifier, and the voltmeter thus constructed is an amplified voltmeter.
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Amplifier

Battery

red test
lead

black test
lead

Amplified voltmeter

The internal workings of an amplifier are too complex to be discussed at this point, but suffice
it to say that the circuit allows the measured voltage to control how much battery current is sent to
the meter movement. Thus, the movement’s current needs are supplied by a battery internal to the
voltmeter and not by the circuit under test. The amplifier still loads the circuit under test to some
degree, but generally hundreds or thousands of times less than the meter movement would by itself.

Before the advent of semiconductors known as ”field-effect transistors,” vacuum tubes were used
as amplifying devices to perform this boosting. Such vacuum-tube voltmeters, or (VTVM’s) were
once very popular instruments for electronic test and measurement. Here is a photograph of a very
old VTVM, with the vacuum tube exposed!

Now, solid-state transistor amplifier circuits accomplish the same task in digital meter designs.
While this approach (of using an amplifier to boost the measured signal current) works well, it
vastly complicates the design of the meter, making it nearly impossible for the beginning electronics
student to comprehend its internal workings.

A final, and ingenious, solution to the problem of voltmeter loading is that of the potentiometric
or null-balance instrument. It requires no advanced (electronic) circuitry or sensitive devices like
transistors or vacuum tubes, but it does require greater technician involvement and skill. In a
potentiometric instrument, a precision adjustable voltage source is compared against the measured
voltage, and a sensitive device called a null detector is used to indicate when the two voltages are
equal. In some circuit designs, a precision potentiometer is used to provide the adjustable voltage,
hence the label potentiometric. When the voltages are equal, there will be zero current drawn from
the circuit under test, and thus the measured voltage should be unaffected. It is easy to show how
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this works with our last example, the high-resistance voltage divider circuit:

adjustable
voltage
source

1 2

250 MΩ

250 MΩ

R1

R2

24 V

Potentiometric voltage measurement

"null" detector

null

The ”null detector” is a sensitive device capable of indicating the presence of very small voltages.
If an electromechanical meter movement is used as the null detector, it will have a spring-centered
needle that can deflect in either direction so as to be useful for indicating a voltage of either polarity.
As the purpose of a null detector is to accurately indicate a condition of zero voltage, rather than
to indicate any specific (nonzero) quantity as a normal voltmeter would, the scale of the instrument
used is irrelevant. Null detectors are typically designed to be as sensitive as possible in order to
more precisely indicate a ”null” or ”balance” (zero voltage) condition.

An extremely simple type of null detector is a set of audio headphones, the speakers within acting
as a kind of meter movement. When a DC voltage is initially applied to a speaker, the resulting
current through it will move the speaker cone and produce an audible ”click.” Another ”click” sound
will be heard when the DC source is disconnected. Building on this principle, a sensitive null detector
may be made from nothing more than headphones and a momentary contact switch:

Headphones

Test
leads

Pushbutton
switch

If a set of ”8 ohm” headphones are used for this purpose, its sensitivity may be greatly increased
by connecting it to a device called a transformer. The transformer exploits principles of electro-
magnetism to ”transform” the voltage and current levels of electrical energy pulses. In this case,
the type of transformer used is a step-down transformer, and it converts low-current pulses (cre-
ated by closing and opening the pushbutton switch while connected to a small voltage source) into
higher-current pulses to more efficiently drive the speaker cones inside the headphones. An ”audio
output” transformer with an impedance ratio of 1000:8 is ideal for this purpose. The transformer
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also increases detector sensitivity by accumulating the energy of a low-current signal in a magnetic
field for sudden release into the headphone speakers when the switch is opened. Thus, it will produce
louder ”clicks” for detecting smaller signals:

Headphones

Test
leads

1 kΩ 8 Ω

Audio output
transformer

Connected to the potentiometric circuit as a null detector, the switch/transformer/headphone
arrangement is used as such:

adjustable
voltage
source

1 2

250 MΩ

250 MΩ

R1

R2

24 V

Push button to
test for balance

The purpose of any null detector is to act like a laboratory balance scale, indicating when the two
voltages are equal (absence of voltage between points 1 and 2) and nothing more. The laboratory
scale balance beam doesn’t actually weight anything; rather, it simply indicates equality between
the unknown mass and the pile of standard (calibrated) masses.
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x

mass standardsunknown mass

Likewise, the null detector simply indicates when the voltage between points 1 and 2 are equal,
which (according to Kirchhoff’s Voltage Law) will be when the adjustable voltage source (the battery
symbol with a diagonal arrow going through it) is precisely equal in voltage to the drop across R2.

To operate this instrument, the technician would manually adjust the output of the precision
voltage source until the null detector indicated exactly zero (if using audio headphones as the null
detector, the technician would repeatedly press and release the pushbutton switch, listening for
silence to indicate that the circuit was ”balanced”), and then note the source voltage as indicated
by a voltmeter connected across the precision voltage source, that indication being representative of
the voltage across the lower 250 MΩ resistor:

adjustable
voltage
source

1 2

+
V

-

250 MΩ

250 MΩ

R1

R2

24 V

null

"null" detector

Adjust voltage source until null detector registers zero.
Then, read voltmeter indication for voltage across R2.

The voltmeter used to directly measure the precision source need not have an extremely high
Ω/V sensitivity, because the source will supply all the current it needs to operate. So long as there
is zero voltage across the null detector, there will be zero current between points 1 and 2, equating
to no loading of the divider circuit under test.

It is worthy to reiterate the fact that this method, properly executed, places almost zero load
upon the measured circuit. Ideally, it places absolutely no load on the tested circuit, but to achieve
this ideal goal the null detector would have to have absolutely zero voltage across it, which would
require an infinitely sensitive null meter and a perfect balance of voltage from the adjustable voltage
source. However, despite its practical inability to achieve absolute zero loading, a potentiometric
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circuit is still an excellent technique for measuring voltage in high-resistance circuits. And unlike the
electronic amplifier solution, which solves the problem with advanced technology, the potentiometric
method achieves a hypothetically perfect solution by exploiting a fundamental law of electricity
(KVL).

• REVIEW:

• An ideal voltmeter has infinite resistance.

• Too low of an internal resistance in a voltmeter will adversely affect the circuit being measured.

• Vacuum tube voltmeters (VTVM’s), transistor voltmeters, and potentiometric circuits are all
means of minimizing the load placed on a measured circuit. Of these methods, the potentio-
metric (”null-balance”) technique is the only one capable of placing zero load on the circuit.

• A null detector is a device built for maximum sensitivity to small voltages or currents. It is
used in potentiometric voltmeter circuits to indicate the absence of voltage between two points,
thus indicating a condition of balance between an adjustable voltage source and the voltage
being measured.

8.4 Ammeter design

A meter designed to measure electrical current is popularly called an ”ammeter” because the unit
of measurement is ”amps.”
In ammeter designs, external resistors added to extend the usable range of the movement are

connected in parallel with the movement rather than in series as is the case for voltmeters. This is
because we want to divide the measured current, not the measured voltage, going to the movement,
and because current divider circuits are always formed by parallel resistances.
Taking the same meter movement as the voltmeter example, we can see that it would make a

very limited instrument by itself, full-scale deflection occurring at only 1 mA:
As is the case with extending a meter movement’s voltage-measuring ability, we would have to

correspondingly re-label the movement’s scale so that it read differently for an extended current
range. For example, if we wanted to design an ammeter to have a full-scale range of 5 amps using
the same meter movement as before (having an intrinsic full-scale range of only 1 mA), we would
have to re-label the movement’s scale to read 0 A on the far left and 5 A on the far right, rather than
0 mA to 1 mA as before. Whatever extended range provided by the parallel-connected resistors, we
would have to represent graphically on the meter movement face.

black test
lead lead

red test

+-

500 Ω F.S = 1 mA
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Using 5 amps as an extended range for our sample movement, let’s determine the amount of
parallel resistance necessary to ”shunt,” or bypass, the majority of current so that only 1 mA will
go through the movement with a total current of 5 A:

black test
lead lead

red test

+-

500 Ω   F.S. = 1 mA

Rshunt

E

I

R

Volts

Amps

Ohms

TotalMovement Rshunt

51m

500

From our given values of movement current, movement resistance, and total circuit (measured)
current, we can determine the voltage across the meter movement (Ohm’s Law applied to the center
column, E=IR):

E

I

R

Volts

Amps

Ohms

TotalMovement Rshunt

51m

500

0.5

Knowing that the circuit formed by the movement and the shunt is of a parallel configuration,
we know that the voltage across the movement, shunt, and test leads (total) must be the same:

E

I

R

Volts

Amps

Ohms

TotalMovement Rshunt

51m

500

0.5 0.5 0.5

We also know that the current through the shunt must be the difference between the total current
(5 amps) and the current through the movement (1 mA), because branch currents add in a parallel
configuration:
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E

I

R

Volts

Amps

Ohms

TotalMovement Rshunt

51m

500

0.5 0.5 0.5

4.999

Then, using Ohm’s Law (R=E/I) in the right column, we can determine the necessary shunt
resistance:

E

I

R

Volts

Amps

Ohms

TotalMovement Rshunt

51m

500

0.5 0.5 0.5

4.999

100.02m

Of course, we could have calculated the same value of just over 100 milli-ohms (100 mΩ) for the
shunt by calculating total resistance (R=E/I; 0.5 volts/5 amps = 100 mΩ exactly), then working
the parallel resistance formula backwards, but the arithmetic would have been more challenging:

Rshunt =
1

1 1

100m 500

Rshunt = 100.02 mΩ

-

In real life, the shunt resistor of an ammeter will usually be encased within the protective metal
housing of the meter unit, hidden from sight. Note the construction of the ammeter in the following
photograph:

This particular ammeter is an automotive unit manufactured by Stewart-Warner. Although the
D’Arsonval meter movement itself probably has a full scale rating in the range of milliamps, the
meter as a whole has a range of +/- 60 amps. The shunt resistor providing this high current range
is enclosed within the metal housing of the meter. Note also with this particular meter that the
needle centers at zero amps and can indicate either a ”positive” current or a ”negative” current.
Connected to the battery charging circuit of an automobile, this meter is able to indicate a charging
condition (electrons flowing from generator to battery) or a discharging condition (electrons flowing
from battery to the rest of the car’s loads).
As is the case with multiple-range voltmeters, ammeters can be given more than one usable range

by incorporating several shunt resistors switched with a multi-pole switch:
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black test
lead lead

red test

+-

range selector
switch

500 Ω   F.S. = 1 mA

R1

R2

R3

R4

A multirange ammeter

off

Notice that the range resistors are connected through the switch so as to be in parallel with the
meter movement, rather than in series as it was in the voltmeter design. The five-position switch
makes contact with only one resistor at a time, of course. Each resistor is sized accordingly for a
different full-scale range, based on the particular rating of the meter movement (1 mA, 500 Ω).

With such a meter design, each resistor value is determined by the same technique, using a known
total current, movement full-scale deflection rating, and movement resistance. For an ammeter with
ranges of 100 mA, 1 A, 10 A, and 100 A, the shunt resistances would be as such:

black test
lead lead

red test

+-

range selector
switch

100 A

10 A

1 A

100 mA

off

500 Ω   F.S. = 1 mA

R1

R2

R3

R4

R1 = 5.00005 mΩ

R2 = 50.005 mΩ
R3 = 500.5005 mΩ
R4 = 5.05051 Ω

Notice that these shunt resistor values are very low! 5.00005 mΩ is 5.00005 milli-ohms, or
0.00500005 ohms! To achieve these low resistances, ammeter shunt resistors often have to be custom-
made from relatively large-diameter wire or solid pieces of metal.

One thing to be aware of when sizing ammeter shunt resistors is the factor of power dissipation.
Unlike the voltmeter, an ammeter’s range resistors have to carry large amounts of current. If those
shunt resistors are not sized accordingly, they may overheat and suffer damage, or at the very least
lose accuracy due to overheating. For the example meter above, the power dissipations at full-scale
indication are (the double-squiggly lines represent ”approximately equal to” in mathematics):
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PR1 =
E2

R1

=
5.00005 mΩ

(0.5 V)2

50 W

E2

=
(0.5 V)2

PR2 =
R2 50.005 mΩ

5 W

E2

=
(0.5 V)2

E2

=
(0.5 V)2

PR3 =

PR4 =

R3

R4

500.5 mΩ
0.5 W

5.05 Ω
49.5 mW

An 1/8 watt resistor would work just fine for R4, a 1/2 watt resistor would suffice for R3 and a 5
watt for R2 (although resistors tend to maintain their long-term accuracy better if not operated near
their rated power dissipation, so you might want to over-rate resistors R2 and R3), but precision 50
watt resistors are rare and expensive components indeed. A custom resistor made from metal stock
or thick wire may have to be constructed for R1 to meet both the requirements of low resistance
and high power rating.

Sometimes, shunt resistors are used in conjunction with voltmeters of high input resistance to
measure current. In these cases, the current through the voltmeter movement is small enough to be
considered negligible, and the shunt resistance can be sized according to how many volts or millivolts
of drop will be produced per amp of current:

+
V

-

current to be
measured

measured
current to be

voltmeterRshunt

If, for example, the shunt resistor in the above circuit were sized at precisely 1 Ω, there would be
1 volt dropped across it for every amp of current through it. The voltmeter indication could then be
taken as a direct indication of current through the shunt. For measuring very small currents, higher
values of shunt resistance could be used to generate more voltage drop per given unit of current,
thus extending the usable range of the (volt)meter down into lower amounts of current. The use
of voltmeters in conjunction with low-value shunt resistances for the measurement of current is
something commonly seen in industrial applications.
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The use of a shunt resistor along with a voltmeter to measure current can be a useful trick for
simplifying the task of frequent current measurements in a circuit. Normally, to measure current
through a circuit with an ammeter, the circuit would have to be broken (interrupted) and the
ammeter inserted between the separated wire ends, like this:

Load

+
A

-

If we have a circuit where current needs to be measured often, or we would just like to make
the process of current measurement more convenient, a shunt resistor could be placed between
those points and left their permanently, current readings taken with a voltmeter as needed without
interrupting continuity in the circuit:

Load

+
V

-

Rshunt

Of course, care must be taken in sizing the shunt resistor low enough so that it doesn’t adversely
affect the circuit’s normal operation, but this is generally not difficult to do. This technique might
also be useful in computer circuit analysis, where we might want to have the computer display current
through a circuit in terms of a voltage (with SPICE, this would allow us to avoid the idiosyncrasy
of reading negative current values):

1 2

0 0

Rshunt

1 Ω

Rload

15 kΩ
12 V
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shunt resistor example circuit

v1 1 0

rshunt 1 2 1

rload 2 0 15k

.dc v1 12 12 1

.print dc v(1,2)

.end

v1 v(1,2)

1.200E+01 7.999E-04

We would interpret the voltage reading across the shunt resistor (between circuit nodes 1 and 2
in the SPICE simulation) directly as amps, with 7.999E-04 being 0.7999 mA, or 799.9 µA. Ideally,
12 volts applied directly across 15 kΩ would give us exactly 0.8 mA, but the resistance of the shunt
lessens that current just a tiny bit (as it would in real life). However, such a tiny error is generally
well within acceptable limits of accuracy for either a simulation or a real circuit, and so shunt
resistors can be used in all but the most demanding applications for accurate current measurement.

• REVIEW:

• Ammeter ranges are created by adding parallel ”shunt” resistors to the movement circuit,
providing a precise current division.

• Shunt resistors may have high power dissipations, so be careful when choosing parts for such
meters!

• Shunt resistors can be used in conjunction with high-resistance voltmeters as well as low-
resistance ammeter movements, producing accurate voltage drops for given amounts of current.
Shunt resistors should be selected for as low a resistance value as possible to minimize their
impact upon the circuit under test.

8.5 Ammeter impact on measured circuit

Just like voltmeters, ammeters tend to influence the amount of current in the circuits they’re con-
nected to. However, unlike the ideal voltmeter, the ideal ammeter has zero internal resistance, so as
to drop as little voltage as possible as electrons flow through it. Note that this ideal resistance value
is exactly opposite as that of a voltmeter. With voltmeters, we want as little current to be drawn
as possible from the circuit under test. With ammeters, we want as little voltage to be dropped as
possible while conducting current.

Here is an extreme example of an ammeter’s effect upon a circuit:
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+
A

-

R1 R23 Ω 1.5 Ω

666.7 mA 1.333 A

0.5 Ω
Rinternal

2 V

With the ammeter disconnected from this circuit, the current through the 3 Ω resistor would be
666.7 mA, and the current through the 1.5 Ω resistor would be 1.33 amps. If the ammeter had an
internal resistance of 1/2 Ω, and it were inserted into one of the branches of this circuit, though, its
resistance would seriously affect the measured branch current:

+
A

-

R1 R23 Ω 1.5 Ω

Rinternal

0.5 Ω
571.43 mA 1.333 A

2 V

Having effectively increased the left branch resistance from 3 Ω to 3.5 Ω, the ammeter will read
571.43 mA instead of 666.7 mA. Placing the same ammeter in the right branch would affect the
current to an even greater extent:
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+
A

-

R1 R23 Ω 1.5 Ω

2 V

666.7 mA

1 A

Rinternal

0.5 Ω

Now the right branch current is 1 amp instead of 1.333 amps, due to the increase in resistance
created by the addition of the ammeter into the current path.

When using standard ammeters that connect in series with the circuit being measured, it might
not be practical or possible to redesign the meter for a lower input (lead-to-lead) resistance. However,
if we were selecting a value of shunt resistor to place in the circuit for a current measurement based
on voltage drop, and we had our choice of a wide range of resistances, it would be best to choose the
lowest practical resistance for the application. Any more resistance than necessary and the shunt
may impact the circuit adversely by adding excessive resistance in the current path.

One ingenious way to reduce the impact that a current-measuring device has on a circuit is to
use the circuit wire as part of the ammeter movement itself. All current-carrying wires produce
a magnetic field, the strength of which is in direct proportion to the strength of the current. By
building an instrument that measures the strength of that magnetic field, a no-contact ammeter can
be produced. Such a meter is able to measure the current through a conductor without even having
to make physical contact with the circuit, much less break continuity or insert additional resistance.

current to be
measured

magnetic field
encircling the 
current-carrying
conductor

clamp-on
ammeter
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Ammeters of this design are made, and are called ”clamp-on” meters because they have ”jaws”
which can be opened and then secured around a circuit wire. Clamp-on ammeters make for quick
and safe current measurements, especially on high-power industrial circuits. Because the circuit
under test has had no additional resistance inserted into it by a clamp-on meter, there is no error
induced in taking a current measurement.

current to be
measured

magnetic field
encircling the 
current-carrying
conductor

clamp-on
ammeter

The actual movement mechanism of a clamp-on ammeter is much the same as for an iron-vane
instrument, except that there is no internal wire coil to generate the magnetic field. More modern
designs of clamp-on ammeters utilize a small magnetic field detector device called a Hall-effect sensor
to accurately determine field strength. Some clamp-on meters contain electronic amplifier circuitry
to generate a small voltage proportional to the current in the wire between the jaws, that small
voltage connected to a voltmeter for convenient readout by a technician. Thus, a clamp-on unit can
be an accessory device to a voltmeter, for current measurement.

A less accurate type of magnetic-field-sensing ammeter than the clamp-on style is shown in the
following photograph:

The operating principle for this ammeter is identical to the clamp-on style of meter: the circular
magnetic field surrounding a current-carrying conductor deflects the meter’s needle, producing an
indication on the scale. Note how there are two current scales on this particular meter: +/- 75 amps
and +/- 400 amps. These two measurement scales correspond to the two sets of notches on the back
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of the meter. Depending on which set of notches the current-carrying conductor is laid in, a given
strength of magnetic field will have a different amount of effect on the needle. In effect, the two
different positions of the conductor relative to the movement act as two different range resistors in
a direct-connection style of ammeter.

• REVIEW:

• An ideal ammeter has zero resistance.

• A ”clamp-on” ammeter measures current through a wire by measuring the strength of the
magnetic field around it rather than by becoming part of the circuit, making it an ideal
ammeter.

• Clamp-on meters make for quick and safe current measurements, because there is no conductive
contact between the meter and the circuit.

8.6 Ohmmeter design

Though mechanical ohmmeter (resistance meter) designs are rarely used today, having largely been
superseded by digital instruments, their operation is nonetheless intriguing and worthy of study.
The purpose of an ohmmeter, of course, is to measure the resistance placed between its leads.

This resistance reading is indicated through a mechanical meter movement which operates on electric
current. The ohmmeter must then have an internal source of voltage to create the necessary current
to operate the movement, and also have appropriate ranging resistors to allow just the right amount
of current through the movement at any given resistance.
Starting with a simple movement and battery circuit, let’s see how it would function as an

ohmmeter:

black test
lead lead

red test

+-

500 Ω   F.S. = 1 mA

9 V

A simple ohmmeter

When there is infinite resistance (no continuity between test leads), there is zero current through
the meter movement, and the needle points toward the far left of the scale. In this regard, the
ohmmeter indication is ”backwards” because maximum indication (infinity) is on the left of the
scale, while voltage and current meters have zero at the left of their scales.
If the test leads of this ohmmeter are directly shorted together (measuring zero Ω), the meter

movement will have a maximum amount of current through it, limited only by the battery voltage
and the movement’s internal resistance:
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black test
lead lead

red test

+-

500 Ω   F.S. = 1 mA

9 V

18 mA

With 9 volts of battery potential and only 500 Ω of movement resistance, our circuit current will
be 18 mA, which is far beyond the full-scale rating of the movement. Such an excess of current will
likely damage the meter.

Not only that, but having such a condition limits the usefulness of the device. If full left-of-scale
on the meter face represents an infinite amount of resistance, then full right-of-scale should represent
zero. Currently, our design ”pegs” the meter movement hard to the right when zero resistance is
attached between the leads. We need a way to make it so that the movement just registers full-scale
when the test leads are shorted together. This is accomplished by adding a series resistance to the
meter’s circuit:

black test
lead lead

red test

+-

500 Ω   F.S. = 1 mA

9 V R

To determine the proper value for R, we calculate the total circuit resistance needed to limit
current to 1 mA (full-scale deflection on the movement) with 9 volts of potential from the battery,
then subtract the movement’s internal resistance from that figure:

Rtotal =
E

I
=

9 V

1 mA

Rtotal = 9 kΩ

R = Rtotal - 500 Ω = 8.5 kΩ
Now that the right value for R has been calculated, we’re still left with a problem of meter range.

On the left side of the scale we have ”infinity” and on the right side we have zero. Besides being
”backwards” from the scales of voltmeters and ammeters, this scale is strange because it goes from
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nothing to everything, rather than from nothing to a finite value (such as 10 volts, 1 amp, etc.). One
might pause to wonder, ”what does middle-of-scale represent? What figure lies exactly between zero
and infinity?” Infinity is more than just a very big amount: it is an incalculable quantity, larger than
any definite number ever could be. If half-scale indication on any other type of meter represents 1/2
of the full-scale range value, then what is half of infinity on an ohmmeter scale?
The answer to this paradox is a logarithmic scale. Simply put, the scale of an ohmmeter does

not smoothly progress from zero to infinity as the needle sweeps from right to left. Rather, the scale
starts out ”expanded” at the right-hand side, with the successive resistance values growing closer
and closer to each other toward the left side of the scale:

0

300

75
1001507501.5k

15k

An ohmmeter’s logarithmic scale

Infinity cannot be approached in a linear (even) fashion, because the scale would never get
there! With a logarithmic scale, the amount of resistance spanned for any given distance on the
scale increases as the scale progresses toward infinity, making infinity an attainable goal.
We still have a question of range for our ohmmeter, though. What value of resistance between

the test leads will cause exactly 1/2 scale deflection of the needle? If we know that the movement has
a full-scale rating of 1 mA, then 0.5 mA (500 µA) must be the value needed for half-scale deflection.
Following our design with the 9 volt battery as a source we get:

Rtotal =
E

I
=

9 V

Rtotal = 18 kΩ

500 µA

With an internal movement resistance of 500 Ω and a series range resistor of 8.5 kΩ, this leaves
9 kΩ for an external (lead-to-lead) test resistance at 1/2 scale. In other words, the test resistance
giving 1/2 scale deflection in an ohmmeter is equal in value to the (internal) series total resistance
of the meter circuit.
Using Ohm’s Law a few more times, we can determine the test resistance value for 1/4 and 3/4

scale deflection as well:

1/4 scale deflection (0.25 mA of meter current):
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Rtotal =
E

I
=

9 V

Rtotal = 36 kΩ

250 µA

Rtest = Rtotal - Rinternal

Rtest = 36 kΩ - 9 kΩ

Rtest = 27 kΩ

3/4 scale deflection (0.75 mA of meter current):

Rtotal =
E

I
=

9 V

Rtotal =

Rtest = Rtotal - Rinternal

750 µA

12 kΩ

Rtest = 12 kΩ - 9 kΩ

Rtest = 3 kΩ

So, the scale for this ohmmeter looks something like this:

0

9k
3k27k

One major problem with this design is its reliance upon a stable battery voltage for accurate
resistance reading. If the battery voltage decreases (as all chemical batteries do with age and use),
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the ohmmeter scale will lose accuracy. With the series range resistor at a constant value of 8.5 kΩ
and the battery voltage decreasing, the meter will no longer deflect full-scale to the right when the
test leads are shorted together (0 Ω). Likewise, a test resistance of 9 kΩ will fail to deflect the needle
to exactly 1/2 scale with a lesser battery voltage.

There are design techniques used to compensate for varying battery voltage, but they do not
completely take care of the problem and are to be considered approximations at best. For this
reason, and for the fact of the logarithmic scale, this type of ohmmeter is never considered to be a
precision instrument.

One final caveat needs to be mentioned with regard to ohmmeters: they only function correctly
when measuring resistance that is not being powered by a voltage or current source. In other words,
you cannot measure resistance with an ohmmeter on a ”live” circuit! The reason for this is simple:
the ohmmeter’s accurate indication depends on the only source of voltage being its internal battery.
The presence of any voltage across the component to be measured will interfere with the ohmmeter’s
operation. If the voltage is large enough, it may even damage the ohmmeter.

• REVIEW:

• Ohmmeters contain internal sources of voltage to supply power in taking resistance measure-
ments.

• An analog ohmmeter scale is ”backwards” from that of a voltmeter or ammeter, the movement
needle reading zero resistance at full-scale and infinite resistance at rest.

• Analog ohmmeters also have logarithmic scales, ”expanded” at the low end of the scale and
”compressed” at the high end to be able to span from zero to infinite resistance.

• Analog ohmmeters are not precision instruments.

• Ohmmeters should never be connected to an energized circuit (that is, a circuit with its own
source of voltage). Any voltage applied to the test leads of an ohmmeter will invalidate its
reading.

8.7 High voltage ohmmeters

Most ohmmeters of the design shown in the previous section utilize a battery of relatively low
voltage, usually nine volts or less. This is perfectly adequate for measuring resistances under several
mega-ohms (MΩ), but when extremely high resistances need to be measured, a 9 volt battery is
insufficient for generating enough current to actuate an electromechanical meter movement.

Also, as discussed in an earlier chapter, resistance is not always a stable (linear) quantity. This
is especially true of non-metals. Recall the graph of current over voltage for a small air gap (less
than an inch):
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I
(current)

E
(voltage)

ionization potential

0 50 100 150 200 250 300 350 400

While this is an extreme example of nonlinear conduction, other substances exhibit similar in-
sulating/conducting properties when exposed to high voltages. Obviously, an ohmmeter using a
low-voltage battery as a source of power cannot measure resistance at the ionization potential of
a gas, or at the breakdown voltage of an insulator. If such resistance values need to be measured,
nothing but a high-voltage ohmmeter will suffice.

The most direct method of high-voltage resistance measurement involves simply substituting a
higher voltage battery in the same basic design of ohmmeter investigated earlier:

black test
lead lead

red test

+-

Simple high-voltage ohmmeter

Knowing, however, that the resistance of some materials tends to change with applied voltage,
it would be advantageous to be able to adjust the voltage of this ohmmeter to obtain resistance
measurements under different conditions:
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black test
lead lead

red test

+-

Unfortunately, this would create a calibration problem for the meter. If the meter movement
deflects full-scale with a certain amount of current through it, the full-scale range of the meter in
ohms would change as the source voltage changed. Imagine connecting a stable resistance across the
test leads of this ohmmeter while varying the source voltage: as the voltage is increased, there will
be more current through the meter movement, hence a greater amount of deflection. What we really
need is a meter movement that will produce a consistent, stable deflection for any stable resistance
value measured, regardless of the applied voltage.

Accomplishing this design goal requires a special meter movement, one that is peculiar to
megohmmeters, or meggers, as these instruments are known.

0

Magnet

Magnet

1 1

2
2

3

3

"Megger" movement

The numbered, rectangular blocks in the above illustration are cross-sectional representations of
wire coils. These three coils all move with the needle mechanism. There is no spring mechanism
to return the needle to a set position. When the movement is unpowered, the needle will randomly
”float.” The coils are electrically connected like this:
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2 3

1

Test leads

Red Black

High voltage

With infinite resistance between the test leads (open circuit), there will be no current through
coil 1, only through coils 2 and 3. When energized, these coils try to center themselves in the gap
between the two magnet poles, driving the needle fully to the right of the scale where it points to
”infinity.”

0

Magnet

Magnet1

12

3

Current through coils 2 and 3;
no current through coil 1

Any current through coil 1 (through a measured resistance connected between the test leads)
tends to drive the needle to the left of scale, back to zero. The internal resistor values of the meter
movement are calibrated so that when the test leads are shorted together, the needle deflects exactly
to the 0 Ω position.

Because any variations in battery voltage will affect the torque generated by both sets of coils
(coils 2 and 3, which drive the needle to the right, and coil 1, which drives the needle to the left),
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those variations will have no effect of the calibration of the movement. In other words, the accuracy
of this ohmmeter movement is unaffected by battery voltage: a given amount of measured resistance
will produce a certain needle deflection, no matter how much or little battery voltage is present.

The only effect that a variation in voltage will have on meter indication is the degree to which
the measured resistance changes with applied voltage. So, if we were to use a megger to measure the
resistance of a gas-discharge lamp, it would read very high resistance (needle to the far right of the
scale) for low voltages and low resistance (needle moves to the left of the scale) for high voltages.
This is precisely what we expect from a good high-voltage ohmmeter: to provide accurate indication
of subject resistance under different circumstances.

For maximum safety, most meggers are equipped with hand-crank generators for producing the
high DC voltage (up to 1000 volts). If the operator of the meter receives a shock from the high
voltage, the condition will be self-correcting, as he or she will naturally stop cranking the generator!
Sometimes a ”slip clutch” is used to stabilize generator speed under different cranking conditions,
so as to provide a fairly stable voltage whether it is cranked fast or slow. Multiple voltage output
levels from the generator are available by the setting of a selector switch.

A simple hand-crank megger is shown in this photograph:

Some meggers are battery-powered to provide greater precision in output voltage. For safety
reasons these meggers are activated by a momentary-contact pushbutton switch, so the switch cannot
be left in the ”on” position and pose a significant shock hazard to the meter operator.

Real meggers are equipped with three connection terminals, labeled Line, Earth, and Guard.
The schematic is quite similar to the simplified version shown earlier:
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2 3

1

High voltage

EarthLineGuard

Resistance is measured between the Line and Earth terminals, where current will travel through
coil 1. The ”Guard” terminal is provided for special testing situations where one resistance must be
isolated from another. Take for instance this scenario where the insulation resistance is to be tested
in a two-wire cable:

conductor

insulation
conductor

sheath
cable Cable

To measure insulation resistance from a conductor to the outside of the cable, we need to connect
the ”Line” lead of the megger to one of the conductors and connect the ”Earth” lead of the megger
to a wire wrapped around the sheath of the cable:
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wire wrapped
around
cable sheath

L
E

G

In this configuration the megger should read the resistance between one conductor and the outside
sheath. Or will it? If we draw a schematic diagram showing all insulation resistances as resistor
symbols, what we have looks like this:

conductor1 conductor2

Rc1-c2

Rc1-s Rc2-s

sheath

Megger

EarthLine

Rather than just measure the resistance of the second conductor to the sheath (Rc2−s), what we’ll
actually measure is that resistance in parallel with the series combination of conductor-to-conductor
resistance (Rc1−c2) and the first conductor to the sheath (Rc1−s). If we don’t care about this fact,
we can proceed with the test as configured. If we desire to measure only the resistance between the
second conductor and the sheath (Rc2−s), then we need to use the megger’s ”Guard” terminal:
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wire wrapped
around
cable sheath

L
E

G

Megger with "Guard"
connected

Now the circuit schematic looks like this:

conductor1 conductor2

Rc1-c2

Rc1-s Rc2-s

sheath

Megger

EarthLine

Guard

Connecting the ”Guard” terminal to the first conductor places the two conductors at almost equal
potential. With little or no voltage between them, the insulation resistance is nearly infinite, and thus
there will be no current between the two conductors. Consequently, the megger’s resistance indication
will be based exclusively on the current through the second conductor’s insulation, through the
cable sheath, and to the wire wrapped around, not the current leaking through the first conductor’s
insulation.
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Meggers are field instruments: that is, they are designed to be portable and operated by a
technician on the job site with as much ease as a regular ohmmeter. They are very useful for checking
high-resistance ”short” failures between wires caused by wet or degraded insulation. Because they
utilize such high voltages, they are not as affected by stray voltages (voltages less than 1 volt
produced by electrochemical reactions between conductors, or ”induced” by neighboring magnetic
fields) as ordinary ohmmeters.

For a more thorough test of wire insulation, another high-voltage ohmmeter commonly called a
hi-pot tester is used. These specialized instruments produce voltages in excess of 1 kV, and may be
used for testing the insulating effectiveness of oil, ceramic insulators, and even the integrity of other
high-voltage instruments. Because they are capable of producing such high voltages, they must be
operated with the utmost care, and only by trained personnel.

It should be noted that hi-pot testers and even meggers (in certain conditions) are capable
of damaging wire insulation if incorrectly used. Once an insulating material has been subjected
to breakdown by the application of an excessive voltage, its ability to electrically insulate will be
compromised. Again, these instruments are to be used only by trained personnel.

8.8 Multimeters

Seeing as how a common meter movement can be made to function as a voltmeter, ammeter, or
ohmmeter simply by connecting it to different external resistor networks, it should make sense that
a multi-purpose meter (”multimeter”) could be designed in one unit with the appropriate switch(es)
and resistors.

For general purpose electronics work, the multimeter reigns supreme as the instrument of choice.
No other device is able to do so much with so little an investment in parts and elegant simplicity
of operation. As with most things in the world of electronics, the advent of solid-state components
like transistors has revolutionized the way things are done, and multimeter design is no exception
to this rule. However, in keeping with this chapter’s emphasis on analog (”old-fashioned”) meter
technology, I’ll show you a few pre-transistor meters.

The unit shown above is typical of a handheld analog multimeter, with ranges for voltage,
current, and resistance measurement. Note the many scales on the face of the meter movement for
the different ranges and functions selectable by the rotary switch. The wires for connecting this
instrument to a circuit (the ”test leads”) are plugged into the two copper jacks (socket holes) at the
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bottom-center of the meter face marked ”- TEST +”, black and red.

This multimeter (Barnett brand) takes a slightly different design approach than the previous
unit. Note how the rotary selector switch has fewer positions than the previous meter, but also how
there are many more jacks into which the test leads may be plugged into. Each one of those jacks
is labeled with a number indicating the respective full-scale range of the meter.

Lastly, here is a picture of a digital multimeter. Note that the familiar meter movement has been
replaced by a blank, gray-colored display screen. When powered, numerical digits appear in that
screen area, depicting the amount of voltage, current, or resistance being measured. This particular
brand and model of digital meter has a rotary selector switch and four jacks into which test leads
can be plugged. Two leads – one red and one black – are shown plugged into the meter.
A close examination of this meter will reveal one ”common” jack for the black test lead and

three others for the red test lead. The jack into which the red lead is shown inserted is labeled
for voltage and resistance measurement, while the other two jacks are labeled for current (A, mA,
and µA) measurement. This is a wise design feature of the multimeter, requiring the user to move
a test lead plug from one jack to another in order to switch from the voltage measurement to the
current measurement function. It would be hazardous to have the meter set in current measurement
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mode while connected across a significant source of voltage because of the low input resistance, and
making it necessary to move a test lead plug rather than just flip the selector switch to a different
position helps ensure that the meter doesn’t get set to measure current unintentionally.

Note that the selector switch still has different positions for voltage and current measurement,
so in order for the user to switch between these two modes of measurement they must switch the
position of the red test lead and move the selector switch to a different position.

Also note that neither the selector switch nor the jacks are labeled with measurement ranges.
In other words, there are no ”100 volt” or ”10 volt” or ”1 volt” ranges (or any equivalent range
steps) on this meter. Rather, this meter is ”autoranging,” meaning that it automatically picks the
appropriate range for the quantity being measured. Autoranging is a feature only found on digital
meters, but not all digital meters.

No two models of multimeters are designed to operate exactly the same, even if they’re manu-
factured by the same company. In order to fully understand the operation of any multimeter, the
owner’s manual must be consulted.

Here is a schematic for a simple analog volt/ammeter:

+-

"Common"
jack

Rshunt

Rmultiplier1

Rmultiplier2

Rmultiplier3 V
V

V

A
Off

A V

In the switch’s three lower (most counter-clockwise) positions, the meter movement is connected
to the Common and V jacks through one of three different series range resistors (Rmultiplier1

through Rmultiplier3), and so acts as a voltmeter. In the fourth position, the meter movement is
connected in parallel with the shunt resistor, and so acts as an ammeter for any current entering the
common jack and exiting the A jack. In the last (furthest clockwise) position, the meter movement
is disconnected from either red jack, but short-circuited through the switch. This short-circuiting
creates a dampening effect on the needle, guarding against mechanical shock damage when the meter
is handled and moved.

If an ohmmeter function is desired in this multimeter design, it may be substituted for one of
the three voltage ranges as such:
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+-

"Common"
jack

Rshunt

Rmultiplier1

Rmultiplier2

V
V

A
Off

A

Ω

V Ω
RΩ

With all three fundamental functions available, this multimeter may also be known as a volt-
ohm-milliammeter.

Obtaining a reading from an analog multimeter when there is a multitude of ranges and only one
meter movement may seem daunting to the new technician. On an analog multimeter, the meter
movement is marked with several scales, each one useful for at least one range setting. Here is a
close-up photograph of the scale from the Barnett multimeter shown earlier in this section:

Note that there are three types of scales on this meter face: a green scale for resistance at the
top, a set of black scales for DC voltage and current in the middle, and a set of blue scales for AC
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voltage and current at the bottom. Both the DC and AC scales have three sub-scales, one ranging
0 to 2.5, one ranging 0 to 5, and one ranging 0 to 10. The meter operator must choose whichever
scale best matches the range switch and plug settings in order to properly interpret the meter’s
indication.

This particular multimeter has several basic voltage measurement ranges: 2.5 volts, 10 volts, 50
volts, 250 volts, 500 volts, and 1000 volts. With the use of the voltage range extender unit at the
top of the multimeter, voltages up to 5000 volts can be measured. Suppose the meter operator chose
to switch the meter into the ”volt” function and plug the red test lead into the 10 volt jack. To
interpret the needle’s position, he or she would have to read the scale ending with the number ”10”.
If they moved the red test plug into the 250 volt jack, however, they would read the meter indication
on the scale ending with ”2.5”, multiplying the direct indication by a factor of 100 in order to find
what the measured voltage was.

If current is measured with this meter, another jack is chosen for the red plug to be inserted into
and the range is selected via a rotary switch. This close-up photograph shows the switch set to the
2.5 mA position:

Note how all current ranges are power-of-ten multiples of the three scale ranges shown on the
meter face: 2.5, 5, and 10. In some range settings, such as the 2.5 mA for example, the meter
indication may be read directly on the 0 to 2.5 scale. For other range settings (250 µA, 50 mA, 100
mA, and 500 mA), the meter indication must be read off the appropriate scale and then multiplied
by either 10 or 100 to obtain the real figure. The highest current range available on this meter
is obtained with the rotary switch in the 2.5/10 amp position. The distinction between 2.5 amps
and 10 amps is made by the red test plug position: a special ”10 amp” jack next to the regular
current-measuring jack provides an alternative plug setting to select the higher range.

Resistance in ohms, of course, is read by a logarithmic scale at the top of the meter face. It is
”backward,” just like all battery-operated analog ohmmeters, with zero at the right-hand side of the
face and infinity at the left-hand side. There is only one jack provided on this particular multimeter
for ”ohms,” so different resistance-measuring ranges must be selected by the rotary switch. Notice
on the switch how five different ”multiplier” settings are provided for measuring resistance: Rx1,
Rx10, Rx100, Rx1000, and Rx10000. Just as you might suspect, the meter indication is given by
multiplying whatever needle position is shown on the meter face by the power-of-ten multiplying
factor set by the rotary switch.
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8.9 Kelvin (4-wire) resistance measurement

Suppose we wished to measure the resistance of some component located a significant distance
away from our ohmmeter. Such a scenario would be problematic, because an ohmmeter measures
all resistance in the circuit loop, which includes the resistance of the wires (Rwire) connecting the
ohmmeter to the component being measured (Rsubject):

Ω Rsubject

Rwire

Rwire

Ohmmeter

Ohmmeter indicates Rwire + Rsubject + Rwire

Usually, wire resistance is very small (only a few ohms per hundreds of feet, depending primarily
on the gauge (size) of the wire), but if the connecting wires are very long, and/or the component to
be measured has a very low resistance anyway, the measurement error introduced by wire resistance
will be substantial.

An ingenious method of measuring the subject resistance in a situation like this involves the use
of both an ammeter and a voltmeter. We know from Ohm’s Law that resistance is equal to voltage
divided by current (R = E/I). Thus, we should be able to determine the resistance of the subject
component if we measure the current going through it and the voltage dropped across it:

Rsubject

Rwire

Rwire

A

V

Ammeter

Voltmeter

Rsubject =
Voltmeter indication
Ammeter indication

Current is the same at all points in the circuit, because it is a series loop. Because we’re only
measuring voltage dropped across the subject resistance (and not the wires’ resistances), though,
the calculated resistance is indicative of the subject component’s resistance (Rsubject) alone.

Our goal, though, was to measure this subject resistance from a distance, so our voltmeter must
be located somewhere near the ammeter, connected across the subject resistance by another pair of
wires containing resistance:
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Rsubject

Rwire

Rwire

A

V

Ammeter

Voltmeter

Rsubject =
Voltmeter indication
Ammeter indication

Rwire

Rwire

At first it appears that we have lost any advantage of measuring resistance this way, because
the voltmeter now has to measure voltage through a long pair of (resistive) wires, introducing
stray resistance back into the measuring circuit again. However, upon closer inspection it is seen
that nothing is lost at all, because the voltmeter’s wires carry miniscule current. Thus, those long
lengths of wire connecting the voltmeter across the subject resistance will drop insignificant amounts
of voltage, resulting in a voltmeter indication that is very nearly the same as if it were connected
directly across the subject resistance:

Rsubject

Rwire

Rwire

A

V

Ammeter

Voltmeter Rwire

Rwire

Any voltage dropped across the main current-carrying wires will not be measured by the volt-
meter, and so do not factor into the resistance calculation at all. Measurement accuracy may be
improved even further if the voltmeter’s current is kept to a minimum, either by using a high-quality
(low full-scale current) movement and/or a potentiometric (null-balance) system.

This method of measurement which avoids errors caused by wire resistance is called the Kelvin,
or 4-wire method. Special connecting clips called Kelvin clips are made to facilitate this kind of
connection across a subject resistance:
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Rsubject

4-wire cable
C

P

C

P

clip

clip

Kelvin clips

In regular, ”alligator” style clips, both halves of the jaw are electrically common to each other,
usually joined at the hinge point. In Kelvin clips, the jaw halves are insulated from each other at
the hinge point, only contacting at the tips where they clasp the wire or terminal of the subject
being measured. Thus, current through the ”C” (”current”) jaw halves does not go through the ”P”
(”potential,” or voltage) jaw halves, and will not create any error-inducing voltage drop along their
length:

Rsubject

4-wire cable

C

P

C

P

clip

clip

A

V

Rsubject =
Voltmeter indication
Ammeter indication

The same principle of using different contact points for current conduction and voltage mea-
surement is used in precision shunt resistors for measuring large amounts of current. As discussed
previously, shunt resistors function as current measurement devices by dropping a precise amount
of voltage for every amp of current through them, the voltage drop being measured by a voltmeter.
In this sense, a precision shunt resistor ”converts” a current value into a proportional voltage value.
Thus, current may be accurately measured by measuring voltage dropped across the shunt:
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+
V

-

current to be
measured

measured
current to be

voltmeterRshunt

Current measurement using a shunt resistor and voltmeter is particularly well-suited for appli-
cations involving particularly large magnitudes of current. In such applications, the shunt resistor’s
resistance will likely be in the order of milliohms or microohms, so that only a modest amount
of voltage will be dropped at full current. Resistance this low is comparable to wire connection
resistance, which means voltage measured across such a shunt must be done so in such a way as
to avoid detecting voltage dropped across the current-carrying wire connections, lest huge measure-
ment errors be induced. In order that the voltmeter measure only the voltage dropped by the shunt
resistance itself, without any stray voltages originating from wire or connection resistance, shunts
are usually equipped with four connection terminals:

Voltmeter

Shunt

Measured current

Measured current

In metrological (metrology = ”the science of measurement”) applications, where accuracy is of
paramount importance, highly precise ”standard” resistors are also equipped with four terminals:
two for carrying the measured current, and two for conveying the resistor’s voltage drop to the volt-
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meter. This way, the voltmeter only measures voltage dropped across the precision resistance itself,
without any stray voltages dropped across current-carrying wires or wire-to-terminal connection
resistances.

The following photograph shows a precision standard resistor of 1 Ω value immersed in a
temperature-controlled oil bath with a few other standard resistors. Note the two large, outer
terminals for current, and the two small connection terminals for voltage:

Here is another, older (pre-World War II) standard resistor of German manufacture. This unit
has a resistance of 0.001 Ω, and again the four terminal connection points can be seen as black
knobs (metal pads underneath each knob for direct metal-to-metal connection with the wires), two
large knobs for securing the current-carrying wires, and two smaller knobs for securing the voltmeter
(”potential”) wires:

Appreciation is extended to the Fluke Corporation in Everett, Washington for allowing me
to photograph these expensive and somewhat rare standard resistors in their primary standards
laboratory.

It should be noted that resistance measurement using both an ammeter and a voltmeter is subject
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to compound error. Because the accuracy of both instruments factors in to the final result, the overall
measurement accuracy may be worse than either instrument considered alone. For instance, if the
ammeter is accurate to +/- 1% and the voltmeter is also accurate to +/- 1%, any measurement
dependent on the indications of both instruments may be inaccurate by as much as +/- 2%.

Greater accuracy may be obtained by replacing the ammeter with a standard resistor, used as
a current-measuring shunt. There will still be compound error between the standard resistor and
the voltmeter used to measure voltage drop, but this will be less than with a voltmeter + ammeter
arrangement because typical standard resistor accuracy far exceeds typical ammeter accuracy. Using
Kelvin clips to make connection with the subject resistance, the circuit looks something like this:

Rsubject

C

P

C

P

clip

clip

V

Rstandard

All current-carrying wires in the above circuit are shown in ”bold,” to easily distinguish them
from wires connecting the voltmeter across both resistances (Rsubject and Rstandard). Ideally, a
potentiometric voltmeter is used to ensure as little current through the ”potential” wires as possible.

8.10 Bridge circuits

No text on electrical metering could be called complete without a section on bridge circuits. These
ingenious circuits make use of a null-balance meter to compare two voltages, just like the laboratory
balance scale compares two weights and indicates when they’re equal. Unlike the ”potentiometer”
circuit used to simply measure an unknown voltage, bridge circuits can be used to measure all kinds
of electrical values, not the least of which being resistance.

The standard bridge circuit, often called a Wheatstone bridge, looks something like this:
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Ra

Rb

R1

R2

1 2
null

When the voltage between point 1 and the negative side of the battery is equal to the voltage
between point 2 and the negative side of the battery, the null detector will indicate zero and the
bridge is said to be ”balanced.” The bridge’s state of balance is solely dependent on the ratios of
Ra/Rb and R1/R2, and is quite independent of the supply voltage (battery). To measure resistance
with a Wheatstone bridge, an unknown resistance is connected in the place of Ra or Rb, while the
other three resistors are precision devices of known value. Either of the other three resistors can be
replaced or adjusted until the bridge is balanced, and when balance has been reached the unknown
resistor value can be determined from the ratios of the known resistances.
A requirement for this to be a measurement system is to have a set of variable resistors available

whose resistances are precisely known, to serve as reference standards. For example, if we connect
a bridge circuit to measure an unknown resistance Rx, we will have to know the exact values of the
other three resistors at balance to determine the value of Rx:

Ra R1

R2

1 2

Rx

Ra

Rx
=

R1

R2

Bridge circuit is

null

balanced when:

Each of the four resistances in a bridge circuit are referred to as arms. The resistor in series
with the unknown resistance Rx (this would be Ra in the above schematic) is commonly called the
rheostat of the bridge, while the other two resistors are called the ratio arms of the bridge.
Accurate and stable resistance standards, thankfully, are not that difficult to construct. In fact,

they were some of the first electrical ”standard” devices made for scientific purposes. Here is a
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photograph of an antique resistance standard unit:

This resistance standard shown here is variable in discrete steps: the amount of resistance between
the connection terminals could be varied with the number and pattern of removable copper plugs
inserted into sockets.

Wheatstone bridges are considered a superior means of resistance measurement to the series
battery-movement-resistor meter circuit discussed in the last section. Unlike that circuit, with
all its nonlinearities (logarithmic scale) and associated inaccuracies, the bridge circuit is linear (the
mathematics describing its operation are based on simple ratios and proportions) and quite accurate.

Given standard resistances of sufficient precision and a null detector device of sufficient sensitivity,
resistance measurement accuracies of at least +/- 0.05% are attainable with a Wheatstone bridge.
It is the preferred method of resistance measurement in calibration laboratories due to its high
accuracy.

There are many variations of the basic Wheatstone bridge circuit. Most DC bridges are used
to measure resistance, while bridges powered by alternating current (AC) may be used to measure
different electrical quantities like inductance, capacitance, and frequency.

An interesting variation of the Wheatstone bridge is the Kelvin Double bridge, used for measuring
very low resistances (typically less than 1/10 of an ohm). Its schematic diagram is as such:
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Ra

Rx

null

Ra and Rx are low-value resistances

RM

RN

Rm

Rn

Kelvin Double bridge

The low-value resistors are represented by thick-line symbols, and the wires connecting them to
the voltage source (carrying high current) are likewise drawn thickly in the schematic. This oddly-
configured bridge is perhaps best understood by beginning with a standard Wheatstone bridge set up
for measuring low resistance, and evolving it step-by-step into its final form in an effort to overcome
certain problems encountered in the standard Wheatstone configuration.

If we were to use a standard Wheatstone bridge to measure low resistance, it would look some-
thing like this:
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Ra

Rx

null

RN

RM

When the null detector indicates zero voltage, we know that the bridge is balanced and that the
ratios Ra/Rx and RM/RN are mathematically equal to each other. Knowing the values of Ra, RM ,
and RN therefore provides us with the necessary data to solve for Rx . . . almost.

We have a problem, in that the connections and connecting wires between Ra and Rx possess
resistance as well, and this stray resistance may be substantial compared to the low resistances of
Ra and Rx. These stray resistances will drop substantial voltage, given the high current through
them, and thus will affect the null detector’s indication and thus the balance of the bridge:

Ra

Rx

null

RN

RM

ERa

ERx

Ewire

Ewire

Ewire

Ewire

Stray Ewire voltages will corrupt 
the accuracy of Rx’s measurement
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Since we don’t want to measure these stray wire and connection resistances, but only measure
Rx, we must find some way to connect the null detector so that it won’t be influenced by voltage
dropped across them. If we connect the null detector and RM/RN ratio arms directly across the
ends of Ra and Rx, this gets us closer to a practical solution:

Ra

Rx

null

RN

RM

Ewire

Ewire

Ewire

Ewire

Now, only the two Ewire voltages
are part of the null detector loop

Now the top two Ewire voltage drops are of no effect to the null detector, and do not influence
the accuracy of Rx’s resistance measurement. However, the two remaining Ewire voltage drops will
cause problems, as the wire connecting the lower end of Ra with the top end of Rx is now shunting
across those two voltage drops, and will conduct substantial current, introducing stray voltage drops
along its own length as well.

Knowing that the left side of the null detector must connect to the two near ends of Ra and Rx

in order to avoid introducing those Ewire voltage drops into the null detector’s loop, and that any
direct wire connecting those ends of Ra and Rx will itself carry substantial current and create more
stray voltage drops, the only way out of this predicament is to make the connecting path between
the lower end of Ra and the upper end of Rx substantially resistive:
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Ra

Rx

null

RN

RM

Ewire

Ewire

Ewire

Ewire

We can manage the stray voltage drops between Ra and Rx by sizing the two new resistors so
that their ratio from upper to lower is the same ratio as the two ratio arms on the other side of the
null detector. This is why these resistors were labeled Rm and Rn in the original Kelvin Double
bridge schematic: to signify their proportionality with RM and RN :

Ra

Rx

null

Ra and Rx are low-value resistances

RM

RN

Rm

Rn

Kelvin Double bridge

With ratio Rm/Rn set equal to ratio RM/RN , rheostat arm resistor Ra is adjusted until the null
detector indicates balance, and then we can say that Ra/Rx is equal to RM/RN , or simply find Rx
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by the following equation:

Rx = Ra

RN

RM

The actual balance equation of the Kelvin Double bridge is as follows (Rwire is the resistance of
the thick, connecting wire between the low-resistance standard Ra and the test resistance Rx):

Rx

Ra
= 

RN

RM
+

Rwire

Ra
( )Rm

Rm + Rn + Rwire
( RN

RM
-

Rn

Rm
)

So long as the ratio between RM and RN is equal to the ratio between Rm and Rn, the balance
equation is no more complex than that of a regular Wheatstone bridge, with Rx/Ra equal to RN/RM ,
because the last term in the equation will be zero, canceling the effects of all resistances except Rx,
Ra, RM , and RN .
In many Kelvin Double bridge circuits, RM=Rm and RN=Rn. However, the lower the resistances

of Rm and Rn, the more sensitive the null detector will be, because there is less resistance in series
with it. Increased detector sensitivity is good, because it allows smaller imbalances to be detected,
and thus a finer degree of bridge balance to be attained. Therefore, some high-precision Kelvin
Double bridges use Rm and Rn values as low as 1/100 of their ratio arm counterparts (RM and RN ,
respectively). Unfortunately, though, the lower the values of Rm and Rn, the more current they will
carry, which will increase the effect of any junction resistances present where Rm and Rn connect to
the ends of Ra and Rx. As you can see, high instrument accuracy demands that all error-producing
factors be taken into account, and often the best that can be achieved is a compromise minimizing
two or more different kinds of errors.

• REVIEW:

• Bridge circuits rely on sensitive null-voltage meters to compare two voltages for equality.

• AWheatstone bridge can be used to measure resistance by comparing unknown resistor against
precision resistors of known value, much like a laboratory scale measures an unknown weight
by comparing it against known standard weights.

• A Kelvin Double bridge is a variant of the Wheatstone bridge used for measuring very low re-
sistances. Its additional complexity over the basic Wheatstone design is necessary for avoiding
errors otherwise incurred by stray resistances along the current path between the low-resistance
standard and the resistance being measured.

8.11 Wattmeter design

Power in an electric circuit is the product (multiplication) of voltage and current, so any meter
designed to measure power must account for both of these variables.
A special meter movement designed especially for power measurement is called the dynamometer

movement, and is similar to a D’Arsonval or Weston movement in that a lightweight coil of wire is
attached to the pointer mechanism. However, unlike the D’Arsonval or Weston movement, another
(stationary) coil is used instead of a permanent magnet to provide the magnetic field for the moving
coil to react against. The moving coil is generally energized by the voltage in the circuit, while
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the stationary coil is generally energized by the current in the circuit. A dynamometer movement
connected in a circuit looks something like this:

Electrodynamometer movement

Load

The top (horizontal) coil of wire measures load current while the bottom (vertical) coil measures
load voltage. Just like the lightweight moving coils of voltmeter movements, the (moving) voltage
coil of a dynamometer is typically connected in series with a range resistor so that full load voltage
is not applied to it. Likewise, the (stationary) current coil of a dynamometer may have precision
shunt resistors to divide the load current around it. With custom-built dynamometer movements,
shunt resistors are less likely to be needed because the stationary coil can be constructed with as
heavy of wire as needed without impacting meter response, unlike the moving coil which must be
constructed of lightweight wire for minimum inertia.

Electrodynamometer movement

current
coil

voltage
coil

(stationary)

(moving)

Rshunt

Rmultiplier

• REVIEW:

• Wattmeters are often designed around dynamometer meter movements, which employ both
voltage and current coils to move a needle.
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8.12 Creating custom calibration resistances

Often in the course of designing and building electrical meter circuits, it is necessary to have precise
resistances to obtain the desired range(s). More often than not, the resistance values required cannot
be found in any manufactured resistor unit and therefore must be built by you.

One solution to this dilemma is to make your own resistor out of a length of special high-resistance
wire. Usually, a small ”bobbin” is used as a form for the resulting wire coil, and the coil is wound
in such a way as to eliminate any electromagnetic effects: the desired wire length is folded in half,
and the looped wire wound around the bobbin so that current through the wire winds clockwise
around the bobbin for half the wire’s length, then counter-clockwise for the other half. This is known
as a bifilar winding. Any magnetic fields generated by the current are thus canceled, and external
magnetic fields cannot induce any voltage in the resistance wire coil:

Special 
resistance

wire

Bobbin

Completed resistorBefore winding coil

As you might imagine, this can be a labor-intensive process, especially if more than one resistor
must be built! Another, easier solution to the dilemma of a custom resistance is to connect multiple
fixed-value resistors together in series-parallel fashion to obtain the desired value of resistance. This
solution, although potentially time-intensive in choosing the best resistor values for making the first
resistance, can be duplicated much faster for creating multiple custom resistances of the same value:

R1

R2 R3

R4

Rtotal

A disadvantage of either technique, though, is the fact that both result in a fixed resistance value.
In a perfect world where meter movements never lose magnetic strength of their permanent magnets,
where temperature and time have no effect on component resistances, and where wire connections
maintain zero resistance forever, fixed-value resistors work quite well for establishing the ranges of
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precision instruments. However, in the real world, it is advantageous to have the ability to calibrate,
or adjust, the instrument in the future.

It makes sense, then, to use potentiometers (connected as rheostats, usually) as variable resis-
tances for range resistors. The potentiometer may be mounted inside the instrument case so that
only a service technician has access to change its value, and the shaft may be locked in place with
thread-fastening compound (ordinary nail polish works well for this!) so that it will not move if
subjected to vibration.

However, most potentiometers provide too large a resistance span over their mechanically-short
movement range to allow for precise adjustment. Suppose you desired a resistance of 8.335 kΩ +/-
1 Ω, and wanted to use a 10 kΩ potentiometer (rheostat) to obtain it. A precision of 1 Ω out of a
span of 10 kΩ is 1 part in 10,000, or 1/100 of a percent! Even with a 10-turn potentiometer, it will
be very difficult to adjust it to any value this finely. Such a feat would be nearly impossible using
a standard 3/4 turn potentiometer. So how can we get the resistance value we need and still have
room for adjustment?

The solution to this problem is to use a potentiometer as part of a larger resistance network
which will create a limited adjustment range. Observe the following example:

Rtotal

8 kΩ 1 kΩ

8 kΩ to 9 kΩ
adjustable range

Here, the 1 kΩ potentiometer, connected as a rheostat, provides by itself a 1 kΩ span (a range of
0 Ω to 1 kΩ). Connected in series with an 8 kΩ resistor, this offsets the total resistance by 8,000 Ω,
giving an adjustable range of 8 kΩ to 9 kΩ. Now, a precision of +/- 1 Ω represents 1 part in 1000,
or 1/10 of a percent of potentiometer shaft motion. This is ten times better, in terms of adjustment
sensitivity, than what we had using a 10 kΩ potentiometer.

If we desire to make our adjustment capability even more precise – so we can set the resistance at
8.335 kΩ with even greater precision – we may reduce the span of the potentiometer by connecting
a fixed-value resistor in parallel with it:
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Rtotal

8 kΩ 1 kΩ

adjustable range

1 kΩ

8 kΩ to 8.5 kΩ

Now, the calibration span of the resistor network is only 500 Ω, from 8 kΩ to 8.5 kΩ. This makes
a precision of +/- 1 Ω equal to 1 part in 500, or 0.2 percent. The adjustment is now half as sensitive
as it was before the addition of the parallel resistor, facilitating much easier calibration to the
target value. The adjustment will not be linear, unfortunately (halfway on the potentiometer’s shaft
position will not result in 8.25 kΩ total resistance, but rather 8.333 kΩ). Still, it is an improvement in
terms of sensitivity, and it is a practical solution to our problem of building an adjustable resistance
for a precision instrument!

8.13 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.
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9.1 Analog and digital signals

Instrumentation is a field of study and work centering on measurement and control of physical pro-
cesses. These physical processes include pressure, temperature, flow rate, and chemical consistency.
An instrument is a device that measures and/or acts to control any kind of physical process. Due
to the fact that electrical quantities of voltage and current are easy to measure, manipulate, and
transmit over long distances, they are widely used to represent such physical variables and transmit
the information to remote locations.
A signal is any kind of physical quantity that conveys information. Audible speech is certainly

a kind of signal, as it conveys the thoughts (information) of one person to another through the
physical medium of sound. Hand gestures are signals, too, conveying information by means of light.
This text is another kind of signal, interpreted by your English-trained mind as information about
electric circuits. In this chapter, the word signal will be used primarily in reference to an electrical
quantity of voltage or current that is used to represent or signify some other physical quantity.
An analog signal is a kind of signal that is continuously variable, as opposed to having a limited

number of steps along its range (called digital). A well-known example of analog vs. digital is that

ccci
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of clocks: analog being the type with pointers that slowly rotate around a circular scale, and digital
being the type with decimal number displays or a ”second-hand” that jerks rather than smoothly
rotates. The analog clock has no physical limit to how finely it can display the time, as its ”hands”
move in a smooth, pauseless fashion. The digital clock, on the other hand, cannot convey any unit
of time smaller than what its display will allow for. The type of clock with a ”second-hand” that
jerks in 1-second intervals is a digital device with a minimum resolution of one second.

Both analog and digital signals find application in modern electronics, and the distinctions be-
tween these two basic forms of information is something to be covered in much greater detail later
in this book. For now, I will limit the scope of this discussion to analog signals, since the systems
using them tend to be of simpler design.

With many physical quantities, especially electrical, analog variability is easy to come by. If such
a physical quantity is used as a signal medium, it will be able to represent variations of information
with almost unlimited resolution.

In the early days of industrial instrumentation, compressed air was used as a signaling medium
to convey information from measuring instruments to indicating and controlling devices located
remotely. The amount of air pressure corresponded to the magnitude of whatever variable was
being measured. Clean, dry air at approximately 20 pounds per square inch (PSI) was supplied
from an air compressor through tubing to the measuring instrument and was then regulated by that
instrument according to the quantity being measured to produce a corresponding output signal. For
example, a pneumatic (air signal) level ”transmitter” device set up to measure height of water (the
”process variable”) in a storage tank would output a low air pressure when the tank was empty, a
medium pressure when the tank was partially full, and a high pressure when the tank was completely
full.

Water

Storage tank

LT

LI

20 PSI compressed
air supply

air flow

analog air pressure
signal

pipe or tube

pipe or tube

water "level transmitter"
(LT)

water "level indicator"
(LI)

The ”water level indicator” (LI) is nothing more than a pressure gauge measuring the air pressure
in the pneumatic signal line. This air pressure, being a signal, is in turn a representation of the
water level in the tank. Any variation of level in the tank can be represented by an appropriate
variation in the pressure of the pneumatic signal. Aside from certain practical limits imposed by
the mechanics of air pressure devices, this pneumatic signal is infinitely variable, able to represent
any degree of change in the water’s level, and is therefore analog in the truest sense of the word.

Crude as it may appear, this kind of pneumatic signaling system formed the backbone of many
industrial measurement and control systems around the world, and still sees use today due to its
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simplicity, safety, and reliability. Air pressure signals are easily transmitted through inexpensive
tubes, easily measured (with mechanical pressure gauges), and are easily manipulated by mechanical
devices using bellows, diaphragms, valves, and other pneumatic devices. Air pressure signals are not
only useful for measuring physical processes, but for controlling them as well. With a large enough
piston or diaphragm, a small air pressure signal can be used to generate a large mechanical force,
which can be used to move a valve or other controlling device. Complete automatic control systems
have been made using air pressure as the signal medium. They are simple, reliable, and relatively
easy to understand. However, the practical limits for air pressure signal accuracy can be too limiting
in some cases, especially when the compressed air is not clean and dry, and when the possibility for
tubing leaks exist.

With the advent of solid-state electronic amplifiers and other technological advances, electrical
quantities of voltage and current became practical for use as analog instrument signaling media.
Instead of using pneumatic pressure signals to relay information about the fullness of a water storage
tank, electrical signals could relay that same information over thin wires (instead of tubing) and not
require the support of such expensive equipment as air compressors to operate:

Water

Storage tank

LT

LIwater "level transmitter"
(LT)

water "level indicator"
(LI)

analog electric
current signal

-+
24 V

Analog electronic signals are still the primary kinds of signals used in the instrumentation world
today (January of 2001), but it is giving way to digital modes of communication in many appli-
cations (more on that subject later). Despite changes in technology, it is always good to have a
thorough understanding of fundamental principles, so the following information will never really
become obsolete.

One important concept applied in many analog instrumentation signal systems is that of ”live
zero,” a standard way of scaling a signal so that an indication of 0 percent can be discriminated from
the status of a ”dead” system. Take the pneumatic signal system as an example: if the signal pressure
range for transmitter and indicator was designed to be 0 to 12 PSI, with 0 PSI representing 0 percent
of process measurement and 12 PSI representing 100 percent, a received signal of 0 percent could be
a legitimate reading of 0 percent measurement or it could mean that the system was malfunctioning
(air compressor stopped, tubing broken, transmitter malfunctioning, etc.). With the 0 percent point
represented by 0 PSI, there would be no easy way to distinguish one from the other.

If, however, we were to scale the instruments (transmitter and indicator) to use a scale of 3
to 15 PSI, with 3 PSI representing 0 percent and 15 PSI representing 100 percent, any kind of a
malfunction resulting in zero air pressure at the indicator would generate a reading of -25 percent
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(0 PSI), which is clearly a faulty value. The person looking at the indicator would then be able to
immediately tell that something was wrong.
Not all signal standards have been set up with live zero baselines, but the more robust signals

standards (3-15 PSI, 4-20 mA) have, and for good reason.

• REVIEW:

• A signal is any kind of detectable quantity used to communicate information.

• An analog signal is a signal that can be continuously, or infinitely, varied to represent any
small amount of change.

• Pneumatic, or air pressure, signals used to be used predominately in industrial instrumentation
signal systems. This has been largely superseded by analog electrical signals such as voltage
and current.

• A live zero refers to an analog signal scale using a non-zero quantity to represent 0 percent of
real-world measurement, so that any system malfunction resulting in a natural ”rest” state of
zero signal pressure, voltage, or current can be immediately recognized.

9.2 Voltage signal systems

The use of variable voltage for instrumentation signals seems a rather obvious option to explore.
Let’s see how a voltage signal instrument might be used to measure and relay information about
water tank level:

float

potentiometer
moved by float

+
V

-two-conductor cable

Level transmitter

Level indicator

The ”transmitter” in this diagram contains its own precision regulated source of voltage, and the
potentiometer setting is varied by the motion of a float inside the water tank following the water
level. The ”indicator” is nothing more than a voltmeter with a scale calibrated to read in some unit
height of water (inches, feet, meters) instead of volts.
As the water tank level changes, the float will move. As the float moves, the potentiometer wiper

will correspondingly be moved, dividing a different proportion of the battery voltage to go across the
two-conductor cable and on to the level indicator. As a result, the voltage received by the indicator
will be representative of the level of water in the storage tank.
This elementary transmitter/indicator system is reliable and easy to understand, but it has its

limitations. Perhaps greatest is the fact that the system accuracy can be influenced by excessive
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cable resistance. Remember that real voltmeters draw small amounts of current, even though it is
ideal for a voltmeter not to draw any current at all. This being the case, especially for the kind of
heavy, rugged analog meter movement likely used for an industrial-quality system, there will be a
small amount of current through the 2-conductor cable wires. The cable, having a small amount of
resistance along its length, will consequently drop a small amount of voltage, leaving less voltage
across the indicator’s leads than what is across the leads of the transmitter. This loss of voltage,
however small, constitutes an error in measurement:

float

potentiometer
moved by float

+
V

-

Level transmitter

Level indicator

voltage drop

- +

+ -

Due to voltage drops along
cable conductors, there will be
slightly less voltage across the

output

indicator (meter) than there is
at the output of the transmitter.

voltage drop

Resistor symbols have been added to the wires of the cable to show what is happening in a real
system. Bear in mind that these resistances can be minimized with heavy-gauge wire (at additional
expense) and/or their effects mitigated through the use of a high-resistance (null-balance?) voltmeter
for an indicator (at additional complexity).
Despite this inherent disadvantage, voltage signals are still used in many applications because of

their extreme design simplicity. One common signal standard is 0-10 volts, meaning that a signal of
0 volts represents 0 percent of measurement, 10 volts represents 100 percent of measurement, 5 volts
represents 50 percent of measurement, and so on. Instruments designed to output and/or accept
this standard signal range are available for purchase from major manufacturers. A more common
voltage range is 1-5 volts, which makes use of the ”live zero” concept for circuit fault indication.

• REVIEW:

• DC voltage can be used as an analog signal to relay information from one location to another.

• A major disadvantage of voltage signaling is the possibility that the voltage at the indicator
(voltmeter) will be less than the voltage at the signal source, due to line resistance and indicator
current draw. This drop in voltage along the conductor length constitutes a measurement error
from transmitter to indicator.

9.3 Current signal systems

It is possible through the use of electronic amplifiers to design a circuit outputting a constant amount
of current rather than a constant amount of voltage. This collection of components is collectively
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known as a current source, and its symbol looks like this:

-

+
current source

A current source generates as much or as little voltage as needed across its leads to produce a
constant amount of current through it. This is just the opposite of a voltage source (an ideal battery),
which will output as much or as little current as demanded by the external circuit in maintaining its
output voltage constant. Following the ”conventional flow” symbology typical of electronic devices,
the arrow points against the direction of electron motion. Apologies for this confusing notation:
another legacy of Benjamin Franklin’s false assumption of electron flow!

-

+

current source

electron flow

electron flow

Current in this circuit remains
constant, regardless of circuit
resistance.  Only voltage will
change!

Current sources can be built as variable devices, just like voltage sources, and they can be designed
to produce very precise amounts of current. If a transmitter device were to be constructed with a
variable current source instead of a variable voltage source, we could design an instrumentation
signal system based on current instead of voltage:

float

Level transmitter

Level indicator

float position changes
output of current source

voltage drop

voltage drop

-

-

+

+

Being a simple series
circuit, current is equal
at all points, regardless
of any voltage drops!

+
A

-

The internal workings of the transmitter’s current source need not be a concern at this point, only
the fact that its output varies in response to changes in the float position, just like the potentiometer
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setup in the voltage signal system varied voltage output according to float position.
Notice now how the indicator is an ammeter rather than a voltmeter (the scale calibrated in

inches, feet, or meters of water in the tank, as always). Because the circuit is a series configuration
(accounting for the cable resistances), current will be precisely equal through all components. With
or without cable resistance, the current at the indicator is exactly the same as the current at the
transmitter, and therefore there is no error incurred as there might be with a voltage signal system.
This assurance of zero signal degradation is a decided advantage of current signal systems over
voltage signal systems.
The most common current signal standard in modern use is the 4 to 20 milliamp (4-20 mA) loop,

with 4 milliamps representing 0 percent of measurement, 20 milliamps representing 100 percent, 12
milliamps representing 50 percent, and so on. A convenient feature of the 4-20 mA standard is its
ease of signal conversion to 1-5 volt indicating instruments. A simple 250 ohm precision resistor
connected in series with the circuit will produce 1 volt of drop at 4 milliamps, 5 volts of drop at 20
milliamps, etc:

-+

+
A

-

Transmitter

+
V

-

Indicator (1-5 V instrument)

250 Ω

4 - 20 mA current signal

Indicator
(4-20 mA instrument)

----------------------------------------

| Percent of | 4-20 mA | 1-5 V |
| measurement | signal | signal |
----------------------------------------

| 0 | 4.0 mA | 1.0 V |
----------------------------------------

| 10 | 5.6 mA | 1.4 V |
----------------------------------------

| 20 | 7.2 mA | 1.8 V |
----------------------------------------

| 25 | 8.0 mA | 2.0 V |
----------------------------------------

| 30 | 8.8 mA | 2.2 V |
----------------------------------------

| 40 | 10.4 mA | 2.6 V |
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----------------------------------------

| 50 | 12.0 mA | 3.0 V |
----------------------------------------

| 60 | 13.6 mA | 3.4 V |
----------------------------------------

| 70 | 15.2 mA | 3.8 V |
----------------------------------------

| 75 | 16.0 mA | 4.0 V |
---------------------------------------

| 80 | 16.8 mA | 4.2 V |
----------------------------------------

| 90 | 18.4 mA | 4.6 V |
----------------------------------------

| 100 | 20.0 mA | 5.0 V |
----------------------------------------

The current loop scale of 4-20 milliamps has not always been the standard for current instruments:
for a while there was also a 10-50 milliamp standard, but that standard has since been obsoleted.
One reason for the eventual supremacy of the 4-20 milliamp loop was safety: with lower circuit
voltages and lower current levels than in 10-50 mA system designs, there was less chance for personal
shock injury and/or the generation of sparks capable of igniting flammable atmospheres in certain
industrial environments.

• REVIEW:

• A current source is a device (usually constructed of several electronic components) that outputs
a constant amount of current through a circuit, much like a voltage source (ideal battery)
outputting a constant amount of voltage to a circuit.

• A current ”loop” instrumentation circuit relies on the series circuit principle of current being
equal through all components to insure no signal error due to wiring resistance.

• The most common analog current signal standard in modern use is the ”4 to 20 milliamp
current loop.”

9.4 Tachogenerators

An electromechanical generator is a device capable of producing electrical power from mechanical
energy, usually the turning of a shaft. When not connected to a load resistance, generators will gen-
erate voltage roughly proportional to shaft speed. With precise construction and design, generators
can be built to produce very precise voltages for certain ranges of shaft speeds, thus making them
well-suited as measurement devices for shaft speed in mechanical equipment. A generator specially
designed and constructed for this use is called a tachometer or tachogenerator. Often, the word
”tach” (pronounced ”tack”) is used rather than the whole word.
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shaft+
V

-

Tachogenerator

voltmeter with
scale calibrated
in RPM (Revolutions
Per Minute)

By measuring the voltage produced by a tachogenerator, you can easily determine the rotational
speed of whatever it’s mechanically attached to. One of the more common voltage signal ranges
used with tachogenerators is 0 to 10 volts. Obviously, since a tachogenerator cannot produce voltage
when it’s not turning, the zero cannot be ”live” in this signal standard. Tachogenerators can be
purchased with different ”full-scale” (10 volt) speeds for different applications. Although a voltage
divider could theoretically be used with a tachogenerator to extend the measurable speed range in
the 0-10 volt scale, it is not advisable to significantly overspeed a precision instrument like this, or
its life will be shortened.
Tachogenerators can also indicate the direction of rotation by the polarity of the output voltage.

When a permanent-magnet style DC generator’s rotational direction is reversed, the polarity of
its output voltage will switch. In measurement and control systems where directional indication is
needed, tachogenerators provide an easy way to determine that.
Tachogenerators are frequently used to measure the speeds of electric motors, engines, and the

equipment they power: conveyor belts, machine tools, mixers, fans, etc.

9.5 Thermocouples

An interesting phenomenon applied in the field of instrumentation is the Seebeck effect, which is the
production of a small voltage across the length of a wire due to a difference in temperature along
that wire. This effect is most easily observed and applied with a junction of two dissimilar metals
in contact, each metal producing a different Seebeck voltage along its length, which translates to
a voltage between the two (unjoined) wire ends. Most any pair of dissimilar metals will produce
a measurable voltage when their junction is heated, some combinations of metals producing more
voltage per degree of temperature than others:

iron wire

copper wire

junction +

-

small voltage between wires;
more voltage produced as 
junction temperature increases.

Seebeck voltage

Seebeck voltage

(heated)

The Seebeck effect is fairly linear; that is, the voltage produced by a heated junction of two wires
is directly proportional to the temperature. This means that the temperature of the metal wire
junction can be determined by measuring the voltage produced. Thus, the Seebeck effect provides
for us an electric method of temperature measurement.
When a pair of dissimilar metals are joined together for the purpose of measuring temperature,

the device formed is called a thermocouple. Thermocouples made for instrumentation use metals
of high purity for an accurate temperature/voltage relationship (as linear and as predictable as
possible).
Seebeck voltages are quite small, in the tens of millivolts for most temperature ranges. This
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makes them somewhat difficult to measure accurately. Also, the fact that any junction between
dissimilar metals will produce temperature-dependent voltage creates a problem when we try to
connect the thermocouple to a voltmeter, completing a circuit:

iron wire

copper wire

junction
+

V
-copper wire

copper wire+

-

+ -

a second iron/copper
junction is formed!

The second iron/copper junction formed by the connection between the thermocouple and the
meter on the top wire will produce a temperature-dependent voltage opposed in polarity to the
voltage produced at the measurement junction. This means that the voltage between the voltmeter’s
copper leads will be a function of the difference in temperature between the two junctions, and not
the temperature at the measurement junction alone. Even for thermocouple types where copper is
not one of the dissimilar metals, the combination of the two metals joining the copper leads of the
measuring instrument forms a junction equivalent to the measurement junction:

iron wire +
V

-copper wire

copper wire+

- constantan wire

iron/copper

constantan/copper

the equivalent of a single iron/constantan
junction in opposition to the measurement
junction on the left.

measurement
junction

These two junctions in series form

This second junction is called the reference or cold junction, to distinguish it from the junction
at the measuring end, and there is no way to avoid having one in a thermocouple circuit. In
some applications, a differential temperature measurement between two points is required, and this
inherent property of thermocouples can be exploited to make a very simple measurement system.

iron wire+

- copper wire V

+

-

iron wire

copper wire

junction
#1

junction
#2

However, in most applications the intent is to measure temperature at a single point only, and
in these cases the second junction becomes a liability to function.

Compensation for the voltage generated by the reference junction is typically performed by
a special circuit designed to measure temperature there and produce a corresponding voltage to
counter the reference junction’s effects. At this point you may wonder, ”If we have to resort to
some other form of temperature measurement just to overcome an idiosyncrasy with thermocouples,
then why bother using thermocouples to measure temperature at all? Why not just use this other
form of temperature measurement, whatever it may be, to do the job?” The answer is this: because
the other forms of temperature measurement used for reference junction compensation are not as
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robust or versatile as a thermocouple junction, but do the job of measuring room temperature at
the reference junction site quite well. For example, the thermocouple measurement junction may be
inserted into the 1800 degree (F) flue of a foundry holding furnace, while the reference junction sits
a hundred feet away in a metal cabinet at ambient temperature, having its temperature measured
by a device that could never survive the heat or corrosive atmosphere of the furnace.

The voltage produced by thermocouple junctions is strictly dependent upon temperature. Any
current in a thermocouple circuit is a function of circuit resistance in opposition to this voltage
(I=E/R). In other words, the relationship between temperature and Seebeck voltage is fixed, while
the relationship between temperature and current is variable, depending on the total resistance of
the circuit. With heavy enough thermocouple conductors, currents upwards of hundreds of amps can
be generated from a single pair of thermocouple junctions! (I’ve actually seen this in a laboratory
experiment, using heavy bars of copper and copper/nickel alloy to form the junctions and the circuit
conductors.)

For measurement purposes, the voltmeter used in a thermocouple circuit is designed to have a
very high resistance so as to avoid any error-inducing voltage drops along the thermocouple wire.
The problem of voltage drop along the conductor length is even more severe here than with the DC
voltage signals discussed earlier, because here we only have a few millivolts of voltage produced by
the junction. We simply cannot spare to have even a single millivolt of drop along the conductor
lengths without incurring serious temperature measurement errors.

Ideally, then, current in a thermocouple circuit is zero. Early thermocouple indicating instru-
ments made use of null-balance potentiometric voltage measurement circuitry to measure the junc-
tion voltage. The early Leeds & Northrup ”Speedomax” line of temperature indicator/recorders
were a good example of this technology. More modern instruments use semiconductor amplifier
circuits to allow the thermocouple’s voltage signal to drive an indication device with little or no
current drawn in the circuit.

Thermocouples, however, can be built from heavy-gauge wire for low resistance, and connected in
such a way so as to generate very high currents for purposes other than temperature measurement.
One such purpose is electric power generation. By connecting many thermocouples in series, alter-
nating hot/cold temperatures with each junction, a device called a thermopile can be constructed
to produce substantial amounts of voltage and current:
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-

+

copper wire

output voltage

"Thermopile"

With the left and right sets of junctions at the same temperature, the voltage at each junction will
be equal and the opposing polarities would cancel to a final voltage of zero. However, if the left set
of junctions were heated and the right set cooled, the voltage at each left junction would be greater
than each right junction, resulting in a total output voltage equal to the sum of all junction pair
differentials. In a thermopile, this is exactly how things are set up. A source of heat (combustion,
strong radioactive substance, solar heat, etc.) is applied to one set of junctions, while the other set
is bonded to a heat sink of some sort (air- or water-cooled). Interestingly enough, as electrons flow
through an external load circuit connected to the thermopile, heat energy is transferred from the hot
junctions to the cold junctions, demonstrating another thermo-electric phenomenon: the so-called
Peltier Effect (electric current transferring heat energy).

Another application for thermocouples is in the measurement of average temperature between
several locations. The easiest way to do this is to connect several thermocouples in parallel with
each other. Each millivoltage signal produced by each thermocouple will tend to average out at the
parallel junction point, the voltage differences between the junctions’ potentials dropped along the
resistances of the thermocouple wire lengths:
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iron wire
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+
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- constantan wire

iron wire

junction
+
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Unfortunately, though, the accurate averaging of these Seebeck voltage potentials relies on each
thermocouple’s wire resistances being equal. If the thermocouples are located at different places and
their wires join in parallel at a single location, equal wire length will be unlikely. The thermocouple
having the greatest wire length from point of measurement to parallel connection point will tend to
have the greatest resistance, and will therefore have the least effect on the average voltage produced.
To help compensate for this, additional resistance can be added to each of the parallel ther-

mocouple circuit branches to make their respective resistances more equal. Without custom-sizing
resistors for each branch (to make resistances precisely equal between all the thermocouples), it is
acceptable to simply install resistors with equal values, significantly higher than the thermocou-
ple wires’ resistances so that those wire resistances will have a much smaller impact on the total
branch resistance. These resistors are called swamping resistors, because their relatively high values
overshadow or ”swamp” the resistances of the thermocouple wires themselves:

iron wire
junction

+
V

-copper wire

copper wire+

- constantan wire#1

junction
+

- constantan wire

iron wire

junction
+

- constantan wire

iron wire
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+
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#2
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The meter will register
a more realistic average
of all junction temperatures
with the "swamping" 
resistors in place.

Rswamp

Rswamp

Rswamp

Rswamp

Because thermocouple junctions produce such low voltages, it is imperative that wire connections
be very clean and tight for accurate and reliable operation. Also, the location of the reference junction
(the place where the dissimilar-metal thermocouple wires join to standard copper) must be kept close
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to the measuring instrument, to ensure that the instrument can accurately compensate for reference
junction temperature. Despite these seemingly restrictive requirements, thermocouples remain one
of the most robust and popular methods of industrial temperature measurement in modern use.

• REVIEW:

• The Seebeck Effect is the production of a voltage between two dissimilar, joined metals that is
proportional to the temperature of that junction.

• In any thermocouple circuit, there are two equivalent junctions formed between dissimilar
metals. The junction placed at the site of intended measurement is called the measurement
junction, while the other (single or equivalent) junction is called the reference junction.

• Two thermocouple junctions can be connected in opposition to each other to generate a voltage
signal proportional to differential temperature between the two junctions. A collection of
junctions so connected for the purpose of generating electricity is called a thermopile.

• When electrons flow through the junctions of a thermopile, heat energy is transferred from
one set of junctions to the other. This is known as the Peltier Effect.

• Multiple thermocouple junctions can be connected in parallel with each other to generate a
voltage signal representing the average temperature between the junctions. ”Swamping” resis-
tors may be connected in series with each thermocouple to help maintain equality between the
junctions, so the resultant voltage will be more representative of a true average temperature.

• It is imperative that current in a thermocouple circuit be kept as low as possible for good
measurement accuracy. Also, all related wire connections should be clean and tight. Mere
millivolts of drop at any place in the circuit will cause substantial measurement errors.

9.6 pH measurement

A very important measurement in many liquid chemical processes (industrial, pharmaceutical, man-
ufacturing, food production, etc.) is that of pH: the measurement of hydrogen ion concentration in
a liquid solution. A solution with a low pH value is called an ”acid,” while one with a high pH is
called a ”caustic.” The common pH scale extends from 0 (strong acid) to 14 (strong caustic), with
7 in the middle representing pure water (neutral):

76543210 8 9 10 11 12 13 14

CausticAcid

Neutral

The pH scale

pH is defined as follows: the lower-case letter ”p” in pH stands for the negative common (base
ten) logarithm, while the upper-case letter ”H” stands for the element hydrogen. Thus, pH is a
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logarithmic measurement of the number of moles of hydrogen ions (H+) per liter of solution. Inci-
dentally, the ”p” prefix is also used with other types of chemical measurements where a logarithmic
scale is desired, pCO2 (Carbon Dioxide) and pO2 (Oxygen) being two such examples.

The logarithmic pH scale works like this: a solution with 10−12 moles of H+ ions per liter has
a pH of 12; a solution with 10−3 moles of H+ ions per liter has a pH of 3. While very uncommon,
there is such a thing as an acid with a pH measurement below 0 and a caustic with a pH above 14.
Such solutions, understandably, are quite concentrated and extremely reactive.

While pH can be measured by color changes in certain chemical powders (the ”litmus strip”
being a familiar example from high school chemistry classes), continuous process monitoring and
control of pH requires a more sophisticated approach. The most common approach is the use of a
specially-prepared electrode designed to allow hydrogen ions in the solution to migrate through a
selective barrier, producing a measurable potential (voltage) difference proportional to the solution’s
pH:

liquid solution

electrodes

electrodes is proportional
to the pH of the solution

Voltage produced between

The design and operational theory of pH electrodes is a very complex subject, explored only
briefly here. What is important to understand is that these two electrodes generate a voltage
directly proportional to the pH of the solution. At a pH of 7 (neutral), the electrodes will produce
0 volts between them. At a low pH (acid) a voltage will be developed of one polarity, and at a high
pH (caustic) a voltage will be developed of the opposite polarity.

An unfortunate design constraint of pH electrodes is that one of them (called the measurement
electrode) must be constructed of special glass to create the ion-selective barrier needed to screen
out hydrogen ions from all the other ions floating around in the solution. This glass is chemically
doped with lithium ions, which is what makes it react electrochemically to hydrogen ions. Of course,
glass is not exactly what you would call a ”conductor;” rather, it is an extremely good insulator.
This presents a major problem if our intent is to measure voltage between the two electrodes. The
circuit path from one electrode contact, through the glass barrier, through the solution, to the other
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electrode, and back through the other electrode’s contact, is one of extremely high resistance.

The other electrode (called the reference electrode) is made from a chemical solution of neutral
(7) pH buffer solution (usually potassium chloride) allowed to exchange ions with the process solution
through a porous separator, forming a relatively low resistance connection to the test liquid. At
first, one might be inclined to ask: why not just dip a metal wire into the solution to get an electrical
connection to the liquid? The reason this will not work is because metals tend to be highly reactive
in ionic solutions and can produce a significant voltage across the interface of metal-to-liquid contact.
The use of a wet chemical interface with the measured solution is necessary to avoid creating such
a voltage, which of course would be falsely interpreted by any measuring device as being indicative
of pH.

Here is an illustration of the measurement electrode’s construction. Note the thin, lithium-doped
glass membrane across which the pH voltage is generated:
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"buffer" solution

wire connection point

glass body

MEASUREMENT
ELECTRODE

Here is an illustration of the reference electrode’s construction. The porous junction shown at
the bottom of the electrode is where the potassium chloride buffer and process liquid interface with
each other:
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The measurement electrode’s purpose is to generate the voltage used to measure the solution’s
pH. This voltage appears across the thickness of the glass, placing the silver wire on one side of
the voltage and the liquid solution on the other. The reference electrode’s purpose is to provide
the stable, zero-voltage connection to the liquid solution so that a complete circuit can be made
to measure the glass electrode’s voltage. While the reference electrode’s connection to the test
liquid may only be a few kilo-ohms, the glass electrode’s resistance may range from ten to nine
hundred mega-ohms, depending on electrode design! Being that any current in this circuit must
travel through both electrodes’ resistances (and the resistance presented by the test liquid itself),
these resistances are in series with each other and therefore add to make an even greater total.

An ordinary analog or even digital voltmeter has much too low of an internal resistance to
measure voltage in such a high-resistance circuit. The equivalent circuit diagram of a typical pH
probe circuit illustrates the problem:
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+
V

-

precision voltmeter

Rmeasurement electrode

Rreference electrode

voltage 
produced by
electrodes

400 MΩ

3 kΩ
Even a very small circuit current traveling through the high resistances of each component in the

circuit (especially the measurement electrode’s glass membrane), will produce relatively substantial
voltage drops across those resistances, seriously reducing the voltage seen by the meter. Making
matters worse is the fact that the voltage differential generated by the measurement electrode is
very small, in the millivolt range (ideally 59.16 millivolts per pH unit at room temperature). The
meter used for this task must be very sensitive and have an extremely high input resistance.

The most common solution to this measurement problem is to use an amplified meter with an
extremely high internal resistance to measure the electrode voltage, so as to draw as little current
through the circuit as possible. With modern semiconductor components, a voltmeter with an input
resistance of up to 1017 Ω can be built with little difficulty. Another approach, seldom seen in
contemporary use, is to use a potentiometric ”null-balance” voltage measurement setup to measure
this voltage without drawing any current from the circuit under test. If a technician desired to
check the voltage output between a pair of pH electrodes, this would probably be the most practical
means of doing so using only standard benchtop metering equipment:

+
V

-

Rmeasurement electrode

Rreference electrode

voltage 
produced by
electrodes

precision
variable
voltage
source

400 MΩ

3 kΩ

null

As usual, the precision voltage supply would be adjusted by the technician until the null detector
registered zero, then the voltmeter connected in parallel with the supply would be viewed to obtain a
voltage reading. With the detector ”nulled” (registering exactly zero), there should be zero current in
the pH electrode circuit, and therefore no voltage dropped across the resistances of either electrode,
giving the real electrode voltage at the voltmeter terminals.

Wiring requirements for pH electrodes tend to be even more severe than thermocouple wiring,
demanding very clean connections and short distances of wire (10 yards or less, even with gold-
plated contacts and shielded cable) for accurate and reliable measurement. As with thermocouples,
however, the disadvantages of electrode pH measurement are offset by the advantages: good accuracy
and relative technical simplicity.

Few instrumentation technologies inspire the awe and mystique commanded by pH measurement,
because it is so widely misunderstood and difficult to troubleshoot. Without elaborating on the exact
chemistry of pH measurement, a few words of wisdom can be given here about pH measurement
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systems:

• All pH electrodes have a finite life, and that lifespan depends greatly on the type and severity
of service. In some applications, a pH electrode life of one month may be considered long, and
in other applications the same electrode(s) may be expected to last for over a year.

• Because the glass (measurement) electrode is responsible for generating the pH-proportional
voltage, it is the one to be considered suspect if the measurement system fails to generate
sufficient voltage change for a given change in pH (approximately 59 millivolts per pH unit),
or fails to respond quickly enough to a fast change in test liquid pH.

• If a pH measurement system ”drifts,” creating offset errors, the problem likely lies with the
reference electrode, which is supposed to provide a zero-voltage connection with the measured
solution.

• Because pH measurement is a logarithmic representation of ion concentration, there is an
incredible range of process conditions represented in the seemingly simple 0-14 pH scale. Also,
due to the nonlinear nature of the logarithmic scale, a change of 1 pH at the top end (say, from
12 to 13 pH) does not represent the same quantity of chemical activity change as a change of
1 pH at the bottom end (say, from 2 to 3 pH). Control system engineers and technicians must
be aware of this dynamic if there is to be any hope of controlling process pH at a stable value.

• The following conditions are hazardous to measurement (glass) electrodes: high temperatures,
extreme pH levels (either acidic or alkaline), high ionic concentration in the liquid, abrasion,
hydrofluoric acid in the liquid (HF acid dissolves glass!), and any kind of material coating on
the surface of the glass.

• Temperature changes in the measured liquid affect both the response of the measurement
electrode to a given pH level (ideally at 59 mV per pH unit), and the actual pH of the liquid.
Temperature measurement devices can be inserted into the liquid, and the signals from those
devices used to compensate for the effect of temperature on pH measurement, but this will
only compensate for the measurement electrode’s mV/pH response, not the actual pH change
of the process liquid!

Advances are still being made in the field of pH measurement, some of which hold great promise
for overcoming traditional limitations of pH electrodes. One such technology uses a device called a
field-effect transistor to electrostatically measure the voltage produced by a ion-permeable membrane
rather than measure the voltage with an actual voltmeter circuit. While this technology harbors
limitations of its own, it is at least a pioneering concept, and may prove more practical at a later
date.

• REVIEW:

• pH is a representation of hydrogen ion activity in a liquid. It is the negative logarithm of the
amount of hydrogen ions (in moles) per liter of liquid. Thus: 10−11 moles of hydrogen ions in
1 liter of liquid = 11 pH. 10−5.3 moles of hydrogen ions in 1 liter of liquid = 5.3 pH.

• The basic pH scale extends from 0 (strong acid) to 7 (neutral, pure water) to 14 (strong
caustic). Chemical solutions with pH levels below zero and above 14 are possible, but rare.
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• pH can be measured by measuring the voltage produced between two special electrodes im-
mersed in the liquid solution.

• One electrode, made of a special glass, is called the measurement electrode. It’s job it to
generate a small voltage proportional to pH (ideally 59.16 mV per pH unit).

• The other electrode (called the reference electrode) uses a porous junction between the mea-
sured liquid and a stable, neutral pH buffer solution (usually potassium chloride) to create a
zero-voltage electrical connection to the liquid. This provides a point of continuity for a com-
plete circuit so that the voltage produced across the thickness of the glass in the measurement
electrode can be measured by an external voltmeter.

• The extremely high resistance of the measurement electrode’s glass membrane mandates the
use of a voltmeter with extremely high internal resistance, or a null-balance voltmeter, to
measure the voltage.

9.7 Strain gauges

If a strip of conductive metal is stretched, it will become skinnier and longer, both changes resulting
in an increase of electrical resistance end-to-end. Conversely, if a strip of conductive metal is placed
under compressive force (without buckling), it will broaden and shorten. If these stresses are kept
within the elastic limit of the metal strip (so that the strip does not permanently deform), the strip
can be used as a measuring element for physical force, the amount of applied force inferred from
measuring its resistance.
Such a device is called a strain gauge. Strain gauges are frequently used in mechanical engineering

research and development to measure the stresses generated by machinery. Aircraft component
testing is one area of application, tiny strain-gauge strips glued to structural members, linkages, and
any other critical component of an airframe to measure stress. Most strain gauges are smaller than
a postage stamp, and they look something like this:

Bonded strain gauge

Resistance measured
between these points

Compression causes
resistance decrease

Tension causes
resistance increase

Gauge insensitive
to lateral forces

A strain gauge’s conductors are very thin: if made of round wire, about 1/1000 inch in diameter.
Alternatively, strain gauge conductors may be thin strips of metallic film deposited on a noncon-
ducting substrate material called the carrier. The latter form of strain gauge is represented in the
previous illustration. The name ”bonded gauge” is given to strain gauges that are glued to a larger
structure under stress (called the test specimen). The task of bonding strain gauges to test speci-
mens may appear to be very simple, but it is not. ”Gauging” is a craft in its own right, absolutely
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essential for obtaining accurate, stable strain measurements. It is also possible to use an unmounted
gauge wire stretched between two mechanical points to measure tension, but this technique has its
limitations.

Typical strain gauge resistances range from 30 Ω to 3 kΩ (unstressed). This resistance may
change only a fraction of a percent for the full force range of the gauge, given the limitations
imposed by the elastic limits of the gauge material and of the test specimen. Forces great enough
to induce greater resistance changes would permanently deform the test specimen and/or the gauge
conductors themselves, thus ruining the gauge as a measurement device. Thus, in order to use the
strain gauge as a practical instrument, we must measure extremely small changes in resistance with
high accuracy.

Such demanding precision calls for a bridge measurement circuit. Unlike the Wheatstone bridge
shown in the last chapter using a null-balance detector and a human operator to maintain a state
of balance, a strain gauge bridge circuit indicates measured strain by the degree of imbalance, and
uses a precision voltmeter in the center of the bridge to provide an accurate measurement of that
imbalance:

V

R1 R2

R3

Quarter-bridge strain gauge circuit

strain gauge

Typically, the rheostat arm of the bridge (R2 in the diagram) is set at a value equal to the strain
gauge resistance with no force applied. The two ratio arms of the bridge (R1 and R3) are set equal
to each other. Thus, with no force applied to the strain gauge, the bridge will be symmetrically
balanced and the voltmeter will indicate zero volts, representing zero force on the strain gauge. As
the strain gauge is either compressed or tensed, its resistance will decrease or increase, respectively,
thus unbalancing the bridge and producing an indication at the voltmeter. This arrangement, with
a single element of the bridge changing resistance in response to the measured variable (mechanical
force), is known as a quarter-bridge circuit.

As the distance between the strain gauge and the three other resistances in the bridge circuit may
be substantial, wire resistance has a significant impact on the operation of the circuit. To illustrate
the effects of wire resistance, I’ll show the same schematic diagram, but add two resistor symbols in
series with the strain gauge to represent the wires:
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V

R1 R2

R3

Rwire1

Rwire2

Rgauge

The strain gauge’s resistance (Rgauge) is not the only resistance being measured: the wire resis-
tances Rwire1 and Rwire2, being in series with Rgauge, also contribute to the resistance of the lower
half of the rheostat arm of the bridge, and consequently contribute to the voltmeter’s indication.
This, of course, will be falsely interpreted by the meter as physical strain on the gauge.
While this effect cannot be completely eliminated in this configuration, it can be minimized with

the addition of a third wire, connecting the right side of the voltmeter directly to the upper wire of
the strain gauge:

V

R1 R2

R3

Rwire1

Rwire2

Rgauge

Rwire3

Three-wire, quarter-bridge
strain gauge circuit

Because the third wire carries practically no current (due to the voltmeter’s extremely high
internal resistance), its resistance will not drop any substantial amount of voltage. Notice how the
resistance of the top wire (Rwire1) has been ”bypassed” now that the voltmeter connects directly to
the top terminal of the strain gauge, leaving only the lower wire’s resistance (Rwire2) to contribute
any stray resistance in series with the gauge. Not a perfect solution, of course, but twice as good as
the last circuit!
There is a way, however, to reduce wire resistance error far beyond the method just described,
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and also help mitigate another kind of measurement error due to temperature. An unfortunate
characteristic of strain gauges is that of resistance change with changes in temperature. This is
a property common to all conductors, some more than others. Thus, our quarter-bridge circuit
as shown (either with two or with three wires connecting the gauge to the bridge) works as a
thermometer just as well as it does a strain indicator. If all we want to do is measure strain, this is
not good. We can transcend this problem, however, by using a ”dummy” strain gauge in place of
R2, so that both elements of the rheostat arm will change resistance in the same proportion when
temperature changes, thus canceling the effects of temperature change:

V

R1

R3

strain gauge
(unstressed)

(stressed)
strain gauge

Quarter-bridge strain gauge circuit
with temperature compensation

Resistors R1 and R3 are of equal resistance value, and the strain gauges are identical to one
another. With no applied force, the bridge should be in a perfectly balanced condition and the
voltmeter should register 0 volts. Both gauges are bonded to the same test specimen, but only one
is placed in a position and orientation so as to be exposed to physical strain (the active gauge). The
other gauge is isolated from all mechanical stress, and acts merely as a temperature compensation
device (the ”dummy” gauge). If the temperature changes, both gauge resistances will change by
the same percentage, and the bridge’s state of balance will remain unaffected. Only a differential
resistance (difference of resistance between the two strain gauges) produced by physical force on the
test specimen can alter the balance of the bridge.

Wire resistance doesn’t impact the accuracy of the circuit as much as before, because the wires
connecting both strain gauges to the bridge are approximately equal length. Therefore, the upper
and lower sections of the bridge’s rheostat arm contain approximately the same amount of stray
resistance, and their effects tend to cancel:
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V

R1

R3

strain gauge
(unstressed)

(stressed)
strain gauge

Rwire1

Rwire2

Rwire3

Even though there are now two strain gauges in the bridge circuit, only one is responsive to
mechanical strain, and thus we would still refer to this arrangement as a quarter-bridge. However,
if we were to take the upper strain gauge and position it so that it is exposed to the opposite force
as the lower gauge (i.e. when the upper gauge is compressed, the lower gauge will be stretched, and
vice versa), we will have both gauges responding to strain, and the bridge will be more responsive to
applied force. This utilization is known as a half-bridge. Since both strain gauges will either increase
or decrease resistance by the same proportion in response to changes in temperature, the effects
of temperature change remain canceled and the circuit will suffer minimal temperature-induced
measurement error:

V

strain gauge

(stressed)
strain gauge

(stressed)

R1

R3

Half-bridge strain gauge circuit

An example of how a pair of strain gauges may be bonded to a test specimen so as to yield this
effect is illustrated here:
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Test specimen

Strain gauge #1

Strain gauge #2

R

R

Rgauge#1

Rgauge#2

V

(+)

(-)
Bridge balanced

With no force applied to the test specimen, both strain gauges have equal resistance and the
bridge circuit is balanced. However, when a downward force is applied to the free end of the specimen,
it will bend downward, stretching gauge #1 and compressing gauge #2 at the same time:

Strain gauge #1

Strain gauge #2

R

R

Rgauge#1

Rgauge#2

V

(+)

(-)
Bridge unbalanced

+ -

FORCE

Test specimen

In applications where such complementary pairs of strain gauges can be bonded to the test
specimen, it may be advantageous to make all four elements of the bridge ”active” for even greater
sensitivity. This is called a full-bridge circuit:
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V

strain gauge

(stressed)
strain gauge

(stressed)

strain gauge
(stressed)

strain gauge
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Full-bridge strain gauge circuit

Both half-bridge and full-bridge configurations grant greater sensitivity over the quarter-bridge
circuit, but often it is not possible to bond complementary pairs of strain gauges to the test specimen.
Thus, the quarter-bridge circuit is frequently used in strain measurement systems.
When possible, the full-bridge configuration is the best to use. This is true not only because it is

more sensitive than the others, but because it is linear while the others are not. Quarter-bridge and
half-bridge circuits provide an output (imbalance) signal that is only approximately proportional to
applied strain gauge force. Linearity, or proportionality, of these bridge circuits is best when the
amount of resistance change due to applied force is very small compared to the nominal resistance
of the gauge(s). With a full-bridge, however, the output voltage is directly proportional to applied
force, with no approximation (provided that the change in resistance caused by the applied force is
equal for all four strain gauges!).
Unlike the Wheatstone and Kelvin bridges, which provide measurement at a condition of perfect

balance and therefore function irrespective of source voltage, the amount of source (or ”excitation”)
voltage matters in an unbalanced bridge like this. Therefore, strain gauge bridges are rated in
millivolts of imbalance produced per volt of excitation, per unit measure of force. A typical example
for a strain gauge of the type used for measuring force in industrial environments is 15 mV/V at
1000 pounds. That is, at exactly 1000 pounds applied force (either compressive or tensile), the
bridge will be unbalanced by 15 millivolts for every volt of excitation voltage. Again, such a figure
is precise if the bridge circuit is full-active (four active strain gauges, one in each arm of the bridge),
but only approximate for half-bridge and quarter-bridge arrangements.
Strain gauges may be purchased as complete units, with both strain gauge elements and bridge

resistors in one housing, sealed and encapsulated for protection from the elements, and equipped with
mechanical fastening points for attachment to a machine or structure. Such a package is typically
called a load cell.
Like many of the other topics addressed in this chapter, strain gauge systems can become quite

complex, and a full dissertation on strain gauges would be beyond the scope of this book.

• REVIEW:
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• A strain gauge is a thin strip of metal designed to measure mechanical load by changing
resistance when stressed (stretched or compressed within its elastic limit).

• Strain gauge resistance changes are typically measured in a bridge circuit, to allow for pre-
cise measurement of the small resistance changes, and to provide compensation for resistance
variations due to temperature.

9.8 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.
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10.1 What is network analysis?

Generally speaking, network analysis is any structured technique used to mathematically analyze
a circuit (a “network” of interconnected components). Quite often the technician or engineer will
encounter circuits containing multiple sources of power or component configurations which defy
simplification by series/parallel analysis techniques. In those cases, he or she will be forced to use
other means. This chapter presents a few techniques useful in analyzing such complex circuits.
To illustrate how even a simple circuit can defy analysis by breakdown into series and parallel

portions, take start with this series-parallel circuit:

cccxxix
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R1 R3

R2
B1

To analyze the above circuit, one would first find the equivalent of R2 and R3 in parallel, then
add R1 in series to arrive at a total resistance. Then, taking the voltage of battery B1 with that total
circuit resistance, the total current could be calculated through the use of Ohm’s Law (I=E/R), then
that current figure used to calculate voltage drops in the circuit. All in all, a fairly simple procedure.
However, the addition of just one more battery could change all of that:

R1 R3

R2B1 B2

Resistors R2 and R3 are no longer in parallel with each other, because B2 has been inserted
into R3’s branch of the circuit. Upon closer inspection, it appears there are no two resistors in this
circuit directly in series or parallel with each other. This is the crux of our problem: in series-parallel
analysis, we started off by identifying sets of resistors that were directly in series or parallel with
each other, and then reduce them to single, equivalent resistances. If there are no resistors in a
simple series or parallel configuration with each other, then what can we do?
It should be clear that this seemingly simple circuit, with only three resistors, is impossible

to reduce as a combination of simple series and simple parallel sections: it is something different
altogether. However, this is not the only type of circuit defying series/parallel analysis:

R1 R2

R3

R4 R5

Here we have a bridge circuit, and for the sake of example we will suppose that it is not balanced
(ratio R1/R4 not equal to ratio R2/R5). If it were balanced, there would be zero current through
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R3, and it could be approached as a series/parallel combination circuit (R1−−R4 // R2−−R5).
However, any current through R3 makes a series/parallel analysis impossible. R1 is not in series
with R4 because there’s another path for electrons to flow through R3. Neither is R2 in series with
R5 for the same reason. Likewise, R1 is not in parallel with R2 because R3 is separating their bottom
leads. Neither is R4 in parallel with R5. Aaarrggghhhh!
Although it might not be apparent at this point, the heart of the problem is the existence of

multiple unknown quantities. At least in a series/parallel combination circuit, there was a way to
find total resistance and total voltage, leaving total current as a single unknown value to calculate
(and then that current was used to satisfy previously unknown variables in the reduction process
until the entire circuit could be analyzed). With these problems, more than one parameter (variable)
is unknown at the most basic level of circuit simplification.
With the two-battery circuit, there is no way to arrive at a value for “total resistance,” because

there are two sources of power to provide voltage and current (we would need two “total” resistances
in order to proceed with any Ohm’s Law calculations). With the unbalanced bridge circuit, there
is such a thing as total resistance across the one battery (paving the way for a calculation of total
current), but that total current immediately splits up into unknown proportions at each end of the
bridge, so no further Ohm’s Law calculations for voltage (E=IR) can be carried out.
So what can we do when we’re faced with multiple unknowns in a circuit? The answer is initially

found in a mathematical process known as simultaneous equations or systems of equations, whereby
multiple unknown variables are solved by relating them to each other in multiple equations. In a
scenario with only one unknown (such as every Ohm’s Law equation we’ve dealt with thus far),
there only needs to be a single equation to solve for the single unknown:

E I R= is unknown; are known( )E andI R

. . . or . . .

I =
E

R
( is unknown; and are known )I E R

. . . or . . .

I
=

E
R ( is unknown; and are known )R E I

However, when we’re solving for multiple unknown values, we need to have the same number of
equations as we have unknowns in order to reach a solution. There are several methods of solving
simultaneous equations, all rather intimidating and all too complex for explanation in this chapter.
However, many scientific and programmable calculators are able to solve for simultaneous unknowns,
so it is recommended to use such a calculator when first learning how to analyze these circuits.
This is not as scary as it may seem at first. Trust me!
Later on we’ll see that some clever people have found tricks to avoid having to use simultaneous

equations on these types of circuits. We call these tricks network theorems, and we will explore a
few later in this chapter.

• REVIEW:
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• Some circuit configurations (“networks”) cannot be solved by reduction according to se-
ries/parallel circuit rules, due to multiple unknown values.

• Mathematical techniques to solve for multiple unknowns (called “simultaneous equations” or
“systems”) can be applied to basic Laws of circuits to solve networks.

10.2 Branch current method

The first and most straightforward network analysis technique is called the Branch Current Method.
In this method, we assume directions of currents in a network, then write equations describing their
relationships to each other through Kirchhoff’s and Ohm’s Laws. Once we have one equation for
every unknown current, we can solve the simultaneous equations and determine all currents, and
therefore all voltage drops in the network.

Let’s use this circuit to illustrate the method:

28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω

B1 B2

The first step is to choose a node (junction of wires) in the circuit to use as a point of reference
for our unknown currents. I’ll choose the node joining the right of R1, the top of R2, and the left of
R3.

28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω

chosen node

B1 B2

At this node, guess which directions the three wires’ currents take, labeling the three currents
as I1, I2, and I3, respectively. Bear in mind that these directions of current are speculative at
this point. Fortunately, if it turns out that any of our guesses were wrong, we will know when
we mathematically solve for the currents (any “wrong” current directions will show up as negative
numbers in our solution).
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28 V 7 V2 Ω R2

R1 R3

4 Ω 1 ΩI1
I2

I3

+

-

+

-

B1 B2

Kirchhoff’s Current Law (KCL) tells us that the algebraic sum of currents entering and exiting a
node must equal zero, so we can relate these three currents (I1, I2, and I3) to each other in a single
equation. For the sake of convention, I’ll denote any current entering the node as positive in sign,
and any current exiting the node as negative in sign:

- I1 + I2 - I3 = 0

Kirchhoff’s Current Law (KCL)
applied to currents at node

The next step is to label all voltage drop polarities across resistors according to the assumed
directions of the currents. Remember that the “upstream” end of a resistor will always be negative,
and the “downstream” end of a resistor positive with respect to each other, since electrons are
negatively charged:

28 V 7 V2 Ω R2

R1 R3

4 Ω 1 ΩI1
I2

I3

+

-

+

-

+ +

+

- -

-
B1 B2

The battery polarities, of course, remain as they were according to their symbology (short end
negative, long end positive). It is OK if the polarity of a resistor’s voltage drop doesn’t match with
the polarity of the nearest battery, so long as the resistor voltage polarity is correctly based on the
assumed direction of current through it. In some cases we may discover that current will be forced
backwards through a battery, causing this very effect. The important thing to remember here is to
base all your resistor polarities and subsequent calculations on the directions of current(s) initially
assumed. As stated earlier, if your assumption happens to be incorrect, it will be apparent once
the equations have been solved (by means of a negative solution). The magnitude of the solution,
however, will still be correct.

Kirchhoff’s Voltage Law (KVL) tells us that the algebraic sum of all voltages in a loop must
equal zero, so we can create more equations with current terms (I1, I2, and I3) for our simultaneous
equations. To obtain a KVL equation, we must tally voltage drops in a loop of the circuit, as though
we were measuring with a real voltmeter. I’ll choose to trace the left loop of this circuit first, starting
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from the upper-left corner and moving counter-clockwise (the choice of starting points and directions
is arbitrary). The result will look like this:

28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-
V

red

black

Voltmeter indicates: -28 V

28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-V
redblack

Voltmeter indicates: 0 V

28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-
V

red

black

Voltmeter indicates: a positive voltage

+ ER2
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28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-

Vred black

Voltmeter indicates: a positive voltage

+ ER2

Having completed our trace of the left loop, we add these voltage indications together for a sum
of zero:

Kirchhoff’s Voltage Law (KVL)
applied to voltage drops in left loop

- 28 + 0 + ER2 + ER1 = 0

Of course, we don’t yet know what the voltage is across R1 or R2, so we can’t insert those values
into the equation as numerical figures at this point. However, we do know that all three voltages
must algebraically add to zero, so the equation is true. We can go a step further and express
the unknown voltages as the product of the corresponding unknown currents (I1 and I2) and their
respective resistors, following Ohm’s Law (E=IR), as well as eliminate the 0 term:

- 28 + ER2 + ER1 = 0

- 28 + I2R2 + I1R1 = 0

Ohm’s Law: E = IR

. . . Substituting IR for E in the KVL equation . . .

Since we know what the values of all the resistors are in ohms, we can just substitute those
figures into the equation to simplify things a bit:

- 28 + 2I2 + 4I1 = 0

You might be wondering why we went through all the trouble of manipulating this equation from
its initial form (-28 + ER2 + ER1). After all, the last two terms are still unknown, so what advantage
is there to expressing them in terms of unknown voltages or as unknown currents (multiplied by
resistances)? The purpose in doing this is to get the KVL equation expressed using the same
unknown variables as the KCL equation, for this is a necessary requirement for any simultaneous
equation solution method. To solve for three unknown currents (I1, I2, and I3), we must have three
equations relating these three currents (not voltages!) together.

Applying the same steps to the right loop of the circuit (starting at the chosen node and moving
counter-clockwise), we get another KVL equation:
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28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-
V

red

black

Voltmeter indicates: a negative voltage
- ER2

28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

- V
redblack

Voltmeter indicates: 0 V

28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-
V

red

black

Voltmeter indicates: + 7 V
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28 V 7 VR2

R1 R3

+

-

+

-

+ +

+

- -

-

Vred black

Voltmeter indicates: a negative voltage

- ER3

Kirchhoff’s Voltage Law (KVL)
applied to voltage drops in right loop

- ER2 + 0 + 7 - ER3 = 0

Knowing now that the voltage across each resistor can be and should be expressed as the product
of the corresponding current and the (known) resistance of each resistor, we can re-write the equation
as such:

- 2I2 + 7 - 1I3 = 0

Now we have a mathematical system of three equations (one KCL equation and two KVL equa-
tions) and three unknowns:

- 2I2 + 7 - 1I3 = 0

- 28 + 2I2 + 4I1 = 0

- I1 + I2 - I3 = 0 Kirchhoff’s Current Law

Kirchhoff’s Voltage Law

Kirchhoff’s Voltage Law

For some methods of solution (especially any method involving a calculator), it is helpful to
express each unknown term in each equation, with any constant value to the right of the equal sign,
and with any “unity” terms expressed with an explicit coefficient of 1. Re-writing the equations
again, we have:

Kirchhoff’s Current Law

Kirchhoff’s Voltage Law

Kirchhoff’s Voltage Law

- 1I1 + 1I2 - 1I3 = 0

4I1 + 2I2 + 0I3 = 28

0I1 - 2I2 - 1I3 = -7

All three variables represented
in all three equations

Using whatever solution techniques are available to us, we should arrive at a solution for the
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three unknown current values:

Solutions:

I1 = 5 A

I2 = 4 A

I3 = -1 A

So, I1 is 5 amps, I2 is 4 amps, and I3 is a negative 1 amp. But what does “negative” current
mean? In this case, it means that our assumed direction for I3 was opposite of its real direction.
Going back to our original circuit, we can re-draw the current arrow for I3 (and re-draw the polarity
of R3’s voltage drop to match):

28 V 7 V
2 Ω
R2

R1 R3

4 Ω 1 ΩI1

I2

I3

+

-

+

-

+ +

+

- -

-

5 A 1 A

4 A
B1 B2

Notice how current is being pushed backwards through battery 2 (electrons flowing “up”) due
to the higher voltage of battery 1 (whose current is pointed “down” as it normally would)! Despite
the fact that battery B2’s polarity is trying to push electrons down in that branch of the circuit,
electrons are being forced backwards through it due to the superior voltage of battery B1. Does
this mean that the stronger battery will always “win” and the weaker battery always get current
forced through it backwards? No! It actually depends on both the batteries’ relative voltages and
the resistor values in the circuit. The only sure way to determine what’s going on is to take the time
to mathematically analyze the network.

Now that we know the magnitude of all currents in this circuit, we can calculate voltage drops
across all resistors with Ohm’s Law (E=IR):

ER1 = I1R1 = (5 A)(4 Ω) = 20 V

ER2 = I2R2 = (4 A)(2 Ω) = 8 V

ER3 = I3R3 = (1 A)(1 Ω) = 1 V

Let us now analyze this network using SPICE to verify our voltage figures.[2] We could analyze
current as well with SPICE, but since that requires the insertion of extra components into the circuit,
and because we know that if the voltages are all the same and all the resistances are the same, the
currents must all be the same, I’ll opt for the less complex analysis. Here’s a re-drawing of our
circuit, complete with node numbers for SPICE to reference:
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28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω
1 2 3

0 0 0

B1 B2

network analysis example

v1 1 0

v2 3 0 dc 7

r1 1 2 4

r2 2 0 2

r3 2 3 1

.dc v1 28 28 1

.print dc v(1,2) v(2,0) v(2,3)

.end

v1 v(1,2) v(2) v(2,3)

2.800E+01 2.000E+01 8.000E+00 1.000E+00

Sure enough, the voltage figures all turn out to be the same: 20 volts across R1 (nodes 1 and 2),
8 volts across R2 (nodes 2 and 0), and 1 volt across R3 (nodes 2 and 3). Take note of the signs of
all these voltage figures: they’re all positive values! SPICE bases its polarities on the order in which
nodes are listed, the first node being positive and the second node negative. For example, a figure
of positive (+) 20 volts between nodes 1 and 2 means that node 1 is positive with respect to node
2. If the figure had come out negative in the SPICE analysis, we would have known that our actual
polarity was “backwards” (node 1 negative with respect to node 2). Checking the node orders in
the SPICE listing, we can see that the polarities all match what we determined through the Branch
Current method of analysis.

• REVIEW:

• Steps to follow for the “Branch Current” method of analysis:

• (1) Choose a node and assume directions of currents.

• (2) Write a KCL equation relating currents at the node.

• (3) Label resistor voltage drop polarities based on assumed currents.

• (4) Write KVL equations for each loop of the circuit, substituting the product IR for E in each
resistor term of the equations.



cccxl CHAPTER 10. DC NETWORK ANALYSIS

• (5) Solve for unknown branch currents (simultaneous equations).

• (6) If any solution is negative, then the assumed direction of current for that solution is wrong!

• (7) Solve for voltage drops across all resistors (E=IR).

10.3 Mesh current method

The Mesh Current Method, also known as the Loop Current Method, is quite similar to the Branch
Current method in that it uses simultaneous equations, Kirchhoff’s Voltage Law, and Ohm’s Law
to determine unknown currents in a network. It differs from the Branch Current method in that it
does not use Kirchhoff’s Current Law, and it is usually able to solve a circuit with less unknown
variables and less simultaneous equations, which is especially nice if you’re forced to solve without
a calculator.

10.3.1 Mesh Current, conventional method

Let’s see how this method works on the same example problem:

28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω

B1 B2

The first step in the Mesh Current method is to identify “loops” within the circuit encompassing
all components. In our example circuit, the loop formed by B1, R1, and R2 will be the first while
the loop formed by B2, R2, and R3 will be the second. The strangest part of the Mesh Current
method is envisioning circulating currents in each of the loops. In fact, this method gets its name
from the idea of these currents meshing together between loops like sets of spinning gears:

R2

R1 R3

I1 I2B1 B2

The choice of each current’s direction is entirely arbitrary, just as in the Branch Current method,
but the resulting equations are easier to solve if the currents are going the same direction through
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intersecting components (note how currents I1 and I2 are both going “up” through resistor R2, where
they “mesh,” or intersect). If the assumed direction of a mesh current is wrong, the answer for that
current will have a negative value.

The next step is to label all voltage drop polarities across resistors according to the assumed
directions of the mesh currents. Remember that the “upstream” end of a resistor will always be
negative, and the “downstream” end of a resistor positive with respect to each other, since electrons
are negatively charged. The battery polarities, of course, are dictated by their symbol orientations in
the diagram, and may or may not “agree” with the resistor polarities (assumed current directions):

28 V 7 V
2 Ω

R2

R1 R3

4 Ω 1 Ω

I1 I2

+

-

+

-

+ +- -

-

+
B1 B2

Using Kirchhoff’s Voltage Law, we can now step around each of these loops, generating equations
representative of the component voltage drops and polarities. As with the Branch Current method,
we will denote a resistor’s voltage drop as the product of the resistance (in ohms) and its respective
mesh current (that quantity being unknown at this point). Where two currents mesh together, we
will write that term in the equation with resistor current being the sum of the two meshing currents.

Tracing the left loop of the circuit, starting from the upper-left corner and moving counter-
clockwise (the choice of starting points and directions is ultimately irrelevant), counting polarity as
if we had a voltmeter in hand, red lead on the point ahead and black lead on the point behind, we
get this equation:

- 28 + 2(I1 + I2) + 4I1 = 0

Notice that the middle term of the equation uses the sum of mesh currents I1 and I2 as the
current through resistor R2. This is because mesh currents I1 and I2 are going the same direction
through R2, and thus complement each other. Distributing the coefficient of 2 to the I1 and I2 terms,
and then combining I1 terms in the equation, we can simplify as such:

- 28 + 2(I1 + I2) + 4I1 = 0 Original form of equation

. . . distributing to terms within parentheses . . .

. . . combining like terms . . .

- 28 + 6I1 + 2I2 = 0

- 28 + 2I1 + 2I2 + 4I1 = 0

Simplified form of equation

At this time we have one equation with two unknowns. To be able to solve for two unknown
mesh currents, we must have two equations. If we trace the other loop of the circuit, we can obtain
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another KVL equation and have enough data to solve for the two currents. Creature of habit that
I am, I’ll start at the upper-left hand corner of the right loop and trace counter-clockwise:

- 2(I1 + I2) + 7 - 1I2 = 0

Simplifying the equation as before, we end up with:

- 2I1 - 3I2 + 7 = 0

Now, with two equations, we can use one of several methods to mathematically solve for the
unknown currents I1 and I2:

- 2I1 - 3I2 + 7 = 0

- 28 + 6I1 + 2I2 = 0

6I1 + 2I2 = 28

-2I1 - 3I2 = -7

. . . rearranging equations for easier solution . . .

Solutions:
I1 = 5 A

I2 = -1 A

Knowing that these solutions are values for mesh currents, not branch currents, we must go back
to our diagram to see how they fit together to give currents through all components:

28 V 7 V
2 Ω

R2

R1 R3

4 Ω 1 Ω

I1 I2

+

-

+

-

+ +- -

-

+

5 A -1 A

B1 B2

The solution of -1 amp for I2 means that our initially assumed direction of current was incorrect.
In actuality, I2 is flowing in a counter-clockwise direction at a value of (positive) 1 amp:
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28 V 7 V
2 Ω

R2

R1 R3

4 Ω 1 Ω

I1 I2

+

-

+

-

+ +- -

-

+

5 A 1 A

B1 B2

This change of current direction from what was first assumed will alter the polarity of the voltage
drops across R2 and R3 due to current I2. From here, we can say that the current through R1 is 5
amps, with the voltage drop across R1 being the product of current and resistance (E=IR), 20 volts
(positive on the left and negative on the right). Also, we can safely say that the current through R3

is 1 amp, with a voltage drop of 1 volt (E=IR), positive on the left and negative on the right. But
what is happening at R2?
Mesh current I1 is going “up” through R2, while mesh current I2 is going “down” through R2.

To determine the actual current through R2, we must see how mesh currents I1 and I2 interact (in
this case they’re in opposition), and algebraically add them to arrive at a final value. Since I1 is
going “up” at 5 amps, and I2 is going “down” at 1 amp, the real current through R2 must be a
value of 4 amps, going “up:”

28 V 7 V
2 Ω
R2

R1 R3

4 Ω 1 ΩI1 I2

+

-

+

-

+ +- -

-

+

5 A 1 A

I1 - I2

4 A
B1 B2

A current of 4 amps through R2’s resistance of 2 Ω gives us a voltage drop of 8 volts (E=IR),
positive on the top and negative on the bottom.
The primary advantage of Mesh Current analysis is that it generally allows for the solution of a

large network with fewer unknown values and fewer simultaneous equations. Our example problem
took three equations to solve the Branch Current method and only two equations using the Mesh
Current method. This advantage is much greater as networks increase in complexity:

R1

R2

R3

R4

R5

B1 B2
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To solve this network using Branch Currents, we’d have to establish five variables to account for
each and every unique current in the circuit (I1 through I5). This would require five equations for
solution, in the form of two KCL equations and three KVL equations (two equations for KCL at the
nodes, and three equations for KVL in each loop):

R1

R2

R3

R4

R5

node 1 node 2

I1

I2

I3

I4

I5+

-

+

-

+ - + - +-

+

-

+

-

B1 B2

- I1 + I2 + I3 = 0 Kirchhoff’s Current Law at node 1

- I3 + I4 - I5 = 0 Kirchhoff’s Current Law at node 2

- EB1 + I2R2 + I1R1 = 0 Kirchhoff’s Voltage Law in left loop

- I2R2 + I4R4 + I3R3 = 0 Kirchhoff’s Voltage Law in middle loop

- I4R4 + EB2 - I5R5 = 0 Kirchhoff’s Voltage Law in right loop

I suppose if you have nothing better to do with your time than to solve for five unknown variables
with five equations, you might not mind using the Branch Current method of analysis for this circuit.
For those of us who have better things to do with our time, the Mesh Current method is a whole
lot easier, requiring only three unknowns and three equations to solve:

R1

R2

R3

R4

R5

I1 I2 I3

+

-

+

-

+ -

+

- +

-

+- -+

B1 B2
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- EB1 + R2(I1 + I2) + I1R1 = 0

- R2(I2 + I1) - R4(I2 + I3) - I2R3 = 0

R4(I3 + I2) + EB2 + I3R5 = 0

Kirchhoff’s Voltage Law

Kirchhoff’s Voltage Law

Kirchhoff’s Voltage Law

in left loop

in middle loop

in right loop

Less equations to work with is a decided advantage, especially when performing simultaneous
equation solution by hand (without a calculator).

Another type of circuit that lends itself well to Mesh Current is the unbalanced Wheatstone
Bridge. Take this circuit, for example:

R1 R2

R3

R4 R5

24 V

+

- 100 Ω

300 Ω 250 Ω

150 Ω 50 Ω

Since the ratios of R1/R4 and R2/R5 are unequal, we know that there will be voltage across
resistor R3, and some amount of current through it. As discussed at the beginning of this chapter,
this type of circuit is irreducible by normal series-parallel analysis, and may only be analyzed by
some other method.

We could apply the Branch Current method to this circuit, but it would require six currents (I1
through I6), leading to a very large set of simultaneous equations to solve. Using the Mesh Current
method, though, we may solve for all currents and voltages with much fewer variables.

The first step in the Mesh Current method is to draw just enough mesh currents to account for
all components in the circuit. Looking at our bridge circuit, it should be obvious where to place two
of these currents:
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R1 R2

R3

R4 R5

24 V

+

- 100 Ω

300 Ω 250 Ω

150 Ω 50 ΩI1

I2

The directions of these mesh currents, of course, is arbitrary. However, two mesh currents is not
enough in this circuit, because neither I1 nor I2 goes through the battery. So, we must add a third
mesh current, I3:

R1 R2

R3

R4 R5

24 V

+

- 100 Ω

300 Ω 250 Ω

150 Ω 50 ΩI1

I2

I3

Here, I have chosen I3 to loop from the bottom side of the battery, through R4, through R1, and
back to the top side of the battery. This is not the only path I could have chosen for I3, but it seems
the simplest.

Now, we must label the resistor voltage drop polarities, following each of the assumed currents’
directions:
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R1 R2

R3

R4 R5

24 V

+

- 100 Ω

300 Ω 250 Ω

150 Ω 50 ΩI1

I2

I3

+

-

-

+

+

-
-

+

+

-

-+
+ -

+

-

Notice something very important here: at resistor R4, the polarities for the respective mesh
currents do not agree. This is because those mesh currents (I2 and I3) are going through R4 in
different directions. This does not preclude the use of the Mesh Current method of analysis, but
it does complicate it a bit. Though later, we will show how to avoid the R4 current clash. (See
Example below)

Generating a KVL equation for the top loop of the bridge, starting from the top node and tracing
in a clockwise direction:

50I1 + 100(I1 + I2) + 150(I1 + I3) = 0 Original form of equation

. . . distributing to terms within parentheses . . .

50I1 + 100I1 + 100I2 + 150I1 + 150I3 = 0

. . . combining like terms . . .

300I1 + 100I2 + 150I3 = 0 Simplified form of equation

In this equation, we represent the common directions of currents by their sums through common
resistors. For example, resistor R3, with a value of 100 Ω, has its voltage drop represented in the
above KVL equation by the expression 100(I1 + I2), since both currents I1 and I2 go through R3

from right to left. The same may be said for resistor R1, with its voltage drop expression shown
as 150(I1 + I3), since both I1 and I3 go from bottom to top through that resistor, and thus work
together to generate its voltage drop.

Generating a KVL equation for the bottom loop of the bridge will not be so easy, since we have
two currents going against each other through resistor R4. Here is how I do it (starting at the
right-hand node, and tracing counter-clockwise):
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Original form of equation

. . . distributing to terms within parentheses . . .

. . . combining like terms . . .

Simplified form of equation

100(I1 + I2) + 300(I2 - I3) + 250I2 = 0

100I1 + 100I2 + 300I2 - 300I3 + 250I2 = 0

100I1 + 650I2 - 300I3 = 0

Note how the second term in the equation’s original form has resistor R4’s value of 300 Ω
multiplied by the difference between I2 and I3 (I2 - I3). This is how we represent the combined
effect of two mesh currents going in opposite directions through the same component. Choosing the
appropriate mathematical signs is very important here: 300(I2 - I3) does not mean the same thing
as 300(I3 - I2). I chose to write 300(I2 - I3) because I was thinking first of I2’s effect (creating a
positive voltage drop, measuring with an imaginary voltmeter across R4, red lead on the bottom
and black lead on the top), and secondarily of I3’s effect (creating a negative voltage drop, red lead
on the bottom and black lead on the top). If I had thought in terms of I3’s effect first and I2’s effect
secondarily, holding my imaginary voltmeter leads in the same positions (red on bottom and black
on top), the expression would have been -300(I3 - I2). Note that this expression is mathematically
equivalent to the first one: +300(I2 - I3).

Well, that takes care of two equations, but I still need a third equation to complete my simul-
taneous equation set of three variables, three equations. This third equation must also include the
battery’s voltage, which up to this point does not appear in either two of the previous KVL equa-
tions. To generate this equation, I will trace a loop again with my imaginary voltmeter starting from
the battery’s bottom (negative) terminal, stepping clockwise (again, the direction in which I step is
arbitrary, and does not need to be the same as the direction of the mesh current in that loop):

Original form of equation

. . . distributing to terms within parentheses . . .

. . . combining like terms . . .

Simplified form of equation

24 - 150(I3 + I1) - 300(I3 - I2) = 0

24 - 150I3 - 150I1 - 300I3 + 300I2 = 0

-150I1 + 300I2 - 450I3 = -24

Solving for I1, I2, and I3 using whatever simultaneous equation method we prefer:
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-150I1 + 300I2 - 450I3 = -24

100I1 + 650I2 - 300I3 = 0

300I1 + 100I2 + 150I3 = 0

Solutions:

I1 = -93.793 mA

I2 = 77.241 mA

I3 = 136.092 mA

Example:

Use Octave to find the solution for I1, I2, and I3 from the above simplified form of equations. [4]

Solution:

In Octave, an open source Matlab R© clone, enter the coefficients into the A matrix between
square brackets with column elements comma separated, and rows semicolon separated.[4] Enter
the voltages into the column vector: b. The unknown currents: I1, I2, and I3 are calculated by the
command: x=A\b. These are contained within the x column vector.

octave:1>A = [300,100,150;100,650,-300;-150,300,-450]

A =

300 100 150

100 650 -300

-150 300 -450

octave:2> b = [0;0;-24]

b =

0

0

-24

octave:3> x = A\b
x =

-0.093793

0.077241

0.136092

The negative value arrived at for I1 tells us that the assumed direction for that mesh current
was incorrect. Thus, the actual current values through each resistor is as such:
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I1

I2

I3

IR1 IR2

IR3

IR4 IR5

IR2 = I1 = 93.793 mA
IR1 = I3 - I1 = 136.092 mA - 93.793 mA = 42.299 mA

IR3 = I1 - I2 = 93.793 mA - 77.241 mA = 16.552 mA
IR4 = I3 - I2 = 136.092 mA - 77.241 mA = 58.851 mA

I3 > I1 > I2

IR5 = I2 = 77.241 mA

Calculating voltage drops across each resistor:

IR1 IR2

IR3

IR4 IR5

50 Ω150 Ω

100 Ω
24 V

300 Ω 250 Ω

+

-

+ +

+ +

- -

--

- +

ER1 = IR1R1 = (42.299 mA)(150 Ω) = 6.3448 V
ER2 = IR2R2 = (93.793 mA)(50 Ω) = 4.6897 V
ER3 = IR3R3 = (16.552 mA)(100 Ω) = 1.6552 V
ER4 = IR4R4 = (58.851 mA)(300 Ω) = 17.6552 V
ER5 = IR5R5 = (77.241 mA)(250 Ω) = 19.3103 V

A SPICE simulation confirms the accuracy of our voltage calculations:[2]
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R1 R2

R3

R4 R5

24 V

+

- 100 Ω

300 Ω 250 Ω

150 Ω 50 Ω

1 1

0 0

2 3

unbalanced wheatstone bridge

v1 1 0

r1 1 2 150

r2 1 3 50

r3 2 3 100

r4 2 0 300

r5 3 0 250

.dc v1 24 24 1

.print dc v(1,2) v(1,3) v(3,2) v(2,0) v(3,0)

.end

v1 v(1,2) v(1,3) v(3,2) v(2) v(3)

2.400E+01 6.345E+00 4.690E+00 1.655E+00 1.766E+01 1.931E+01

Example:

(a) Find a new path for current I3 that does not produce a conflicting polarity on any resistor
compared to I1 or I2. R4 was the offending component. (b) Find values for I1, I2, and I3. (c) Find
the five resistor currents and compare to the previous values.

Solution: [3]

(a) Route I3 through R5, R3 and R1 as shown:
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R1

R2

R3

R4 R5

24 V
+

- 100 Ω

300 Ω 250 Ω

150 Ω
50 Ω

I1

I2

I3

-

+

+

-
-

+

+

-

-+
+ -

+

-
+

-

50I1 + 100(I1 + I2 + I3) + 150(I1 + I3) = 0

300I2 + 250(I2 + I3) + 100(I1 + I2 + I3) = 0

24 -250(I2 +I3) - 100(I1 +I2 +I3) - 150(I1+I3)=0

 300I1 + 100I2 + 250I3 = 0

 100I1 + 650I2 + 350I3 = 0

-250I1 - 350I2 - 500I3 = -24

Original form of equations

Simplified form of equations

Note that the conflicting polarity on R4 has been removed. Moreover, none of the other resistors
have conflicting polarities.
(b) Octave, an open source (free) matlab clone, yields a mesh current vector at “x”:[4]

octave:1> A = [300,100,250;100,650,350;-250,-350,-500]

A =

300 100 250

100 650 350

-250 -350 -500

octave:2> b = [0;0;-24]

b =

0

0

-24

octave:3> x = A\b
x =

-0.093793

-0.058851

0.136092

Not all currents I1, I2, and I3 are the same (I2) as the previous bridge because of different loop
paths However, the resistor currents compare to the previous values:

IR1 = I1 + I3 = -93.793 ma + 136.092 ma = 42.299 ma

IR2 = I1 = -93.793 ma

IR3 = I1 + I2 + I3 = -93.793 ma -58.851 ma + 136.092 ma = -16.552 ma

IR4 = I2 = -58.851 ma

IR5 = I2 + I3 = -58.851 ma + 136.092 ma = 77.241 ma

Since the resistor currents are the same as the previous values, the resistor voltages will be
identical and need not be calculated again.

• REVIEW:

• Steps to follow for the “Mesh Current” method of analysis:

• (1) Draw mesh currents in loops of circuit, enough to account for all components.
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• (2) Label resistor voltage drop polarities based on assumed directions of mesh currents.

• (3) Write KVL equations for each loop of the circuit, substituting the product IR for E in
each resistor term of the equation. Where two mesh currents intersect through a component,
express the current as the algebraic sum of those two mesh currents (i.e. I1 + I2) if the currents
go in the same direction through that component. If not, express the current as the difference
(i.e. I1 - I2).

• (4) Solve for unknown mesh currents (simultaneous equations).

• (5) If any solution is negative, then the assumed current direction is wrong!

• (6) Algebraically add mesh currents to find current in components sharing multiple mesh
currents.

• (7) Solve for voltage drops across all resistors (E=IR).

10.3.2 Mesh current by inspection

We take a second look at the “mesh current method” with all the currents runing counterclockwise
(ccw). The motivation is to simplify the writing of mesh equations by ignoring the resistor voltage
drop polarity. Though, we must pay attention to the polarity of voltage sources with respect to
assumed current direction. The sign of the resistor voltage drops will be according to a fixed
pattern.

If we write a set of conventional mesh current equations for the circuit below, where we do pay
attention to the signs of the voltage drop across the resistors, we may rearrange the coefficients into
a fixed pattern:

2 Ω
R2

R1 R3

I1 I2

+

- +

-

B1 B2

 (I1 - I2)R2 + I1R1 -B1 = 0

I2R3 - (I1 -I2)R2 -B2 = 0 

Mesh equations

-

-

-

- +

+

+

+

 (R1 + R2)I1           -R2I2  = B1

-R2I1  + (R2 + R3)I2  = B2

Simplified

Once rearranged, we may write equations by inspection. The signs of the coefficients follow a
fixed pattern in the pair above, or the set of three in the rules below.

• Mesh current rules:

• This method assumes electron flow (not conventional current flow) voltage sources. Replace
any current source in parallel with a resistor with an equivalent voltage source in series with
an equivalent resistance.

• Ignoring current direction or voltage polarity on resistors, draw counterclockwise current loops
traversing all components. Avoid nested loops.
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• Write voltage-law equations in terms of unknown currents currents: I1, I2, and I3. Equaton
1 coefficient 1, equation 2, coefficient 2, and equation 3 coefficient 3 are the positive sums of
resistors around the respective loops.

• All other coefficients are negative, representative of the resistance common to a pair of loops.
Equation 1 coefficent 2 is the resistor common to loops 1 and 2, coefficient 3 the resistor
common to loops 1 an 3. Repeat for other equations and coefficients.

+(sum of R’s loop 1)I1 - (common R loop 1-2)I2 - (common R loop 1-3)I3 = E1

-(common R loop 1-2)I1 + (sum of R’s loop 2)I2 - (common R loop 2-3)I3 = E2

-(common R loop 1-3)I1 - (common R loop 2-3)I2 + (sum of R’s loop 3)I3 = E3

• The right hand side of the equations is equal to any electron current flow voltage source. A
voltage rise with respect to the counterclockwise assumed current is positive, and 0 for no
voltage source.

• Solve equations for mesh currents:I1, I2, and I3 . Solve for currents through individual resistors
with KCL. Solve for voltages with Ohms Law and KVL.

While the above rules are specific for a three mesh circuit, the rules may be extended to smaller
or larger meshes. The figure below illustrates the application of the rules. The three currents are all
drawn in the same direction, counterclockwise. One KVL equation is written for each of the three
loops. Note that there is no polarity drawn on the resistors. We do not need it to determine the
signs of the coefficients. Though we do need to pay attention to the polarity of the voltage source
with respect to current direction. The I3counterclockwise current traverses the 24V source from (+)
to (-). This is a voltage rise for electron current flow. Therefore, the third equation right hand side
is +24V.

R1 R2

R3

R4 R5

24 V
+

-

100 Ω

300 Ω 250 Ω

150 Ω 50 ΩI1

I2

I3

+(150+50+100)I1                 - (100)I2        - (150)I3 =  0

-(100)I1 +(100+300+250)I2       - (300)I3 =  0

-(150)I1                - (300)I2 +(150+300)I3 =24

+(R1+R2+R3)I1              -(R3)I2         -(R1)I3  =  0

-R3)I1 +(R3+R4+R5)I2         -(R4)I3  =  0

 +(300)I1   -(100)I2   -(150)I3 =  0

 - (100)I1 + (650)I2    -(300)I3 =  0

 - (150)I1    -(300)I2   + (450)I3 =24

-(R1)I1               -(R4)I2  +(R1+R4)I3  =24

In Octave, enter the coefficients into the A matrix with column elements comma separated, and
rows semicolon separated. Enter the voltages into the column vector b. Solve for the unknown
currents: I1, I2, and I3 with the command: x=A\b. These currents are contained within the x
column vector. The positive values indicate that the three mesh currents all flow in the assumed
counterclockwise direction.

octave:2> A=[300,-100,-150;-100,650,-300;-150,-300,450]

A =

300 -100 -150

-100 650 -300

-150 -300 450

octave:3> b=[0;0;24]
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b =

0

0

24

octave:4> x=A\b
x =

0.093793

0.077241

0.136092

The mesh currents match the previous solution by a different mesh current method.. The calcu-
lation of resistor voltages and currents will be identical to the previous solution. No need to repeat
here.

Note that electrical engineering texts are based on conventional current flow. The loop-current,
mesh-current method in those text will run the assumed mesh currents clockwise.[1] The conven-
tional current flows out the (+) terminal of the battery through the circuit, returning to the (-)
terminal. A conventional current voltage rise corresponds to tracing the assumed current from (-)
to (+) through any voltage sources.

One more example of a previous circuit follows. The resistance around loop 1 is 6 Ω, around
loop 2: 3 Ω. The resistance common to both loops is 2 Ω. Note the coefficients of I1 and I2 in the
pair of equations. Tracing the assumed counterclockwise loop 1 current through B1 from (+) to (-)
corresponds to an electron current flow voltage rise. Thus, the sign of the 28 V is positive. The loop
2 counter clockwise assumed current traces (-) to (+) through B2, a voltage drop. Thus, the sign
of B2 is negative, -7 in the 2nd mesh equation. Once again, there are no polarity markings on the
resistors. Nor do they figure into the equations.

28 V 7 V
2 Ω

R2

R1 R3

4 Ω 1 Ω

I1 I2

+

-

+

-

B1 B2

 6I1 - 2I2 = 28

-2I1 + 3I2 = -7

 6I1 - 2I2 = 28

-6I1 + 9I2 = -21

 7I2 = 7

 I2 = 1

 6I1 - 2I2 = 28

 6I1 - 2(1) = 28

 6I1  = 30

 I1  = 5

Mesh equations

The currents I1 = 5 A, and I2 = 1 A are both positive. They both flow in the direction of the
counterclockwise loops. This compares with previous results.

• Summary:

• The modified mesh-current method avoids having to determine the signs of the equation coef-
ficients by drawing all mesh currents counterclockwise for electron current flow.

• However, we do need to determine the sign of any voltage sources in the loop. The voltage
source is positive if the assumed ccw current flows with the battery (source). The sign is
negative if the assumed ccw current flows against the battery.

• See rules above for details.



ccclvi CHAPTER 10. DC NETWORK ANALYSIS

10.4 Node voltage method

The node voltage method of analysis solves for unknown voltages at circuit nodes in terms of a system
of KCL equations. This analysis looks strange because it involves replacing voltage sources with
equivalent current sources. Also, resistor values in ohms are replaced by equivalent conductances in
siemens, G = 1/R. The siemens (S) is the unit of conductance, having replaced the mho unit. In
any event S = Ω−1. And S = mho (obsolete).

We start with a circuit having conventional voltage sources. A common node E0 is chosen as a
reference point. The node voltages E1 and E2 are calculated with respect to this point.

R1

R2

R3

R4

R5

+

- +

-
B1 B2

4Ω

2Ω 1Ω

5Ω

2.5 Ω

10V −4V

E1 E2

E0

11 1 2 22

0

A voltage source in series with a resistance must be replaced by an equivalent current source in
parallel with the resistance. We will write KCL equations for each node. The right hand side of the
equation is the value of the current source feeding the node.

+

-

B1

10V

+

-

I1

5A

2Ω

R1

2Ω
R1

I1 = B1/R1 =10/2= 5A

(a) (b)

Replacing voltage sources and associated series resistors with equivalent current sources and par-
allel resistors yields the modified circuit. Substitute resistor conductances in siemens for resistance
in ohms.

I1 = E1/R1 = 10/2 = 5 A

I2 = E2/R5 = 4/1 = 4 A

G1 = 1/R1 = 1/2 Ω = 0.5 S

G2 = 1/R2 = 1/4 Ω = 0.25 S

G3 = 1/R3 = 1/2.5 Ω = 0.4 S

G4 = 1/R4 = 1/5 Ω = 0.2 S

G5 = 1/R5 = 1/1 Ω = 1.0 S
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G1
G2

G3

G4 G5

+

- +

-
I1 I2

5A 4Α

E1 E2

0.5 S

0.4 S

1S0.2 S
0.25 S

E0

GA GB

The Parallel conductances (resistors) may be combined by addition of the conductances. Though,
we will not redraw the circuit. The circuit is ready for application of the node voltage method.

GA = G1 + G2 = 0.5 S + 0.25 S = 0.75 S

GB = G4 + G5 = 0.2 S + 1 S = 1.2 S

Deriving a general node voltage method, we write a pair of KCL equations in terms of unknown
node voltages V1 and V2 this one time. We do this to illustrate a pattern for writing equations by
inspection.

GAE1 + G3(E1 - E2) = I1 (1)

GBE2 - G3(E1 - E2) = I2 (2)

(GA + G3 )E1 -G3E2 = I1 (1)

-G3E1 + (GB + G3)E2 = I2 (2)

The coefficients of the last pair of equations above have been rearranged to show a pattern. The
sum of conductances connected to the first node is the positive coefficient of the first voltage in
equation (1). The sum of conductances connected to the second node is the positive coefficient of
the second voltage in equation (2). The other coefficients are negative, representing conductances
between nodes. For both equations, the right hand side is equal to the respective current source
connected to the node. This pattern allows us to quickly write the equations by inspection. This
leads to a set of rules for the node voltage method of analysis.

• Node voltage rules:

• Convert voltage sources in series with a resistor to an equivalent current source with the resistor
in parallel.

• Change resistor values to conductances.

• Select a reference node(E0)

• Assign unknown voltages (E1)(E2) ... (EN )to remaining nodes.

• Write a KCL equation for each node 1,2, ... N. The positive coefficient of the first voltage
in the first equation is the sum of conductances connected to the node. The coefficient for
the second voltage in the second equation is the sum of conductances connected to that node.
Repeat for coefficient of third voltage, third equation, and other equations. These coefficients
fall on a diagonal.

• All other coefficients for all equations are negative, representing conductances between nodes.
The first equation, second coefficient is the conductance from node 1 to node 2, the third
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coefficient is the conductance from node 1 to node 3. Fill in negative coefficients for other
equations.

• The right hand side of the equations is the current source connected to the respective nodes.

• Solve system of equations for unknown node voltages.

Example: Set up the equations and solve for the node voltages using the numerical values in
the above figure.

Solution:

(0.5+0.25+0.4)E1 -(0.4)E2= 5

-(0.4)E1 +(0.4+0.2+1.0)E2 = -4

(1.15)E1 -(0.4)E2= 5

-(0.4)E1 +(1.6)E2 = -4

E1 = 3.8095

E2 = -1.5476

The solution of two equations can be performed with a calculator, or with octave (not shown).[4]
The solution is verified with SPICE based on the original schematic diagram with voltage sources.
[2] Though, the circuit with the current sources could have been simulated.

V1 11 0 DC 10

V2 22 0 DC -4

r1 11 1 2

r2 1 0 4

r3 1 2 2.5

r4 2 0 5

r5 2 22 1

.DC V1 10 10 1 V2 -4 -4 1

.print DC V(1) V(2)

.end

v(1) v(2)

3.809524e+00 -1.547619e+00

One more example. This one has three nodes. We do not list the conductances on the schematic
diagram. However, G1 = 1/R1, etc.
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R1 R2

R3

R4 R5

+

- 100 Ω

300 Ω 250 Ω

150 Ω 50 Ω
I=0.136092

E1

E2
E3

E0

There are three nodes to write equations for by inspection. Note that the coefficients are positive
for equation (1) E1, equation (2) E2, and equation (3) E3. These are the sums of all conductances
connected to the nodes. All other coefficients are negative, representing a conductance between
nodes. The right hand side of the equations is the associated current source, 0.136092 A for the only
current source at node 1. The other equations are zero on the right hand side for lack of current
sources. We are too lazy to calculate the conductances for the resistors on the diagram. Thus, the
subscripted G’s are the coefficients.

(G1 + G2)E1 -G1E2 -G2E3 = 0.136092

-G1E1 +(G1 + G3 + G4)E2 -G3E3 = 0

-G2E1 -G3E2 +(G2 + G3 + G5)E3 = 0

We are so lazy that we enter reciprocal resistances and sums of reciprocal resistances into the
octave “A” matrix, letting octave compute the matrix of conductances after “A=”.[4] The initial
entry line was so long that it was split into three rows. This is different than previous examples.
The entered “A” matrix is delineated by starting and ending square brackets. Column elements
are space separated. Rows are “new line” separated. Commas and semicolons are not need as
separators. Though, the current vector at “b” is semicolon separated to yield a column vector of
currents.

octave:12> A = [1/150+1/50 -1/150 -1/50

> -1/150 1/150+1/100+1/300 -1/100

> -1/50 -1/100 1/50+1/100+1/250]

A =

0.0266667 -0.0066667 -0.0200000

-0.0066667 0.0200000 -0.0100000

-0.0200000 -0.0100000 0.0340000

octave:13> b = [0.136092;0;0]

b =

0.13609

0.00000

0.00000

octave:14> x=A\b
x =
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24.000

17.655

19.310

Note that the “A” matrix diagonal coefficients are positive, That all other coefficients are nega-
tive.
The solution as a voltage vector is at “x”. E1 = 24.000 V, E2 = 17.655 V, E3 = 19.310 V. These

three voltages compare to the previous mesh current and SPICE solutions to the unbalanced bridge
problem. This is no coincidence, for the 0.13609 A current source was purposely chosen to yield the
24 V used as a voltage source in that problem.

• Summary

• Given a network of conductances and current sources, the node voltage method of circuit
analysis solves for unknown node voltages from KCL equations.

• See rules above for details in writing the equations by inspection.

• The unit of conductance G is the siemens S. Conductance is the reciprocal of resistance: G =
1/R

10.5 Introduction to network theorems

Anyone who’s studied geometry should be familiar with the concept of a theorem: a relatively
simple rule used to solve a problem, derived from a more intensive analysis using fundamental rules
of mathematics. At least hypothetically, any problem in math can be solved just by using the
simple rules of arithmetic (in fact, this is how modern digital computers carry out the most complex
mathematical calculations: by repeating many cycles of additions and subtractions!), but human
beings aren’t as consistent or as fast as a digital computer. We need “shortcut” methods in order
to avoid procedural errors.
In electric network analysis, the fundamental rules are Ohm’s Law and Kirchhoff’s Laws. While

these humble laws may be applied to analyze just about any circuit configuration (even if we have
to resort to complex algebra to handle multiple unknowns), there are some “shortcut” methods of
analysis to make the math easier for the average human.
As with any theorem of geometry or algebra, these network theorems are derived from funda-

mental rules. In this chapter, I’m not going to delve into the formal proofs of any of these theorems.
If you doubt their validity, you can always empirically test them by setting up example circuits and
calculating values using the “old” (simultaneous equation) methods versus the “new” theorems, to
see if the answers coincide. They always should!

10.6 Millman’s Theorem

In Millman’s Theorem, the circuit is re-drawn as a parallel network of branches, each branch con-
taining a resistor or series battery/resistor combination. Millman’s Theorem is applicable only to
those circuits which can be re-drawn accordingly. Here again is our example circuit used for the last
two analysis methods:
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28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω

B1 B2

And here is that same circuit, re-drawn for the sake of applying Millman’s Theorem:

+

-

+

-

R1

R2

R34 Ω

2 Ω

1 Ω

28 V 7 VB1 B3

By considering the supply voltage within each branch and the resistance within each branch,
Millman’s Theorem will tell us the voltage across all branches. Please note that I’ve labeled the
battery in the rightmost branch as “B3” to clearly denote it as being in the third branch, even
though there is no “B2” in the circuit!

Millman’s Theorem is nothing more than a long equation, applied to any circuit drawn as a set
of parallel-connected branches, each branch with its own voltage source and series resistance:

Millman’s Theorem Equation

EB1 

R1

+ +
EB2 EB3

R2 R3

1
+ +

R1 R2 R3

1 1
= Voltage across all branches

Substituting actual voltage and resistance figures from our example circuit for the variable terms
of this equation, we get the following expression:

28 V

4 Ω
+ +

0 V

2 Ω
7 V

1 Ω

1

4 Ω
+

2 Ω
+

1 Ω
1 1

= 8 V

The final answer of 8 volts is the voltage seen across all parallel branches, like this:
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+

-

+

-

+

-

R1

R2

R3

28 V 7 V

8 V

+

-
8 V

1 V
+

-
20 V
-

+

B1 B3

The polarity of all voltages in Millman’s Theorem are referenced to the same point. In the
example circuit above, I used the bottom wire of the parallel circuit as my reference point, and so
the voltages within each branch (28 for the R1 branch, 0 for the R2 branch, and 7 for the R3 branch)
were inserted into the equation as positive numbers. Likewise, when the answer came out to 8 volts
(positive), this meant that the top wire of the circuit was positive with respect to the bottom wire
(the original point of reference). If both batteries had been connected backwards (negative ends up
and positive ends down), the voltage for branch 1 would have been entered into the equation as a
-28 volts, the voltage for branch 3 as -7 volts, and the resulting answer of -8 volts would have told
us that the top wire was negative with respect to the bottom wire (our initial point of reference).

To solve for resistor voltage drops, the Millman voltage (across the parallel network) must be
compared against the voltage source within each branch, using the principle of voltages adding in
series to determine the magnitude and polarity of voltage across each resistor:

ER1 = 8 V - 28 V = -20 V  (negative on top)

ER2 = 8 V - 0 V = 8 V  (positive on top)

ER3 = 8 V - 7 V = 1 V  (positive on top)

To solve for branch currents, each resistor voltage drop can be divided by its respective resistance
(I=E/R):

IR1 = 
20 V

4 Ω
= 5 A

IR2 =
8 V

2 Ω
= 4 A

IR3 =
1 V

1 Ω
= 1 A

The direction of current through each resistor is determined by the polarity across each resistor,
not by the polarity across each battery, as current can be forced backwards through a battery, as is
the case with B3 in the example circuit. This is important to keep in mind, since Millman’s Theorem
doesn’t provide as direct an indication of “wrong” current direction as does the Branch Current or
Mesh Current methods. You must pay close attention to the polarities of resistor voltage drops as
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given by Kirchhoff’s Voltage Law, determining direction of currents from that.

+

-

+

-

+

-

+

- +

-

R1

R2

R3

28 V 7 V

8 V

20 V 1 V

IR3

IR2

IR1

5 A

4 A

1 A

B1 B3

Millman’s Theorem is very convenient for determining the voltage across a set of parallel branches,
where there are enough voltage sources present to preclude solution via regular series-parallel reduc-
tion method. It also is easy in the sense that it doesn’t require the use of simultaneous equations.
However, it is limited in that it only applied to circuits which can be re-drawn to fit this form.
It cannot be used, for example, to solve an unbalanced bridge circuit. And, even in cases where
Millman’s Theorem can be applied, the solution of individual resistor voltage drops can be a bit
daunting to some, the Millman’s Theorem equation only providing a single figure for branch voltage.

As you will see, each network analysis method has its own advantages and disadvantages. Each
method is a tool, and there is no tool that is perfect for all jobs. The skilled technician, however,
carries these methods in his or her mind like a mechanic carries a set of tools in his or her tool box.
The more tools you have equipped yourself with, the better prepared you will be for any eventuality.

• REVIEW:

• Millman’s Theorem treats circuits as a parallel set of series-component branches.

• All voltages entered and solved for in Millman’s Theorem are polarity-referenced at the same
point in the circuit (typically the bottom wire of the parallel network).

10.7 Superposition Theorem

Superposition theorem is one of those strokes of genius that takes a complex subject and simplifies
it in a way that makes perfect sense. A theorem like Millman’s certainly works well, but it is not
quite obvious why it works so well. Superposition, on the other hand, is obvious.

The strategy used in the Superposition Theorem is to eliminate all but one source of power within
a network at a time, using series/parallel analysis to determine voltage drops (and/or currents) within
the modified network for each power source separately. Then, once voltage drops and/or currents
have been determined for each power source working separately, the values are all “superimposed”
on top of each other (added algebraically) to find the actual voltage drops/currents with all sources
active. Let’s look at our example circuit again and apply Superposition Theorem to it:
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28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω

B1 B2

Since we have two sources of power in this circuit, we will have to calculate two sets of values
for voltage drops and/or currents, one for the circuit with only the 28 volt battery in effect. . .

R1

4 Ω

28 V R2 2 Ω

R3

1 Ω

B1

. . . and one for the circuit with only the 7 volt battery in effect:

 7 V

R1

R2

R3

4 Ω

2 Ω

1 Ω

B2

When re-drawing the circuit for series/parallel analysis with one source, all other voltage sources
are replaced by wires (shorts), and all current sources with open circuits (breaks). Since we only
have voltage sources (batteries) in our example circuit, we will replace every inactive source during
analysis with a wire.

Analyzing the circuit with only the 28 volt battery, we obtain the following values for voltage
and current:
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E

I

R

Volts

Amps

Ohms

R1 R2 R3 R2//R3

R2//R3R1 +
Total

2824 4 4 4

4 2 1 0.667 4.667

666 2 4

R1

28 V R2

R3

+

-

+ - + -

+

-

24 V

4 V

4 V

6 A 4 A

2 A

B1

Analyzing the circuit with only the 7 volt battery, we obtain another set of values for voltage
and current:

E

I

R

Volts

Amps

Ohms

R1 R2 R3

+
Total

4 2 1

R1//R2

R1//R2R3

7

1.333 2.333

3331 2

44 3 4

+

-

+

-

+-+-

R1

R2

R3

4 V

4 V

3 V

7 V

1 A

2 A

3 A

B2

When superimposing these values of voltage and current, we have to be very careful to consider
polarity (voltage drop) and direction (electron flow), as the values have to be added algebraically.
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+ - +- + -

+ - + -- +

+ +

--

With 28 V
battery

With 7 V
battery With both batteries

24 V

ER1

ER2

ER3

4 V 20 V

24 V - 4 V = 20 V

4 V

+

-
4 V 8 V

4 V + 4 V = 8 V

4 V 3 V 1 V

4 V - 3 V = 1 V

ER1

ER1

ER3

ER3

ER2 ER2

Applying these superimposed voltage figures to the circuit, the end result looks something like
this:

+

-

+

-

+

-

+ - + -

R1

R2

R3

28 V 7 V

20 V

8 V

1 V

B1 B2

Currents add up algebraically as well, and can either be superimposed as done with the resistor
voltage drops, or simply calculated from the final voltage drops and respective resistances (I=E/R).
Either way, the answers will be the same. Here I will show the superposition method applied to
current:
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With 28 V
battery

With 7 V
battery With both batteries

6 A

IR1 IR1

1 A

6 A - 1 A = 5 A

IR1

5 A

2 A 2 A 4 AIR2 IR2 IR2

2 A + 2 A = 4 A

4 A 3 A

IR3 IR3

IR3

1 A

4 A - 3 A = 1 A

Once again applying these superimposed figures to our circuit:

+

-

+

-

R1

R2

R3

28 V 7 V

5 A

4 A

1 A

B1 B2

Quite simple and elegant, don’t you think? It must be noted, though, that the Superposition
Theorem works only for circuits that are reducible to series/parallel combinations for each of the
power sources at a time (thus, this theorem is useless for analyzing an unbalanced bridge circuit),
and it only works where the underlying equations are linear (no mathematical powers or roots). The
requisite of linearity means that Superposition Theorem is only applicable for determining voltage
and current, not power!!! Power dissipations, being nonlinear functions, do not algebraically add to
an accurate total when only one source is considered at a time. The need for linearity also means
this Theorem cannot be applied in circuits where the resistance of a component changes with voltage
or current. Hence, networks containing components like lamps (incandescent or gas-discharge) or
varistors could not be analyzed.

Another prerequisite for Superposition Theorem is that all components must be “bilateral,”
meaning that they behave the same with electrons flowing either direction through them. Resistors
have no polarity-specific behavior, and so the circuits we’ve been studying so far all meet this
criterion.

The Superposition Theorem finds use in the study of alternating current (AC) circuits, and
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semiconductor (amplifier) circuits, where sometimes AC is often mixed (superimposed) with DC.
Because AC voltage and current equations (Ohm’s Law) are linear just like DC, we can use Su-
perposition to analyze the circuit with just the DC power source, then just the AC power source,
combining the results to tell what will happen with both AC and DC sources in effect. For now,
though, Superposition will suffice as a break from having to do simultaneous equations to analyze a
circuit.

• REVIEW:

• The Superposition Theorem states that a circuit can be analyzed with only one source of power
at a time, the corresponding component voltages and currents algebraically added to find out
what they’ll do with all power sources in effect.

• To negate all but one power source for analysis, replace any source of voltage (batteries) with
a wire; replace any current source with an open (break).

10.8 Thevenin’s Theorem

Thevenin’s Theorem states that it is possible to simplify any linear circuit, no matter how complex,
to an equivalent circuit with just a single voltage source and series resistance connected to a load.
The qualification of “linear” is identical to that found in the Superposition Theorem, where all
the underlying equations must be linear (no exponents or roots). If we’re dealing with passive
components (such as resistors, and later, inductors and capacitors), this is true. However, there
are some components (especially certain gas-discharge and semiconductor components) which are
nonlinear: that is, their opposition to current changes with voltage and/or current. As such, we
would call circuits containing these types of components, nonlinear circuits.
Thevenin’s Theorem is especially useful in analyzing power systems and other circuits where one

particular resistor in the circuit (called the “load” resistor) is subject to change, and re-calculation
of the circuit is necessary with each trial value of load resistance, to determine voltage across it and
current through it. Let’s take another look at our example circuit:

28 V 7 V2 Ω R2

R1 R3

4 Ω 1 Ω

B1 B2

Let’s suppose that we decide to designate R2 as the “load” resistor in this circuit. We already
have four methods of analysis at our disposal (Branch Current, Mesh Current, Millman’s Theorem,
and Superposition Theorem) to use in determining voltage across R2 and current through R2, but
each of these methods are time-consuming. Imagine repeating any of these methods over and over
again to find what would happen if the load resistance changed (changing load resistance is very
common in power systems, as multiple loads get switched on and off as needed. the total resistance
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of their parallel connections changing depending on how many are connected at a time). This could
potentially involve a lot of work!

Thevenin’s Theorem makes this easy by temporarily removing the load resistance from the orig-
inal circuit and reducing what’s left to an equivalent circuit composed of a single voltage source and
series resistance. The load resistance can then be re-connected to this “Thevenin equivalent circuit”
and calculations carried out as if the whole network were nothing but a simple series circuit:

R1

R2 (Load)

R3

28 V 7 V

4 Ω

2 Ω

1 Ω

B1 B2

. . . after Thevenin conversion . . .

RThevenin

R2 (Load)EThevenin

Thevenin Equivalent Circuit

2 Ω

The “Thevenin Equivalent Circuit” is the electrical equivalent of B1, R1, R3, and B2 as seen
from the two points where our load resistor (R2) connects.

The Thevenin equivalent circuit, if correctly derived, will behave exactly the same as the original
circuit formed by B1, R1, R3, and B2. In other words, the load resistor (R2) voltage and current
should be exactly the same for the same value of load resistance in the two circuits. The load
resistor R2 cannot “tell the difference” between the original network of B1, R1, R3, and B2, and the
Thevenin equivalent circuit of EThevenin, and RThevenin, provided that the values for EThevenin and
RThevenin have been calculated correctly.

The advantage in performing the “Thevenin conversion” to the simpler circuit, of course, is
that it makes load voltage and load current so much easier to solve than in the original network.
Calculating the equivalent Thevenin source voltage and series resistance is actually quite easy. First,
the chosen load resistor is removed from the original circuit, replaced with a break (open circuit):
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R1 R3

28 V 7 V
Load resistor

removed

4 Ω 1 Ω

B1 B2

Next, the voltage between the two points where the load resistor used to be attached is deter-
mined. Use whatever analysis methods are at your disposal to do this. In this case, the original
circuit with the load resistor removed is nothing more than a simple series circuit with opposing
batteries, and so we can determine the voltage across the open load terminals by applying the rules
of series circuits, Ohm’s Law, and Kirchhoff’s Voltage Law:

E

I

R

Volts

Amps

Ohms

TotalR1 R3

4 1 5

21

4.24.24.2

16.8 4.2

R1 R3

28 V 7 V

4 Ω 1 Ω

+

-

+

-

+ -
16.8 V

+ -
4.2 V

4.2 A 4.2 A

11.2 V
+

-

B1 B2

The voltage between the two load connection points can be figured from the one of the battery’s
voltage and one of the resistor’s voltage drops, and comes out to 11.2 volts. This is our “Thevenin
voltage” (EThevenin) in the equivalent circuit:
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RThevenin

R2 (Load)EThevenin

Thevenin Equivalent Circuit

2 Ω
11.2 V

To find the Thevenin series resistance for our equivalent circuit, we need to take the original
circuit (with the load resistor still removed), remove the power sources (in the same style as we did
with the Superposition Theorem: voltage sources replaced with wires and current sources replaced
with breaks), and figure the resistance from one load terminal to the other:

R1 R3

4 Ω 1 Ω

0.8 Ω

With the removal of the two batteries, the total resistance measured at this location is equal
to R1 and R3 in parallel: 0.8 Ω. This is our “Thevenin resistance” (RThevenin) for the equivalent
circuit:

RThevenin

R2 (Load)EThevenin

Thevenin Equivalent Circuit

2 Ω
11.2 V

0.8 Ω

With the load resistor (2 Ω) attached between the connection points, we can determine voltage
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across it and current through it as though the whole network were nothing more than a simple series
circuit:

E

I

R

Volts

Amps

Ohms

TotalRThevenin RLoad

11.2

4

2.80.8 2

44

3.2 8

Notice that the voltage and current figures for R2 (8 volts, 4 amps) are identical to those found
using other methods of analysis. Also notice that the voltage and current figures for the Thevenin
series resistance and the Thevenin source (total) do not apply to any component in the original,
complex circuit. Thevenin’s Theorem is only useful for determining what happens to a single resistor
in a network: the load.
The advantage, of course, is that you can quickly determine what would happen to that single

resistor if it were of a value other than 2 Ω without having to go through a lot of analysis again.
Just plug in that other value for the load resistor into the Thevenin equivalent circuit and a little
bit of series circuit calculation will give you the result.

• REVIEW:

• Thevenin’s Theorem is a way to reduce a network to an equivalent circuit composed of a single
voltage source, series resistance, and series load.

• Steps to follow for Thevenin’s Theorem:

• (1) Find the Thevenin source voltage by removing the load resistor from the original circuit
and calculating voltage across the open connection points where the load resistor used to be.

• (2) Find the Thevenin resistance by removing all power sources in the original circuit (voltage
sources shorted and current sources open) and calculating total resistance between the open
connection points.

• (3) Draw the Thevenin equivalent circuit, with the Thevenin voltage source in series with
the Thevenin resistance. The load resistor re-attaches between the two open points of the
equivalent circuit.

• (4) Analyze voltage and current for the load resistor following the rules for series circuits.

10.9 Norton’s Theorem

Norton’s Theorem states that it is possible to simplify any linear circuit, no matter how complex,
to an equivalent circuit with just a single current source and parallel resistance connected to a load.
Just as with Thevenin’s Theorem, the qualification of “linear” is identical to that found in the
Superposition Theorem: all underlying equations must be linear (no exponents or roots).
Contrasting our original example circuit against the Norton equivalent: it looks something like

this:



10.9. NORTON’S THEOREM ccclxxiii

R1

R2 (Load)

R3

28 V 7 V

4 Ω

2 Ω

1 Ω

B1 B2

. . . after Norton conversion . . .

INorton RNorton
R2

2 Ω
(Load)

Norton Equivalent Circuit

Remember that a current source is a component whose job is to provide a constant amount of
current, outputting as much or as little voltage necessary to maintain that constant current.

As with Thevenin’s Theorem, everything in the original circuit except the load resistance has
been reduced to an equivalent circuit that is simpler to analyze. Also similar to Thevenin’s Theorem
are the steps used in Norton’s Theorem to calculate the Norton source current (INorton) and Norton
resistance (RNorton).

As before, the first step is to identify the load resistance and remove it from the original circuit:

R1 R3

28 V 7 V
Load resistor

removed

4 Ω 1 Ω

B1 B2

Then, to find the Norton current (for the current source in the Norton equivalent circuit), place
a direct wire (short) connection between the load points and determine the resultant current. Note
that this step is exactly opposite the respective step in Thevenin’s Theorem, where we replaced the
load resistor with a break (open circuit):
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R1 R3

28 V 7 V

4 Ω 1 Ω
7 A

+

-

+

-

7 A

14 A

Ishort = IR1 + IR2

B1 B2

With zero voltage dropped between the load resistor connection points, the current through R1

is strictly a function of B1’s voltage and R1’s resistance: 7 amps (I=E/R). Likewise, the current
through R3 is now strictly a function of B2’s voltage and R3’s resistance: 7 amps (I=E/R). The
total current through the short between the load connection points is the sum of these two currents:
7 amps + 7 amps = 14 amps. This figure of 14 amps becomes the Norton source current (INorton)
in our equivalent circuit:

INorton RNorton
R2

2 Ω
(Load)

14 A

Norton Equivalent Circuit

Remember, the arrow notation for a current source points in the direction opposite that of
electron flow. Again, apologies for the confusion. For better or for worse, this is standard electronic
symbol notation. Blame Mr. Franklin again!

To calculate the Norton resistance (RNorton), we do the exact same thing as we did for calculating
Thevenin resistance (RThevenin): take the original circuit (with the load resistor still removed),
remove the power sources (in the same style as we did with the Superposition Theorem: voltage
sources replaced with wires and current sources replaced with breaks), and figure total resistance
from one load connection point to the other:
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R1 R3

4 Ω 1 Ω

0.8 Ω

Now our Norton equivalent circuit looks like this:

INorton RNorton
R2

2 Ω
(Load)

14 A

0.8 Ω

Norton Equivalent Circuit

If we re-connect our original load resistance of 2 Ω, we can analyze the Norton circuit as a simple
parallel arrangement:

E

I

R

Volts

Amps

Ohms

TotalRLoad

0.8 2

4

8

RNorton

88

1410

571.43m

As with the Thevenin equivalent circuit, the only useful information from this analysis is the
voltage and current values for R2; the rest of the information is irrelevant to the original circuit.
However, the same advantages seen with Thevenin’s Theorem apply to Norton’s as well: if we wish
to analyze load resistor voltage and current over several different values of load resistance, we can use
the Norton equivalent circuit again and again, applying nothing more complex than simple parallel
circuit analysis to determine what’s happening with each trial load.

• REVIEW:

• Norton’s Theorem is a way to reduce a network to an equivalent circuit composed of a single
current source, parallel resistance, and parallel load.

• Steps to follow for Norton’s Theorem:
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• (1) Find the Norton source current by removing the load resistor from the original circuit and
calculating current through a short (wire) jumping across the open connection points where
the load resistor used to be.

• (2) Find the Norton resistance by removing all power sources in the original circuit (voltage
sources shorted and current sources open) and calculating total resistance between the open
connection points.

• (3) Draw the Norton equivalent circuit, with the Norton current source in parallel with the
Norton resistance. The load resistor re-attaches between the two open points of the equivalent
circuit.

• (4) Analyze voltage and current for the load resistor following the rules for parallel circuits.

10.10 Thevenin-Norton equivalencies

Since Thevenin’s and Norton’s Theorems are two equally valid methods of reducing a complex
network down to something simpler to analyze, there must be some way to convert a Thevenin
equivalent circuit to a Norton equivalent circuit, and vice versa (just what you were dying to know,
right?). Well, the procedure is very simple.

You may have noticed that the procedure for calculating Thevenin resistance is identical to
the procedure for calculating Norton resistance: remove all power sources and determine resistance
between the open load connection points. As such, Thevenin and Norton resistances for the same
original network must be equal. Using the example circuits from the last two sections, we can see
that the two resistances are indeed equal:

RThevenin

R2 (Load)EThevenin

Thevenin Equivalent Circuit

2 Ω
11.2 V

0.8 Ω



10.10. THEVENIN-NORTON EQUIVALENCIES ccclxxvii

INorton RNorton
R2

2 Ω
(Load)

14 A

0.8 Ω

Norton Equivalent Circuit

RThevenin = RNorton

Considering the fact that both Thevenin and Norton equivalent circuits are intended to behave
the same as the original network in suppling voltage and current to the load resistor (as seen from
the perspective of the load connection points), these two equivalent circuits, having been derived
from the same original network should behave identically.
This means that both Thevenin and Norton equivalent circuits should produce the same voltage

across the load terminals with no load resistor attached. With the Thevenin equivalent, the open-
circuited voltage would be equal to the Thevenin source voltage (no circuit current present to drop
voltage across the series resistor), which is 11.2 volts in this case. With the Norton equivalent circuit,
all 14 amps from the Norton current source would have to flow through the 0.8 Ω Norton resistance,
producing the exact same voltage, 11.2 volts (E=IR). Thus, we can say that the Thevenin voltage
is equal to the Norton current times the Norton resistance:

EThevenin = INortonRNorton

So, if we wanted to convert a Norton equivalent circuit to a Thevenin equivalent circuit, we could
use the same resistance and calculate the Thevenin voltage with Ohm’s Law.
Conversely, both Thevenin and Norton equivalent circuits should generate the same amount of

current through a short circuit across the load terminals. With the Norton equivalent, the short-
circuit current would be exactly equal to the Norton source current, which is 14 amps in this case.
With the Thevenin equivalent, all 11.2 volts would be applied across the 0.8 Ω Thevenin resistance,
producing the exact same current through the short, 14 amps (I=E/R). Thus, we can say that the
Norton current is equal to the Thevenin voltage divided by the Thevenin resistance:

INorton =
EThevenin

RThevenin

This equivalence between Thevenin and Norton circuits can be a useful tool in itself, as we shall
see in the next section.

• REVIEW:

• Thevenin and Norton resistances are equal.

• Thevenin voltage is equal to Norton current times Norton resistance.
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• Norton current is equal to Thevenin voltage divided by Thevenin resistance.

10.11 Millman’s Theorem revisited

You may have wondered where we got that strange equation for the determination of “Millman
Voltage” across parallel branches of a circuit where each branch contains a series resistance and
voltage source:

Millman’s Theorem Equation

EB1 

R1

+ +
EB2 EB3

R2 R3

1
+ +

R1 R2 R3

1 1
= Voltage across all branches

Parts of this equation seem familiar to equations we’ve seen before. For instance, the denominator
of the large fraction looks conspicuously like the denominator of our parallel resistance equation.
And, of course, the E/R terms in the numerator of the large fraction should give figures for current,
Ohm’s Law being what it is (I=E/R).

Now that we’ve covered Thevenin and Norton source equivalencies, we have the tools necessary to
understand Millman’s equation. What Millman’s equation is actually doing is treating each branch
(with its series voltage source and resistance) as a Thevenin equivalent circuit and then converting
each one into equivalent Norton circuits.

+

-

+

-

R1

R2

R34 Ω

2 Ω

1 Ω

28 V 7 VB1 B3

Thus, in the circuit above, battery B1 and resistor R1 are seen as a Thevenin source to be
converted into a Norton source of 7 amps (28 volts / 4 Ω) in parallel with a 4 Ω resistor. The
rightmost branch will be converted into a 7 amp current source (7 volts / 1 Ω) and 1 Ω resistor in
parallel. The center branch, containing no voltage source at all, will be converted into a Norton
source of 0 amps in parallel with a 2 Ω resistor:



10.11. MILLMAN’S THEOREM REVISITED ccclxxix

7 A 4 Ω 0 A 2 Ω 7 A 1 Ω

Since current sources directly add their respective currents in parallel, the total circuit current
will be 7 + 0 + 7, or 14 amps. This addition of Norton source currents is what’s being represented
in the numerator of the Millman equation:

EB1 

R1

+ +
EB2 EB3

R2 R3

1
+ +

R1 R2 R3

1 1

Itotal =
EB1 

R1

+
EB2

R2

+
EB3

R3

Millman’s Theorem Equation

All the Norton resistances are in parallel with each other as well in the equivalent circuit, so
they diminish to create a total resistance. This diminishing of source resistances is what’s being
represented in the denominator of the Millman’s equation:

EB1 

R1

+ +
EB2 EB3

R2 R3

1
+ +

R1 R2 R3

1 1

Millman’s Theorem Equation

Rtotal =
1

R1

+
1

R2

+
1

R3

1

In this case, the resistance total will be equal to 571.43 milliohms (571.43 mΩ). We can re-draw
our equivalent circuit now as one with a single Norton current source and Norton resistance:

14 A 571.43 mΩ

Ohm’s Law can tell us the voltage across these two components now (E=IR):

Etotal = (14 A)(571.43 mΩ)

Etotal = 8 V
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+

-
14 A 571.43 mΩ 8 V

Let’s summarize what we know about the circuit thus far. We know that the total current in
this circuit is given by the sum of all the branch voltages divided by their respective currents. We
also know that the total resistance is found by taking the reciprocal of all the branch resistance
reciprocals. Furthermore, we should be well aware of the fact that total voltage across all the
branches can be found by multiplying total current by total resistance (E=IR). All we need to
do is put together the two equations we had earlier for total circuit current and total resistance,
multiplying them to find total voltage:

Ohm’s Law:

(total current) x (total resistance) = (total voltage)

EB1 

R1

+ +
EB2 EB3

R2 R3 1

R1

+
1

R2

+
1

R3

1
x

I R Ex =

= (total voltage)

. . . or . . .

1
R2

1
R1

+ +
1

R3

= (total voltage)

EB1 

R1

+
EB2

R2

+
EB3

R3

The Millman’s equation is nothing more than a Thevenin-to-Norton conversion matched together
with the parallel resistance formula to find total voltage across all the branches of the circuit. So,
hopefully some of the mystery is gone now!

10.12 Maximum Power Transfer Theorem

The Maximum Power Transfer Theorem is not so much a means of analysis as it is an aid to system
design. Simply stated, the maximum amount of power will be dissipated by a load resistance when
that load resistance is equal to the Thevenin/Norton resistance of the network supplying the power.
If the load resistance is lower or higher than the Thevenin/Norton resistance of the source network,
its dissipated power will be less than maximum.
This is essentially what is aimed for in stereo system design, where speaker “impedance” is

matched to amplifier “impedance” for maximum sound power output. Impedance, the overall op-
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position to AC and DC current, is very similar to resistance, and must be equal between source and
load for the greatest amount of power to be transferred to the load. A load impedance that is too
high will result in low power output. A load impedance that is too low will not only result in low
power output, but possibly overheating of the amplifier due to the power dissipated in its internal
(Thevenin or Norton) impedance.

Taking our Thevenin equivalent example circuit, the Maximum Power Transfer Theorem tells
us that the load resistance resulting in greatest power dissipation is equal in value to the Thevenin
resistance (in this case, 0.8 Ω):

EThevenin

RThevenin

11.2 V

0.8 Ω

RLoad 0.8 Ω

With this value of load resistance, the dissipated power will be 39.2 watts:

E

I

R

Volts

Amps

Ohms

TotalRLoadRThevenin

P Watts

11.2

0.8 0.8 1.6

777

5.6 5.6

39.2 39.2 78.4

If we were to try a lower value for the load resistance (0.5 Ω instead of 0.8 Ω, for example), our
power dissipated by the load resistance would decrease:

E

I

R

Volts

Amps

Ohms

TotalRLoadRThevenin

P Watts

11.2

0.8 0.5 1.3

8.6158.6158.615

6.892 4.308

59.38 37.11 96.49

Power dissipation increased for both the Thevenin resistance and the total circuit, but it decreased
for the load resistor. Likewise, if we increase the load resistance (1.1 Ω instead of 0.8 Ω, for example),
power dissipation will also be less than it was at 0.8 Ω exactly:
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E

I

R

Volts

Amps

Ohms

TotalRLoadRThevenin

P Watts

11.2

0.8 1.1 1.9

5.8955.8955.895

4.716 6.484

27.80 38.22 66.02

If you were designing a circuit for maximum power dissipation at the load resistance, this theorem
would be very useful. Having reduced a network down to a Thevenin voltage and resistance (or
Norton current and resistance), you simply set the load resistance equal to that Thevenin or Norton
equivalent (or vice versa) to ensure maximum power dissipation at the load. Practical applications
of this might include stereo amplifier design (seeking to maximize power delivered to speakers) or
electric vehicle design (seeking to maximize power delivered to drive motor).

• REVIEW:

• The Maximum Power Transfer Theorem states that the maximum amount of power will be
dissipated by a load resistance if it is equal to the Thevenin or Norton resistance of the network
supplying power.

10.13 ∆-Y and Y-∆ conversions

In many circuit applications, we encounter components connected together in one of two ways to
form a three-terminal network: the “Delta,” or ∆ (also known as the “Pi,” or π) configuration, and
the “Y” (also known as the “T”) configuration.
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A

B

C

B

CARAC

RAB RBC

RA RC

RB

Delta (∆) network Wye (Y) network

A C

B

A C

B

RAC

RAB RBC

RA RC

RB

Tee (T) networkPi (π) network

It is possible to calculate the proper values of resistors necessary to form one kind of network (∆
or Y) that behaves identically to the other kind, as analyzed from the terminal connections alone.
That is, if we had two separate resistor networks, one ∆ and one Y, each with its resistors hidden
from view, with nothing but the three terminals (A, B, and C) exposed for testing, the resistors
could be sized for the two networks so that there would be no way to electrically determine one
network apart from the other. In other words, equivalent ∆ and Y networks behave identically.

There are several equations used to convert one network to the other:

To convert a Delta (∆) to a Wye (Y) To convert a Wye (Y) to a Delta (∆)

RAB RAC
RA =

RAB + RAC + RBC

RB =
RAB + RAC + RBC

RAB + RAC + RBC

RC =

RAB RBC

RAC RBC

RAB =
RARB + RARC + RBRC

RC

RARB + RARC + RBRC
RBC =

RA

RARB + RARC + RBRC
RAC =

RB

∆ and Y networks are seen frequently in 3-phase AC power systems (a topic covered in volume
II of this book series), but even then they’re usually balanced networks (all resistors equal in value)
and conversion from one to the other need not involve such complex calculations. When would the
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average technician ever need to use these equations?

A prime application for ∆-Y conversion is in the solution of unbalanced bridge circuits, such as
the one below:

10 V

R1

12 Ω
R2

18 Ω
R3

6 Ω
R4

18 Ω 12 Ω
R5

Solution of this circuit with Branch Current or Mesh Current analysis is fairly involved, and
neither the Millman nor Superposition Theorems are of any help, since there’s only one source of
power. We could use Thevenin’s or Norton’s Theorem, treating R3 as our load, but what fun would
that be?

If we were to treat resistors R1, R2, and R3 as being connected in a ∆ configuration (Rab, Rac,
and Rbc, respectively) and generate an equivalent Y network to replace them, we could turn this
bridge circuit into a (simpler) series/parallel combination circuit:

R5

10 V

12 Ω 18 Ω

6 Ω
R4

18 Ω 12 Ω

Selecting Delta (∆) network to convert:

A

B C

RAB RAC

RBC

After the ∆-Y conversion . . .
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A

B C10 V

RA

RB RC

R4 R5
18 Ω 12 Ω

∆ converted to a Y

If we perform our calculations correctly, the voltages between points A, B, and C will be the
same in the converted circuit as in the original circuit, and we can transfer those values back to the
original bridge configuration.

RA =
(12 Ω)(18 Ω)

(12 Ω) + (18 Ω) + (6 Ω)
= 

216

36
= 6 Ω

RB = 
(12 Ω) + (18 Ω) + (6 Ω)

= = 
36

(12 Ω)(6 Ω) 72
2 Ω

(12 Ω) + (18 Ω) + (6 Ω)
= 

36
= = RC

(18 Ω)(6 Ω) 108
3 Ω

A

B C10 V

RA

RB RC

R4 R5
18 Ω 12 Ω

2 Ω 3 Ω

6 Ω
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Resistors R4 and R5, of course, remain the same at 18 Ω and 12 Ω, respectively. Analyzing the
circuit now as a series/parallel combination, we arrive at the following figures:

E

I

R

Volts

Amps

Ohms

RA RB RC R4 R5

6 2 3 18 12

E

I

R

Volts

Amps

Ohms

RB + R4 RC + R5 RC + R5

//
RB + R4

Total

20 15 8.571 14.571

10

686.27m

686.27m

4.118

5.882 5.882 5.882

294.12m 392.16m 686.27m

294.12m 294.12m392.16m 392.16m

588.24m 1.176 5.294 4.706

We must use the voltage drops figures from the table above to determine the voltages between
points A, B, and C, seeing how the add up (or subtract, as is the case with voltage between points
B and C):

A

B C

+

-

+

-

+

-

+

-

+

-

+

-

+

-

+

-

+ -10 V

R4 R5

RB RC

RA 4.118 V

0.588
V

1.176
V

5.294
V

4.706
V

0.588
V

4.706 V 5.294 V

EA-B = 4.706 V

EA-C = 5.294 V

EB-C = 588.24 mV

Now that we know these voltages, we can transfer them to the same points A, B, and C in the
original bridge circuit:
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10 V

R1 R2

R3

R4 R5

4.706
V

5.294
V

5.294
V

4.706
V

0.588 V

Voltage drops across R4 and R5, of course, are exactly the same as they were in the converted
circuit.

At this point, we could take these voltages and determine resistor currents through the repeated
use of Ohm’s Law (I=E/R):

IR1 =
4.706 V

12 Ω
= 392.16 mA

IR2 =
5.294 V

18 Ω
= 294.12 mA

IR3 =
588.24 mV

6 Ω
= 98.04 mA

5.294 V

18 Ω
= 294.12 mAIR4 =

12 Ω
4.706 V

= 392.16 mAIR5 =

A quick simulation with SPICE will serve to verify our work:[2]

10 V

R1

12 Ω
R2

18 Ω
R3

6 Ω
R4

18 Ω 12 Ω
R5

1

0 0

1

2 3

unbalanced bridge circuit

v1 1 0
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r1 1 2 12

r2 1 3 18

r3 2 3 6

r4 2 0 18

r5 3 0 12

.dc v1 10 10 1

.print dc v(1,2) v(1,3) v(2,3) v(2,0) v(3,0)

.end

v1 v(1,2) v(1,3) v(2,3) v(2) v(3)

1.000E+01 4.706E+00 5.294E+00 5.882E-01 5.294E+00 4.706E+00

The voltage figures, as read from left to right, represent voltage drops across the five respective
resistors, R1 through R5. I could have shown currents as well, but since that would have required
insertion of “dummy” voltage sources in the SPICE netlist, and since we’re primarily interested in
validating the ∆-Y conversion equations and not Ohm’s Law, this will suffice.

• REVIEW:

• “Delta” (∆) networks are also known as “Pi” (π) networks.

• “Y” networks are also known as “T” networks.

• ∆ and Y networks can be converted to their equivalent counterparts with the proper resistance
equations. By “equivalent,” I mean that the two networks will be electrically identical as
measured from the three terminals (A, B, and C).

• A bridge circuit can be simplified to a series/parallel circuit by converting half of it from a ∆
to a Y network. After voltage drops between the original three connection points (A, B, and
C) have been solved for, those voltages can be transferred back to the original bridge circuit,
across those same equivalent points.

10.14 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Dejan Budimir (January 2003): Suggested clarifications for explaining the Mesh Current
method of circuit analysis.

Bill Heath (December 2002): Pointed out several typographical errors.
Jason Starck (June 2000): HTML document formatting, which led to a much better-looking

second edition.
Davy Van Nieuwenborgh (April 2004): Pointed out error in Mesh current section, supplied

editorial material, end of section.
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11.1 Electron activity in chemical reactions

So far in our discussions on electricity and electric circuits, we have not discussed in any detail how
batteries function. Rather, we have simply assumed that they produce constant voltage through
some sort of mysterious process. Here, we will explore that process to some degree and cover some
of the practical considerations involved with real batteries and their use in power systems.

In the first chapter of this book, the concept of an atom was discussed, as being the basic
building-block of all material objects. Atoms, in turn, however, are composed of even smaller pieces
of matter called particles. Electrons, protons, and neutrons are the basic types of particles found in
atoms. Each of these particle types plays a distinct role in the behavior of an atom. While electrical
activity involves the motion of electrons, the chemical identity of an atom (which largely determines
how conductive the material will be) is determined by the number of protons in the nucleus (center).

ccclxxxix
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The protons in an atom’s nucleus are extremely difficult to dislodge, and so the chemical identity
of any atom is very stable. One of the goals of the ancient alchemists (to turn lead into gold) was
foiled by this sub-atomic stability. All efforts to alter this property of an atom by means of heat.
light, or friction were met with failure. The electrons of an atom, however, are much more easily
dislodged. As we have already seen, friction is one way in which electrons can be transferred from
one atom to another (glass and silk, wax and wool), and so is heat (generating voltage by heating a
junction of dissimilar metals, as in the case of thermocouples).

Electrons can do much more than just move around and between atoms: they can also serve to
link different atoms together. This linking of atoms by electrons is called a chemical bond. A crude
(and simplified) representation of such a bond between two atoms might look like this:
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There are several types of chemical bonds, the one shown above being representative of a covalent
bond, where electrons are shared between atoms. Because chemical bonds are based on links formed
by electrons, these bonds are only as strong as the immobility of the electrons forming them. That
is to say, chemical bonds can be created or broken by the same forces that force electrons to move:
heat, light, friction, etc.

When atoms are joined by chemical bonds, they form materials with unique properties known
as molecules. The dual-atom picture shown above is an example of a simple molecule formed
by two atoms of the same type. Most molecules are unions of different types of atoms. Even
molecules formed by atoms of the same type can have radically different physical properties. Take the
element carbon, for instance: in one form, graphite, carbon atoms link together to form flat ”plates”
which slide against one another very easily, giving graphite its natural lubricating properties. In
another form, diamond, the same carbon atoms link together in a different configuration, this time
in the shapes of interlocking pyramids, forming a material of exceeding hardness. In yet another
form, Fullerene, dozens of carbon atoms form each molecule, which looks something like a soccer
ball. Fullerene molecules are very fragile and lightweight. The airy soot formed by excessively rich
combustion of acetylene gas (as in the initial ignition of an oxy-acetylene welding/cutting torch) is
composed of many tiny Fullerene molecules.

When alchemists succeeded in changing the properties of a substance by heat, light, friction, or
mixture with other substances, they were really observing changes in the types of molecules formed
by atoms breaking and forming bonds with other atoms. Chemistry is the modern counterpart to
alchemy, and concerns itself primarily with the properties of these chemical bonds and the reactions
associated with them.

A type of chemical bond of particular interest to our study of batteries is the so-called ionic
bond, and it differs from the covalent bond in that one atom of the molecule possesses an excess
of electrons while another atom lacks electrons, the bonds between them being a result of the
electrostatic attraction between the two unlike charges. Consequently, ionic bonds, when broken
or formed, result in electrons moving from one place to another. This motion of electrons in ionic
bonding can be harnessed to generate an electric current. A device constructed to do just this
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is called a voltaic cell, or cell for short, usually consisting of two metal electrodes immersed in a
chemical mixture (called an electrolyte) designed to facilitate a chemical reaction:

electrolyte solution

electrodes

+ -

The two electrodes are made of different materials,
both of which chemically react with the electrolyte
in some form of ionic bonding.

Voltaic cell

In the common ”lead-acid” cell (the kind commonly used in automobiles), the negative electrode
is made of lead (Pb) and the positive is made of lead peroxide (Pb02), both metallic substances.
The electrolyte solution is a dilute sulfuric acid (H2SO4 + H2O). If the electrodes of the cell are
connected to an external circuit, such that electrons have a place to flow from one to the other,
negatively charged oxygen ions (O) from the positive electrode (PbO2) will ionically bond with
positively charged hydrogen ions (H) to form molecules water (H2O). This creates a deficiency of
electrons in the lead peroxide (PbO2) electrode, giving it a positive electrical charge. The sulfate
ions (SO4) left over from the disassociation of the hydrogen ions (H) from the sulfuric acid (H2SO4)
will join with the lead (Pb) in each electrode to form lead sulfate (PbSO4):
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+ -

Pb electrodePbO2 electrode

H2SO4 + H2O
electrolyte:

-+
load

I

At (+) electrode: PbO2 + H2SO4 PbSO4 + H2O + O
At (-) electrode: Pb + H2SO4 PbSO4 + 2H

electrons

Lead-acid cell discharging

This process of the cell providing electrical energy to supply a load is called discharging, since
it is depleting its internal chemical reserves. Theoretically, after all of the sulfuric acid has been
exhausted, the result will be two electrodes of lead sulfate (PbSO4) and an electrolyte solution of
pure water (H2O), leaving no more capacity for additional ionic bonding. In this state, the cell is
said to be fully discharged. In a lead-acid cell, the state of charge can be determined by an analysis
of acid strength. This is easily accomplished with a device called a hydrometer, which measures the
specific gravity (density) of the electrolyte. Sulfuric acid is denser than water, so the greater the
charge of a cell, the greater the acid concentration, and thus a denser electrolyte solution.

There is no single chemical reaction representative of all voltaic cells, so any detailed discussion of
chemistry is bound to have limited application. The important thing to understand is that electrons
are motivated to and/or from the cell’s electrodes via ionic reactions between the electrode molecules
and the electrolyte molecules. The reaction is enabled when there is an external path for electric
current, and ceases when that path is broken.

Being that the motivation for electrons to move through a cell is chemical in nature, the amount
of voltage (electromotive force) generated by any cell will be specific to the particular chemical
reaction for that cell type. For instance, the lead-acid cell just described has a nominal voltage
of 2.2 volts per cell, based on a fully ”charged” cell (acid concentration strong) in good physical
condition. There are other types of cells with different specific voltage outputs. The Edison cell,
for example, with a positive electrode made of nickel oxide, a negative electrode made of iron, and
an electrolyte solution of potassium hydroxide (a caustic, not acid, substance) generates a nominal
voltage of only 1.2 volts, due to the specific differences in chemical reaction with those electrode and
electrolyte substances.

The chemical reactions of some types of cells can be reversed by forcing electric current backwards
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through the cell (in the negative electrode and out the positive electrode). This process is called
charging. Any such (rechargeable) cell is called a secondary cell. A cell whose chemistry cannot be
reversed by a reverse current is called a primary cell.
When a lead-acid cell is charged by an external current source, the chemical reactions experienced

during discharge are reversed:

+ -

Pb electrodePbO2 electrode

H2SO4 + H2O
electrolyte:

-+

I

electrons

Lead-acid cell charging

At (+) electrode: PbSO4 + H2O + O PbO2 + H2SO4

At (-) electrode: PbSO4 + 2H Pb + H2SO4

Gen

• REVIEW:

• Atoms bound together by electrons are called molecules.

• Ionic bonds are molecular unions formed when an electron-deficient atom (a positive ion) joins
with an electron-excessive atom (a negative ion).

• Chemical reactions involving ionic bonds result in the transfer of electrons between atoms.
This transfer can be harnessed to form an electric current.

• A cell is a device constructed to harness such chemical reactions to generate electric current.

• A cell is said to be discharged when its internal chemical reserves have been depleted through
use.

• A secondary cell’s chemistry can be reversed (recharged) by forcing current backwards through
it.

• A primary cell cannot be practically recharged.
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• Lead-acid cell charge can be assessed with an instrument called a hydrometer, which mea-
sures the density of the electrolyte liquid. The denser the electrolyte, the stronger the acid
concentration, and the greater charge state of the cell.

11.2 Battery construction

The word battery simply means a group of similar components. In military vocabulary, a ”battery”
refers to a cluster of guns. In electricity, a ”battery” is a set of voltaic cells designed to provide
greater voltage and/or current than is possible with one cell alone.

The symbol for a cell is very simple, consisting of one long line and one short line, parallel to
each other, with connecting wires:

+

-

Cell

The symbol for a battery is nothing more than a couple of cell symbols stacked in series:

-

+

Battery

As was stated before, the voltage produced by any particular kind of cell is determined strictly
by the chemistry of that cell type. The size of the cell is irrelevant to its voltage. To obtain greater
voltage than the output of a single cell, multiple cells must be connected in series. The total voltage
of a battery is the sum of all cell voltages. A typical automotive lead-acid battery has six cells, for
a nominal voltage output of 6 x 2.2 or 13.2 volts:

+-- + - +- +- + - +

- +

2.2 V 2.2 V 2.2 V 2.2 V 2.2 V 2.2 V

13.2 V

The cells in an automotive battery are contained within the same hard rubber housing, connected
together with thick, lead bars instead of wires. The electrodes and electrolyte solutions for each cell
are contained in separate, partitioned sections of the battery case. In large batteries, the electrodes
commonly take the shape of thin metal grids or plates, and are often referred to as plates instead of
electrodes.

For the sake of convenience, battery symbols are usually limited to four lines, alternating
long/short, although the real battery it represents may have many more cells than that. On occasion,
however, you might come across a symbol for a battery with unusually high voltage, intentionally
drawn with extra lines. The lines, of course, are representative of the individual cell plates:
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+

-

symbol for a battery with
an unusually high voltage

If the physical size of a cell has no impact on its voltage, then what does it affect? The answer
is resistance, which in turn affects the maximum amount of current that a cell can provide. Every
voltaic cell contains some amount of internal resistance due to the electrodes and the electrolyte.
The larger a cell is constructed, the greater the electrode contact area with the electrolyte, and thus
the less internal resistance it will have.
Although we generally consider a cell or battery in a circuit to be a perfect source of voltage

(absolutely constant), the current through it dictated solely by the external resistance of the circuit
to which it is attached, this is not entirely true in real life. Since every cell or battery contains some
internal resistance, that resistance must affect the current in any given circuit:

10 V

10 A

1 Ω
Eload = 10 V

10 V

0.2 Ω
1 Ω
Eload = 8.333 V

8.333 A

Ideal battery
Real battery

(with internal resistance)

The real battery shown above within the dotted lines has an internal resistance of 0.2 Ω, which
affects its ability to supply current to the load resistance of 1 Ω. The ideal battery on the left has no
internal resistance, and so our Ohm’s Law calculations for current (I=E/R) give us a perfect value
of 10 amps for current with the 1 ohm load and 10 volt supply. The real battery, with its built-in
resistance further impeding the flow of electrons, can only supply 8.333 amps to the same resistance
load.
The ideal battery, in a short circuit with 0 Ω resistance, would be able to supply an infinite

amount of current. The real battery, on the other hand, can only supply 50 amps (10 volts / 0.2 Ω)
to a short circuit of 0 Ω resistance, due to its internal resistance. The chemical reaction inside the
cell may still be providing exactly 10 volts, but voltage is dropped across that internal resistance
as electrons flow through the battery, which reduces the amount of voltage available at the battery
terminals to the load.
Since we live in an imperfect world, with imperfect batteries, we need to understand the impli-

cations of factors such as internal resistance. Typically, batteries are placed in applications where
their internal resistance is negligible compared to that of the circuit load (where their short-circuit
current far exceeds their usual load current), and so the performance is very close to that of an ideal
voltage source.
If we need to construct a battery with lower resistance than what one cell can provide (for greater

current capacity), we will have to connect the cells together in parallel:
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+

-

+

-

equivalent to

0.2 Ω

2.2 V

0.2 Ω

2.2 V

0.2 Ω

2.2 V

0.2 Ω

2.2 V

0.2 Ω

2.2 V

2.2 V

0.04 Ω

Essentially, what we have done here is determine the Thevenin equivalent of the five cells in
parallel (an equivalent network of one voltage source and one series resistance). The equivalent
network has the same source voltage but a fraction of the resistance of any individual cell in the
original network. The overall effect of connecting cells in parallel is to decrease the equivalent
internal resistance, just as resistors in parallel diminish in total resistance. The equivalent internal
resistance of this battery of 5 cells is 1/5 that of each individual cell. The overall voltage stays the
same: 2.2 volts. If this battery of cells were powering a circuit, the current through each cell would
be 1/5 of the total circuit current, due to the equal split of current through equal-resistance parallel
branches.

• REVIEW:

• A battery is a cluster of cells connected together for greater voltage and/or current capacity.

• Cells connected together in series (polarities aiding) results in greater total voltage.

• Physical cell size impacts cell resistance, which in turn impacts the ability for the cell to supply
current to a circuit. Generally, the larger the cell, the less its internal resistance.

• Cells connected together in parallel results in less total resistance, and potentially greater total
current.
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11.3 Battery ratings

Because batteries create electron flow in a circuit by exchanging electrons in ionic chemical reactions,
and there is a limited number of molecules in any charged battery available to react, there must
be a limited amount of total electrons that any battery can motivate through a circuit before its
energy reserves are exhausted. Battery capacity could be measured in terms of total number of
electrons, but this would be a huge number. We could use the unit of the coulomb (equal to 6.25 x
1018 electrons, or 6,250,000,000,000,000,000 electrons) to make the quantities more practical to work
with, but instead a new unit, the amp-hour, was made for this purpose. Since 1 amp is actually a
flow rate of 1 coulomb of electrons per second, and there are 3600 seconds in an hour, we can state
a direct proportion between coulombs and amp-hours: 1 amp-hour = 3600 coulombs. Why make up
a new unit when an old would have done just fine? To make your lives as students and technicians
more difficult, of course!

A battery with a capacity of 1 amp-hour should be able to continuously supply a current of
1 amp to a load for exactly 1 hour, or 2 amps for 1/2 hour, or 1/3 amp for 3 hours, etc., before
becoming completely discharged. In an ideal battery, this relationship between continuous current
and discharge time is stable and absolute, but real batteries don’t behave exactly as this simple linear
formula would indicate. Therefore, when amp-hour capacity is given for a battery, it is specified at
either a given current, given time, or assumed to be rated for a time period of 8 hours (if no limiting
factor is given).

For example, an average automotive battery might have a capacity of about 70 amp-hours, spec-
ified at a current of 3.5 amps. This means that the amount of time this battery could continuously
supply a current of 3.5 amps to a load would be 20 hours (70 amp-hours / 3.5 amps). But let’s
suppose that a lower-resistance load were connected to that battery, drawing 70 amps continuously.
Our amp-hour equation tells us that the battery should hold out for exactly 1 hour (70 amp-hours
/ 70 amps), but this might not be true in real life. With higher currents, the battery will dissipate
more heat across its internal resistance, which has the effect of altering the chemical reactions taking
place within. Chances are, the battery would fully discharge some time before the calculated time
of 1 hour under this greater load.

Conversely, if a very light load (1 mA) were to be connected to the battery, our equation would
tell us that the battery should provide power for 70,000 hours, or just under 8 years (70 amp-hours
/ 1 milliamp), but the odds are that much of the chemical energy in a real battery would have been
drained due to other factors (evaporation of electrolyte, deterioration of electrodes, leakage current
within battery) long before 8 years had elapsed. Therefore, we must take the amp-hour relationship
as being an ideal approximation of battery life, the amp-hour rating trusted only near the specified
current or timespan given by the manufacturer. Some manufacturers will provide amp-hour derating
factors specifying reductions in total capacity at different levels of current and/or temperature.

For secondary cells, the amp-hour rating provides a rule for necessary charging time at any given
level of charge current. For example, the 70 amp-hour automotive battery in the previous example
should take 10 hours to charge from a fully-discharged state at a constant charging current of 7
amps (70 amp-hours / 7 amps).

Approximate amp-hour capacities of some common batteries are given here:

• Typical automotive battery: 70 amp-hours @ 3.5 A (secondary cell)

• D-size carbon-zinc battery: 4.5 amp-hours @ 100 mA (primary cell)
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• 9 volt carbon-zinc battery: 400 milliamp-hours @ 8 mA (primary cell)

As a battery discharges, not only does it diminish its internal store of energy, but its internal
resistance also increases (as the electrolyte becomes less and less conductive), and its open-circuit
cell voltage decreases (as the chemicals become more and more dilute). The most deceptive change
that a discharging battery exhibits is increased resistance. The best check for a battery’s condition
is a voltage measurement under load, while the battery is supplying a substantial current through
a circuit. Otherwise, a simple voltmeter check across the terminals may falsely indicate a healthy
battery (adequate voltage) even though the internal resistance has increased considerably. What
constitutes a ”substantial current” is determined by the battery’s design parameters. A voltmeter
check revealing too low of a voltage, of course, would positively indicate a discharged battery:

Fully charged battery:

+
V

-

Voltmeter indication: +
V

-

Voltmeter indication:

No load Under load

Scenario for a fully charged battery

0.1 Ω

13.2 V
13.2 V

0.1 Ω

13.2 V

100 Ω 13.187 V

Now, if the battery discharges a bit . . .

+
V

-

Voltmeter indication: +
V

-

Voltmeter indication:

No load Under load

13.0 V

5 Ω

13.0 V

Scenario for a slightly discharged battery

5 Ω

13.0 V

100 Ω 12.381 V

. . . and discharges a bit further . . .

+
V

-

Voltmeter indication: +
V

-

Voltmeter indication:

No load Under load

20 Ω

11.5 V

20 Ω

11.5 V
11.5 V 100 Ω 9.583 V

Scenario for a moderately discharged battery

. . . and a bit further until it’s dead.
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+
V

-

Voltmeter indication: +
V

-

Voltmeter indication:

No load Under load

50 Ω

7.5 V

50 Ω

7.5 V
7.5 V 100 Ω 5 V

Scenario for a dead battery

Notice how much better the battery’s true condition is revealed when its voltage is checked under
load as opposed to without a load. Does this mean that it’s pointless to check a battery with just
a voltmeter (no load)? Well, no. If a simple voltmeter check reveals only 7.5 volts for a 13.2 volt
battery, then you know without a doubt that it’s dead. However, if the voltmeter were to indicate
12.5 volts, it may be near full charge or somewhat depleted – you couldn’t tell without a load check.
Bear in mind also that the resistance used to place a battery under load must be rated for the
amount of power expected to be dissipated. For checking large batteries such as an automobile (12
volt nominal) lead-acid battery, this may mean a resistor with a power rating of several hundred
watts.

• REVIEW:

• The amp-hour is a unit of battery energy capacity, equal to the amount of continuous current
multiplied by the discharge time, that a battery can supply before exhausting its internal store
of chemical energy.

•

Continuous current (in Amps) = 
Amp-hour rating

Charge/discharge time (in hours)

Charge/discharge time (in hours) =
Amp-hour rating

Continuous current (in Amps)

• An amp-hour battery rating is only an approximation of the battery’s charge capacity, and
should be trusted only at the current level or time specified by the manufacturer. Such a rating
cannot be extrapolated for very high currents or very long times with any accuracy.

• Discharged batteries lose voltage and increase in resistance. The best check for a dead battery
is a voltage test under load.

11.4 Special-purpose batteries

Back in the early days of electrical measurement technology, a special type of battery known as a
mercury standard cell was popularly used as a voltage calibration standard. The output of a mercury
cell was 1.0183 to 1.0194 volts DC (depending on the specific design of cell), and was extremely stable
over time. Advertised drift was around 0.004 percent of rated voltage per year. Mercury standard
cells were sometimes known as Weston cells or cadmium cells.
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cork washercork washer

mercury cadmium amalgam

mercurous 
sulphate

cadmium 
sulphate
solution

cadmium 
sulphate
solution

wire
wire

glass bulb

+ -

Mercury "standard" cell

Hg2SO4 CdSO4

CdSO4

Unfortunately, mercury cells were rather intolerant of any current drain and could not even
be measured with an analog voltmeter without compromising accuracy. Manufacturers typically
called for no more than 0.1 mA of current through the cell, and even that figure was considered
a momentary, or surge maximum! Consequently, standard cells could only be measured with a
potentiometric (null-balance) device where current drain is almost zero. Short-circuiting a mercury
cell was prohibited, and once short-circuited, the cell could never be relied upon again as a standard
device.

Mercury standard cells were also susceptible to slight changes in voltage if physically or thermally
disturbed. Two different types of mercury standard cells were developed for different calibration
purposes: saturated and unsaturated. Saturated standard cells provided the greatest voltage sta-
bility over time, at the expense of thermal instability. In other words, their voltage drifted very
little with the passage of time (just a few microvolts over the span of a decade!), but tended to vary
with changes in temperature (tens of microvolts per degree Celsius). These cells functioned best
in temperature-controlled laboratory environments where long-term stability is paramount. Unsat-
urated cells provided thermal stability at the expense of stability over time, the voltage remaining
virtually constant with changes in temperature but decreasing steadily by about 100 µV every year.
These cells functioned best as ”field” calibration devices where ambient temperature is not precisely
controlled. Nominal voltage for a saturated cell was 1.0186 volts, and 1.019 volts for an unsaturated
cell.

Modern semiconductor voltage (zener diode regulator) references have superseded standard cell
batteries as laboratory and field voltage standards.

A fascinating device closely related to primary-cell batteries is the fuel cell, so-called because
it harnesses the chemical reaction of combustion to generate an electric current. The process of
chemical oxidation (oxygen ionically bonding with other elements) is capable of producing an electron
flow between two electrodes just as well as any combination of metals and electrolytes. A fuel cell
can be thought of as a battery with an externally supplied chemical energy source.
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water out

oxygen inhydrogen in

electrolyte

membranes
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load-- +
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O2
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O2
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H+

H+

H+

H+

e-

e-

e-e-

e-e-

Hydrogen/Oxygen fuel cell

To date, the most successful fuel cells constructed are those which run on hydrogen and oxygen,
although much research has been done on cells using hydrocarbon fuels. While ”burning” hydrogen,
a fuel cell’s only waste byproducts are water and a small amount of heat. When operating on carbon-
containing fuels, carbon dioxide is also released as a byproduct. Because the operating temperature
of modern fuel cells is far below that of normal combustion, no oxides of nitrogen (NOx) are formed,
making it far less polluting, all other factors being equal.

The efficiency of energy conversion in a fuel cell from chemical to electrical far exceeds the
theoretical Carnot efficiency limit of any internal-combustion engine, which is an exciting prospect
for power generation and hybrid electric automobiles.

Another type of ”battery” is the solar cell, a by-product of the semiconductor revolution in
electronics. The photoelectric effect, whereby electrons are dislodged from atoms under the influence
of light, has been known in physics for many decades, but it has only been with recent advances
in semiconductor technology that a device existed capable of harnessing this effect to any practical
degree. Conversion efficiencies for silicon solar cells are still quite low, but their benefits as power
sources are legion: no moving parts, no noise, no waste products or pollution (aside from the
manufacture of solar cells, which is still a fairly ”dirty” industry), and indefinite life.
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thin, round wafer of
crystalline silicon

wires

schematic symbol

Solar cell

Specific cost of solar cell technology (dollars per kilowatt) is still very high, with little prospect
of significant decrease barring some kind of revolutionary advance in technology. Unlike electronic
components made from semiconductor material, which can be made smaller and smaller with less
scrap as a result of better quality control, a single solar cell still takes the same amount of ultra-pure
silicon to make as it did thirty years ago. Superior quality control fails to yield the same production
gain seen in the manufacture of chips and transistors (where isolated specks of impurity can ruin
many microscopic circuits on one wafer of silicon). The same number of impure inclusions does little
to impact the overall efficiency of a 3-inch solar cell.

Yet another type of special-purpose ”battery” is the chemical detection cell. Simply put, these
cells chemically react with specific substances in the air to create a voltage directly proportional to
the concentration of that substance. A common application for a chemical detection cell is in the
detection and measurement of oxygen concentration. Many portable oxygen analyzers have been
designed around these small cells. Cell chemistry must be designed to match the specific substance(s)
to be detected, and the cells do tend to ”wear out,” as their electrode materials deplete or become
contaminated with use.

• REVIEW:

• mercury standard cells are special types of batteries which were once used as voltage calibration
standards before the advent of precision semiconductor reference devices.

• A fuel cell is a kind of battery that uses a combustible fuel and oxidizer as reactants to generate
electricity. They are promising sources of electrical power in the future, ”burning” fuels with
very low emissions.

• A solar cell uses ambient light energy to motivate electrons from electrode to another, pro-
ducing voltage (and current, providing an external circuit).

• A chemical detection cell is a special type of voltaic cell which produces voltage proportional
to the concentration of an applied substance (usually a specific gas in ambient air).



cdiv CHAPTER 11. BATTERIES AND POWER SYSTEMS

11.5 Practical considerations

When connecting batteries together to form larger ”banks” (a battery of batteries?), the constituent
batteries must be matched to each other so as to not cause problems. First we will consider con-
necting batteries in series for greater voltage:

load

- + - + - + - +

- +

We know that the current is equal at all points in a series circuit, so whatever amount of current
there is in any one of the series-connected batteries must be the same for all the others as well.
For this reason, each battery must have the same amp-hour rating, or else some of the batteries will
become depleted sooner than others, compromising the capacity of the whole bank. Please note that
the total amp-hour capacity of this series battery bank is not affected by the number of batteries.
Next, we will consider connecting batteries in parallel for greater current capacity (lower internal

resistance), or greater amp-hour capacity:

+

-

+

-

+

-

+

-

+

-

load

We know that the voltage is equal across all branches of a parallel circuit, so we must be sure that
these batteries are of equal voltage. If not, we will have relatively large currents circulating from
one battery through another, the higher-voltage batteries overpowering the lower-voltage batteries.
This is not good.
On this same theme, we must be sure that any overcurrent protection (circuit breakers or fuses)

are installed in such a way as to be effective. For our series battery bank, one fuse will suffice to
protect the wiring from excessive current, since any break in a series circuit stops current through
all parts of the circuit:

load

- + - + - + - +

- +
fuse

With a parallel battery bank, one fuse is adequate for protecting the wiring against load overcur-
rent (between the parallel-connected batteries and the load), but we have other concerns to protect
against as well. Batteries have been known to internally short-circuit, due to electrode separator
failure, causing a problem not unlike that where batteries of unequal voltage are connected in par-
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allel: the good batteries will overpower the failed (lower voltage) battery, causing relatively large
currents within the batteries’ connecting wires. To guard against this eventuality, we should protect
each and every battery against overcurrent with individual battery fuses, in addition to the load
fuse:

+

-

+

-

+

-

+

-

+

-

load

main
fuse

When dealing with secondary-cell batteries, particular attention must be paid to the method
and timing of charging. Different types and construction of batteries have different charging needs,
and the manufacturer’s recommendations are probably the best guide to follow when designing or
maintaining a system. Two distinct concerns of battery charging are cycling and overcharging.
Cycling refers to the process of charging a battery to a ”full” condition and then discharging it to a
lower state. All batteries have a finite (limited) cycle life, and the allowable ”depth” of cycle (how
far it should be discharged at any time) varies from design to design. Overcharging is the condition
where current continues to be forced backwards through a secondary cell beyond the point where
the cell has reached full charge. With lead-acid cells in particular, overcharging leads to electrolysis
of the water (”boiling” the water out of the battery) and shortened life.
Any battery containing water in the electrolyte is subject to the production of hydrogen gas due

to electrolysis. This is especially true for overcharged lead-acid cells, but not exclusive to that type.
Hydrogen is an extremely flammable gas (especially in the presence of free oxygen created by the
same electrolysis process), odorless and colorless. Such batteries pose an explosion threat even under
normal operating conditions, and must be treated with respect. The author has been a firsthand
witness to a lead-acid battery explosion, where a spark created by the removal of a battery charger
(small DC power supply) from an automotive battery ignited hydrogen gas within the battery case,
blowing the top off the battery and splashing sulfuric acid everywhere. This occurred in a high
school automotive shop, no less. If it were not for all the students nearby wearing safety glasses and
buttoned-collar overalls, significant injury could have occurred.
When connecting and disconnecting charging equipment to a battery, always make the last

connection (or first disconnection) at a location away from the battery itself (such as at a point on
one of the battery cables, at least a foot away from the battery), so that any resultant spark has
little or no chance of igniting hydrogen gas.
In large, permanently installed battery banks, batteries are equipped with vent caps above each

cell, and hydrogen gas is vented outside of the battery room through hoods immediately over the
batteries. Hydrogen gas is very light and rises quickly. The greatest danger is when it is allowed to
accumulate in an area, awaiting ignition.
More modern lead-acid battery designs are sealed, using a catalyst to re-combine the electrolyzed

hydrogen and oxygen back into water, inside the battery case itself. Adequate ventilation might still
be a good idea, just in case a battery were to develop a leak in the case.

• REVIEW:
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• Connecting batteries in series increases voltage, but does not increase overall amp-hour capac-
ity.

• All batteries in a series bank must have the same amp-hour rating.

• Connecting batteries in parallel increases total current capacity by decreasing total resistance,
and it also increases overall amp-hour capacity.

• All batteries in a parallel bank must have the same voltage rating.

• Batteries can be damaged by excessive cycling and overcharging.

• Water-based electrolyte batteries are capable of generating explosive hydrogen gas, which must
not be allowed to accumulate in an area.

11.6 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.
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13.1 Electric fields and capacitance

Whenever an electric voltage exists between two separated conductors, an electric field is present
within the space between those conductors. In basic electronics, we study the interactions of volt-
age, current, and resistance as they pertain to circuits, which are conductive paths through which
electrons may travel. When we talk about fields, however, we’re dealing with interactions that can
be spread across empty space.
Admittedly, the concept of a ”field” is somewhat abstract. At least with electric current it isn’t

too difficult to envision tiny particles called electrons moving their way between the nuclei of atoms
within a conductor, but a ”field” doesn’t even have mass, and need not exist within matter at all.
Despite its abstract nature, almost every one of us has direct experience with fields, at least in

the form of magnets. Have you ever played with a pair of magnets, noticing how they attract or
repel each other depending on their relative orientation? There is an undeniable force between a pair
of magnets, and this force is without ”substance.” It has no mass, no color, no odor, and if not for
the physical force exerted on the magnets themselves, it would be utterly insensible to our bodies.
Physicists describe the interaction of magnets in terms of magnetic fields in the space between them.
If iron filings are placed near a magnet, they orient themselves along the lines of the field, visually
indicating its presence.
The subject of this chapter is electric fields (and devices called capacitors that exploit them),

not magnetic fields, but there are many similarities. Most likely you have experienced electric fields

cdxxxvii
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as well. Chapter 1 of this book began with an explanation of static electricity, and how materials
such as wax and wool – when rubbed against each other – produced a physical attraction. Again,
physicists would describe this interaction in terms of electric fields generated by the two objects as
a result of their electron imbalances. Suffice it to say that whenever a voltage exists between two
points, there will be an electric field manifested in the space between those points.

Fields have two measures: a field force and a field flux. The field force is the amount of ”push”
that a field exerts over a certain distance. The field flux is the total quantity, or effect, of the field
through space. Field force and flux are roughly analogous to voltage (”push”) and current (flow)
through a conductor, respectively, although field flux can exist in totally empty space (without
the motion of particles such as electrons) whereas current can only take place where there are
free electrons to move. Field flux can be opposed in space, just as the flow of electrons can be
opposed by resistance. The amount of field flux that will develop in space is proportional to the
amount of field force applied, divided by the amount of opposition to flux. Just as the type of
conducting material dictates that conductor’s specific resistance to electric current, the type of
insulating material separating two conductors dictates the specific opposition to field flux.

Normally, electrons cannot enter a conductor unless there is a path for an equal amount of
electrons to exit (remember the marble-in-tube analogy?). This is why conductors must be connected
together in a circular path (a circuit) for continuous current to occur. Oddly enough, however, extra
electrons can be ”squeezed” into a conductor without a path to exit if an electric field is allowed
to develop in space relative to another conductor. The number of extra free electrons added to the
conductor (or free electrons taken away) is directly proportional to the amount of field flux between
the two conductors.

Capacitors are components designed to take advantage of this phenomenon by placing two con-
ductive plates (usually metal) in close proximity with each other. There are many different styles of
capacitor construction, each one suited for particular ratings and purposes. For very small capaci-
tors, two circular plates sandwiching an insulating material will suffice. For larger capacitor values,
the ”plates” may be strips of metal foil, sandwiched around a flexible insulating medium and rolled
up for compactness. The highest capacitance values are obtained by using a microscopic-thickness
layer of insulating oxide separating two conductive surfaces. In any case, though, the general idea
is the same: two conductors, separated by an insulator.

The schematic symbol for a capacitor is quite simple, being little more than two short, parallel
lines (representing the plates) separated by a gap. Wires attach to the respective plates for connec-
tion to other components. An older, obsolete schematic symbol for capacitors showed interleaved
plates, which is actually a more accurate way of representing the real construction of most capacitors:

modern
obsolete

Capacitor symbols

When a voltage is applied across the two plates of a capacitor, a concentrated field flux is created
between them, allowing a significant difference of free electrons (a charge) to develop between the
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two plates:

-

+
+ + + + + +

- - - - - -

excess free electrons

deficiency of electrons

metal plate

metal plate
electric field

As the electric field is established by the applied voltage, extra free electrons are forced to collect
on the negative conductor, while free electrons are ”robbed” from the positive conductor. This
differential charge equates to a storage of energy in the capacitor, representing the potential charge
of the electrons between the two plates. The greater the difference of electrons on opposing plates
of a capacitor, the greater the field flux, and the greater ”charge” of energy the capacitor will store.

Because capacitors store the potential energy of accumulated electrons in the form of an electric
field, they behave quite differently than resistors (which simply dissipate energy in the form of heat)
in a circuit. Energy storage in a capacitor is a function of the voltage between the plates, as well
as other factors which we will discuss later in this chapter. A capacitor’s ability to store energy
as a function of voltage (potential difference between the two leads) results in a tendency to try to
maintain voltage at a constant level. In other words, capacitors tend to resist changes in voltage
drop. When voltage across a capacitor is increased or decreased, the capacitor ”resists” the change
by drawing current from or supplying current to the source of the voltage change, in opposition to
the change.

To store more energy in a capacitor, the voltage across it must be increased. This means that
more electrons must be added to the (-) plate and more taken away from the (+) plate, necessitating
a current in that direction. Conversely, to release energy from a capacitor, the voltage across it must
be decreased. This means some of the excess electrons on the (-) plate must be returned to the (+)
plate, necessitating a current in the other direction.

Just as Isaac Newton’s first Law of Motion (”an object in motion tends to stay in motion; an
object at rest tends to stay at rest”) describes the tendency of a mass to oppose changes in velocity,
we can state a capacitor’s tendency to oppose changes in voltage as such: ”A charged capacitor
tends to stay charged; a discharged capacitor tends to stay discharged.” Hypothetically, a capacitor
left untouched will indefinitely maintain whatever state of voltage charge that it’s been left it. Only
an outside source (or drain) of current can alter the voltage charge stored by a perfect capacitor:

voltage (charge) sustained with
the capacitor open-circuitedC

+

-

Practically speaking, however, capacitors will eventually lose their stored voltage charges due to
internal leakage paths for electrons to flow from one plate to the other. Depending on the specific
type of capacitor, the time it takes for a stored voltage charge to self-dissipate can be a long time
(several years with the capacitor sitting on a shelf!).
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When the voltage across a capacitor is increased, it draws current from the rest of the circuit,
acting as a power load. In this condition the capacitor is said to be charging, because there is an
increasing amount of energy being stored in its electric field. Note the direction of electron current
with regard to the voltage polarity:

C
+
-

. . .

. . .

. . . to the rest of 
the circuit

I

I

increasing
voltage

Energy being absorbed by
the capacitor from the rest
of the circuit.

The capacitor acts as a LOAD

Conversely, when the voltage across a capacitor is decreased, the capacitor supplies current to the
rest of the circuit, acting as a power source. In this condition the capacitor is said to be discharging.
Its store of energy – held in the electric field – is decreasing now as energy is released to the rest of
the circuit. Note the direction of electron current with regard to the voltage polarity:

C
+
-

. . .

. . .

. . . to the rest of 
the circuit

I

I

voltage

The capacitor acts as a SOURCE

Energy being released by the
capacitor to the rest of the circuit

decreasing

If a source of voltage is suddenly applied to an uncharged capacitor (a sudden increase of voltage),
the capacitor will draw current from that source, absorbing energy from it, until the capacitor’s
voltage equals that of the source. Once the capacitor voltage reached this final (charged) state,
its current decays to zero. Conversely, if a load resistance is connected to a charged capacitor, the
capacitor will supply current to the load, until it has released all its stored energy and its voltage
decays to zero. Once the capacitor voltage reaches this final (discharged) state, its current decays to
zero. In their ability to be charged and discharged, capacitors can be thought of as acting somewhat
like secondary-cell batteries.

The choice of insulating material between the plates, as was mentioned before, has a great impact
upon how much field flux (and therefore how much charge) will develop with any given amount of
voltage applied across the plates. Because of the role of this insulating material in affecting field
flux, it has a special name: dielectric. Not all dielectric materials are equal: the extent to which
materials inhibit or encourage the formation of electric field flux is called the permittivity of the
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dielectric.

The measure of a capacitor’s ability to store energy for a given amount of voltage drop is called
capacitance. Not surprisingly, capacitance is also a measure of the intensity of opposition to changes
in voltage (exactly how much current it will produce for a given rate of change in voltage). Ca-
pacitance is symbolically denoted with a capital ”C,” and is measured in the unit of the Farad,
abbreviated as ”F.”

Convention, for some odd reason, has favored the metric prefix ”micro” in the measurement of
large capacitances, and so many capacitors are rated in terms of confusingly large microFarad values:
for example, one large capacitor I have seen was rated 330,000 microFarads!! Why not state it as
330 milliFarads? I don’t know.

An obsolete name for a capacitor is condenser or condensor. These terms are not used in
any new books or schematic diagrams (to my knowledge), but they might be encountered in older
electronics literature. Perhaps the most well-known usage for the term ”condenser” is in automotive
engineering, where a small capacitor called by that name was used to mitigate excessive sparking
across the switch contacts (called ”points”) in electromechanical ignition systems.

• REVIEW:

• Capacitors react against changes in voltage by supplying or drawing current in the direction
necessary to oppose the change.

• When a capacitor is faced with an increasing voltage, it acts as a load : drawing current as it
absorbs energy (current going in the negative side and out the positive side, like a resistor).

• When a capacitor is faced with a decreasing voltage, it acts as a source: supplying current as
it releases stored energy (current going out the negative side and in the positive side, like a
battery).

• The ability of a capacitor to store energy in the form of an electric field (and consequently to
oppose changes in voltage) is called capacitance. It is measured in the unit of the Farad (F).

• Capacitors used to be commonly known by another term: condenser (alternatively spelled
”condensor”).

13.2 Capacitors and calculus

Capacitors do not have a stable ”resistance” as conductors do. However, there is a definite mathe-
matical relationship between voltage and current for a capacitor, as follows:
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i =
dv

dt

Where,

C

C = Capacitance in Farads
dv

dt
= Instantaneous rate of voltage change

(volts per second)

"Ohm’s Law" for a capacitor

i = Instantaneous current through the capacitor

The lower-case letter ”i” symbolizes instantaneous current, which means the amount of current
at a specific point in time. This stands in contrast to constant current or average current (capital
letter ”I”) over an unspecified period of time. The expression ”dv/dt” is one borrowed from calculus,
meaning the instantaneous rate of voltage change over time, or the rate of change of voltage (volts
per second increase or decrease) at a specific point in time, the same specific point in time that the
instantaneous current is referenced at. For whatever reason, the letter v is usually used to represent
instantaneous voltage rather than the letter e. However, it would not be incorrect to express the
instantaneous voltage rate-of-change as ”de/dt” instead.

In this equation we see something novel to our experience thusfar with electric circuits: the
variable of time. When relating the quantities of voltage, current, and resistance to a resistor, it
doesn’t matter if we’re dealing with measurements taken over an unspecified period of time (E=IR;
V=IR), or at a specific moment in time (e=ir; v=ir). The same basic formula holds true, because
time is irrelevant to voltage, current, and resistance in a component like a resistor.

In a capacitor, however, time is an essential variable, because current is related to how rapidly
voltage changes over time. To fully understand this, a few illustrations may be necessary. Suppose
we were to connect a capacitor to a variable-voltage source, constructed with a potentiometer and
a battery:

+

- +

-

+
V

-

Ammeter
(zero-center)

If the potentiometer mechanism remains in a single position (wiper is stationary), the voltmeter
connected across the capacitor will register a constant (unchanging) voltage, and the ammeter will
register 0 amps. In this scenario, the instantaneous rate of voltage change (dv/dt) is equal to zero,
because the voltage is unchanging. The equation tells us that with 0 volts per second change for a
dv/dt, there must be zero instantaneous current (i). From a physical perspective, with no change
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in voltage, there is no need for any electron motion to add or subtract charge from the capacitor’s
plates, and thus there will be no current.

Time

Time

Capacitor
voltage

Capacitor
current

EC

IC

Potentiometer wiper not moving

Now, if the potentiometer wiper is moved slowly and steadily in the ”up” direction, a greater
voltage will gradually be imposed across the capacitor. Thus, the voltmeter indication will be
increasing at a slow rate:

+

- +

-

+
V

-

Potentiometer wiper moving
slowly in the "up" direction

Increasing

Steady current

voltage

If we assume that the potentiometer wiper is being moved such that the rate of voltage increase
across the capacitor is steady (for example, voltage increasing at a constant rate of 2 volts per
second), the dv/dt term of the formula will be a fixed value. According to the equation, this fixed
value of dv/dt, multiplied by the capacitor’s capacitance in Farads (also fixed), results in a fixed
current of some magnitude. From a physical perspective, an increasing voltage across the capacitor
demands that there be an increasing charge differential between the plates. Thus, for a slow, steady
voltage increase rate, there must be a slow, steady rate of charge building in the capacitor, which
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equates to a slow, steady flow rate of electrons, or current. In this scenario, the capacitor is acting
as a load, with electrons entering the negative plate and exiting the positive, accumulating energy
in the electric field.

Time

Time

Capacitor
voltage

Capacitor
current

EC

IC

Voltage
change

Time

Potentiometer wiper moving slowly "up"

If the potentiometer is moved in the same direction, but at a faster rate, the rate of voltage
change (dv/dt) will be greater and so will be the capacitor’s current:

+

- +

-

+
V

-

Potentiometer wiper moving

Increasing

Steady current

voltage

quickly in the "up" direction

(greater)

(faster)
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Time

Time

Capacitor
voltage

Capacitor
current

EC

IC

Voltage
change

Time

Potentiometer wiper moving quickly "up"

When mathematics students first study calculus, they begin by exploring the concept of rates of
change for various mathematical functions. The derivative, which is the first and most elementary
calculus principle, is an expression of one variable’s rate of change in terms of another. Calculus
students have to learn this principle while studying abstract equations. You get to learn this principle
while studying something you can relate to: electric circuits!

To put this relationship between voltage and current in a capacitor in calculus terms, the current
through a capacitor is the derivative of the voltage across the capacitor with respect to time. Or,
stated in simpler terms, a capacitor’s current is directly proportional to how quickly the voltage
across it is changing. In this circuit where capacitor voltage is set by the position of a rotary knob
on a potentiometer, we can say that the capacitor’s current is directly proportional to how quickly
we turn the knob.

If we to move the potentiometer’s wiper in the same direction as before (”up”), but at varying
rates, we would obtain graphs that looked like this:
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Time

Time

Capacitor
voltage

Capacitor
current

EC

IC

Potentiometer wiper moving "up" at
different rates

Note how that at any given point in time, the capacitor’s current is proportional to the rate-of-
change, or slope of the capacitor’s voltage plot. When the voltage plot line is rising quickly (steep
slope), the current will likewise be great. Where the voltage plot has a mild slope, the current is
small. At one place in the voltage plot where it levels off (zero slope, representing a period of time
when the potentiometer wasn’t moving), the current falls to zero.

If we were to move the potentiometer wiper in the ”down” direction, the capacitor voltage would
decrease rather than increase. Again, the capacitor will react to this change of voltage by producing
a current, but this time the current will be in the opposite direction. A decreasing capacitor voltage
requires that the charge differential between the capacitor’s plates be reduced, and that only way
that can happen is if the electrons reverse their direction of flow, the capacitor discharging rather
than charging. In this condition, with electrons exiting the negative plate and entering the positive,
the capacitor will act as a source, like a battery, releasing its stored energy to the rest of the circuit.

+

- +

-

+
V

-

Potentiometer wiper moving

voltage

in the "down" direction

Decreasing
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Again, the amount of current through the capacitor is directly proportional to the rate of voltage
change across it. The only difference between the effects of a decreasing voltage and an increas-
ing voltage is the direction of electron flow. For the same rate of voltage change over time, either
increasing or decreasing, the current magnitude (amps) will be the same. Mathematically, a de-
creasing voltage rate-of-change is expressed as a negative dv/dt quantity. Following the formula
i = C(dv/dt), this will result in a current figure (i) that is likewise negative in sign, indicating a
direction of flow corresponding to discharge of the capacitor.

13.3 Factors affecting capacitance

There are three basic factors of capacitor construction determining the amount of capacitance cre-
ated. These factors all dictate capacitance by affecting how much electric field flux (relative difference
of electrons between plates) will develop for a given amount of electric field force (voltage between
the two plates):

PLATE AREA: All other factors being equal, greater plate area gives greater capacitance; less
plate area gives less capacitance.

Explanation: Larger plate area results in more field flux (charge collected on the plates) for a
given field force (voltage across the plates).

less capacitance more capacitance

PLATE SPACING: All other factors being equal, further plate spacing gives less capacitance;
closer plate spacing gives greater capacitance.

Explanation: Closer spacing results in a greater field force (voltage across the capacitor divided
by the distance between the plates), which results in a greater field flux (charge collected on the
plates) for any given voltage applied across the plates.

less capacitance more capacitance

DIELECTRIC MATERIAL: All other factors being equal, greater permittivity of the dielec-
tric gives greater capacitance; less permittivity of the dielectric gives less capacitance.

Explanation: Although it’s complicated to explain, some materials offer less opposition to field
flux for a given amount of field force. Materials with a greater permittivity allow for more field
flux (offer less opposition), and thus a greater collected charge, for any given amount of field force
(applied voltage).
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less capacitance more capacitance

glassair

(relative permittivity
= 1.0006)

(relative permittivity
= 7.0)

”Relative” permittivity means the permittivity of a material, relative to that of a pure vacuum.
The greater the number, the greater the permittivity of the material. Glass, for instance, with a
relative permittivity of 7, has seven times the permittivity of a pure vacuum, and consequently will
allow for the establishment of an electric field flux seven times stronger than that of a vacuum, all
other factors being equal.

The following is a table listing the relative permittivities (also known as the ”dielectric constant”)
of various common substances:

Material Relative permittivity (dielectric constant)

============================================================

Vacuum ------------------------- 1.0000

Air ---------------------------- 1.0006

PTFE, FEP ("Teflon") ----------- 2.0

Polypropylene ------------------ 2.20 to 2.28

ABS resin ---------------------- 2.4 to 3.2

Polystyrene -------------------- 2.45 to 4.0

Waxed paper -------------------- 2.5

Transformer oil ---------------- 2.5 to 4

Hard Rubber -------------------- 2.5 to 4.80

Wood (Oak) --------------------- 3.3

Silicones ---------------------- 3.4 to 4.3

Bakelite ----------------------- 3.5 to 6.0

Quartz, fused ------------------ 3.8

Wood (Maple) ------------------- 4.4

Glass -------------------------- 4.9 to 7.5

Castor oil --------------------- 5.0

Wood (Birch) ------------------- 5.2

Mica, muscovite ---------------- 5.0 to 8.7

Glass-bonded mica -------------- 6.3 to 9.3

Porcelain, Steatite ------------ 6.5

Alumina ------------------------ 8.0 to 10.0

Distilled water ---------------- 80.0

Barium-strontium-titanite ------ 7500

An approximation of capacitance for any pair of separated conductors can be found with this
formula:
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Where,

C =
d

ε A

C = Capacitance in Farads

ε = Permittivity of dielectric (absolute, not
relative)

A = Area of plate overlap in square meters

d = Distance between plates in meters

A capacitor can be made variable rather than fixed in value by varying any of the physical factors
determining capacitance. One relatively easy factor to vary in capacitor construction is that of plate
area, or more properly, the amount of plate overlap.

The following photograph shows an example of a variable capacitor using a set of interleaved
metal plates and an air gap as the dielectric material:

As the shaft is rotated, the degree to which the sets of plates overlap each other will vary, changing
the effective area of the plates between which a concentrated electric field can be established. This
particular capacitor has a capacitance in the picofarad range, and finds use in radio circuitry.
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13.4 Series and parallel capacitors

When capacitors are connected in series, the total capacitance is less than any one of the series ca-
pacitors’ individual capacitances. If two or more capacitors are connected in series, the overall effect
is that of a single (equivalent) capacitor having the sum total of the plate spacings of the individual
capacitors. As we’ve just seen, an increase in plate spacing, with all other factors unchanged, results
in decreased capacitance.

C1

C2

equivalent to Ctotal

Thus, the total capacitance is less than any one of the individual capacitors’ capacitances. The
formula for calculating the series total capacitance is the same form as for calculating parallel
resistances:

Series Capacitances

Ctotal = 

C1 C2 Cn

1
+

1
+ . . .

1

1

When capacitors are connected in parallel, the total capacitance is the sum of the individual
capacitors’ capacitances. If two or more capacitors are connected in parallel, the overall effect
is that of a single equivalent capacitor having the sum total of the plate areas of the individual
capacitors. As we’ve just seen, an increase in plate area, with all other factors unchanged, results
in increased capacitance.

C1 C2
equivalent to Ctotal

Thus, the total capacitance is more than any one of the individual capacitors’ capacitances.
The formula for calculating the parallel total capacitance is the same form as for calculating series
resistances:

+ + . . .

Parallel Capacitances

Ctotal = C1 C2 Cn

As you will no doubt notice, this is exactly opposite of the phenomenon exhibited by resistors.
With resistors, series connections result in additive values while parallel connections result in dimin-
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ished values. With capacitors, it’s the reverse: parallel connections result in additive values while
series connections result in diminished values.

• REVIEW:

• Capacitances diminish in series.

• Capacitances add in parallel.

13.5 Practical considerations

Capacitors, like all electrical components, have limitations which must be respected for the sake of
reliability and proper circuit operation.

Working voltage: Since capacitors are nothing more than two conductors separated by an insu-
lator (the dielectric), you must pay attention to the maximum voltage allowed across it. If too much
voltage is applied, the ”breakdown” rating of the dielectric material may be exceeded, resulting in
the capacitor internally short-circuiting.

Polarity : Some capacitors are manufactured so they can only tolerate applied voltage in one
polarity but not the other. This is due to their construction: the dielectric is a microscopically thin
layer of insulation deposited on one of the plates by a DC voltage during manufacture. These are
called electrolytic capacitors, and their polarity is clearly marked.

+

-
curved side of symbol is

always negative!

Electrolytic ("polarized")
capacitor

Reversing voltage polarity to an electrolytic capacitor may result in the destruction of that
super-thin dielectric layer, thus ruining the device. However, the thinness of that dielectric per-
mits extremely high values of capacitance in a relatively small package size. For the same reason,
electrolytic capacitors tend to be low in voltage rating as compared with other types of capacitor
construction.

Equivalent circuit: Since the plates in a capacitors have some resistance, and since no dielectric
is a perfect insulator, there is no such thing as a ”perfect” capacitor. In real life, a capacitor has
both a series resistance and a parallel (leakage) resistance interacting with its purely capacitive
characteristics:
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Rseries

Rleakage

Capacitor equivalent circuit

Cideal

Fortunately, it is relatively easy to manufacture capacitors with very small series resistances and
very high leakage resistances!

Physical Size: For most applications in electronics, minimum size is the goal for component
engineering. The smaller components can be made, the more circuitry can be built into a smaller
package, and usually weight is saved as well. With capacitors, there are two major limiting factors
to the minimum size of a unit: working voltage and capacitance. And these two factors tend to be
in opposition to each other. For any given choice in dielectric materials, the only way to increase the
voltage rating of a capacitor is to increase the thickness of the dielectric. However, as we have seen,
this has the effect of decreasing capacitance. Capacitance can be brought back up by increasing
plate area. but this makes for a larger unit. This is why you cannot judge a capacitor’s rating in
Farads simply by size. A capacitor of any given size may be relatively high in capacitance and low
in working voltage, vice versa, or some compromise between the two extremes. Take the following
two photographs for example:

This is a fairly large capacitor in physical size, but it has quite a low capacitance value: only 2
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µF. However, its working voltage is quite high: 2000 volts! If this capacitor were re-engineered to
have a thinner layer of dielectric between its plates, at least a hundredfold increase in capacitance
might be achievable, but at a cost of significantly lowering its working voltage. Compare the above
photograph with the one below. The capacitor shown in the lower picture is an electrolytic unit,
similar in size to the one above, but with very different values of capacitance and working voltage:

The thinner dielectric layer gives it a much greater capacitance (20,000 µF) and a drastically
reduced working voltage (35 volts continuous, 45 volts intermittent).

Here are some samples of different capacitor types, all smaller than the units shown previously:
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The electrolytic and tantalum capacitors are polarized (polarity sensitive), and are always labeled
as such. The electrolytic units have their negative (-) leads distinguished by arrow symbols on their
cases. Some polarized capacitors have their polarity designated by marking the positive terminal.
The large, 20,000 µF electrolytic unit shown in the upright position has its positive (+) terminal
labeled with a ”plus” mark. Ceramic, mylar, plastic film, and air capacitors do not have polarity
markings, because those types are nonpolarized (they are not polarity sensitive).
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Capacitors are very common components in electronic circuits. Take a close look at the following
photograph – every component marked with a ”C” designation on the printed circuit board is a
capacitor:

Some of the capacitors shown on this circuit board are standard electrolytic: C30 (top of board,
center) and C36 (left side, 1/3 from the top). Some others are a special kind of electrolytic capacitor
called tantalum, because this is the type of metal used to make the plates. Tantalum capacitors
have relatively high capacitance for their physical size. The following capacitors on the circuit board
shown above are tantalum: C14 (just to the lower-left of C30), C19 (directly below R10, which is
below C30), C24 (lower-left corner of board), and C22 (lower-right).

Examples of even smaller capacitors can be seen in this photograph:
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The capacitors on this circuit board are ”surface mount devices” as are all the resistors, for
reasons of saving space. Following component labeling convention, the capacitors can be identified
by labels beginning with the letter ”C”.

13.6 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Warren Young (August 2002): Photographs of different capacitor types.
Jason Starck (June 2000): HTML document formatting, which led to a much better-looking

second edition.
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15.1 Magnetic fields and inductance

Whenever electrons flow through a conductor, a magnetic field will develop around that conductor.
This effect is called electromagnetism. Magnetic fields effect the alignment of electrons in an atom,
and can cause physical force to develop between atoms across space just as with electric fields
developing force between electrically charged particles. Like electric fields, magnetic fields can
occupy completely empty space, and affect matter at a distance.
Fields have two measures: a field force and a field flux. The field force is the amount of ”push”

that a field exerts over a certain distance. The field flux is the total quantity, or effect, of the field
through space. Field force and flux are roughly analogous to voltage (”push”) and current (flow)
through a conductor, respectively, although field flux can exist in totally empty space (without
the motion of particles such as electrons) whereas current can only take place where there are free
electrons to move. Field flux can be opposed in space, just as the flow of electrons can be opposed by
resistance. The amount of field flux that will develop in space is proportional to the amount of field
force applied, divided by the amount of opposition to flux. Just as the type of conducting material
dictates that conductor’s specific resistance to electric current, the type of material occupying the
space through which a magnetic field force is impressed dictates the specific opposition to magnetic
field flux.
Whereas an electric field flux between two conductors allows for an accumulation of free elec-

tron charge within those conductors, an electromagnetic field flux allows for a certain ”inertia” to
accumulate in the flow of electrons through the conductor producing the field.

cdlxxvii
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Inductors are components designed to take advantage of this phenomenon by shaping the length
of conductive wire in the form of a coil. This shape creates a stronger magnetic field than what would
be produced by a straight wire. Some inductors are formed with wire wound in a self-supporting
coil. Others wrap the wire around a solid core material of some type. Sometimes the core of an
inductor will be straight, and other times it will be joined in a loop (square, rectangular, or circular)
to fully contain the magnetic flux. These design options all have effect on the performance and
characteristics of inductors.

The schematic symbol for an inductor, like the capacitor, is quite simple, being little more than
a coil symbol representing the coiled wire. Although a simple coil shape is the generic symbol for
any inductor, inductors with cores are sometimes distinguished by the addition of parallel lines to
the axis of the coil. A newer version of the inductor symbol dispenses with the coil shape in favor
of several ”humps” in a row:

generic, or air-core iron core

iron core
(alternative)

generic
(newer symbol)

Inductor symbols

As the electric current produces a concentrated magnetic field around the coil, this field flux
equates to a storage of energy representing the kinetic motion of the electrons through the coil. The
more current in the coil, the stronger the magnetic field will be, and the more energy the inductor
will store.

I

I

magnetic 
field

Because inductors store the kinetic energy of moving electrons in the form of a magnetic field,
they behave quite differently than resistors (which simply dissipate energy in the form of heat) in a
circuit. Energy storage in an inductor is a function of the amount of current through it. An inductor’s
ability to store energy as a function of current results in a tendency to try to maintain current at a
constant level. In other words, inductors tend to resist changes in current. When current through an
inductor is increased or decreased, the inductor ”resists” the change by producing a voltage between
its leads in opposing polarity to the change.
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To store more energy in an inductor, the current through it must be increased. This means
that its magnetic field must increase in strength, and that change in field strength produces the
corresponding voltage according to the principle of electromagnetic self-induction. Conversely, to
release energy from an inductor, the current through it must be decreased. This means that the
inductor’s magnetic field must decrease in strength, and that change in field strength self-induces a
voltage drop of just the opposite polarity.

Just as Isaac Newton’s first Law of Motion (”an object in motion tends to stay in motion; an
object at rest tends to stay at rest”) describes the tendency of a mass to oppose changes in velocity,
we can state an inductor’s tendency to oppose changes in current as such: ”Electrons moving
through an inductor tend to stay in motion; electrons at rest in an inductor tend to stay at rest.”
Hypothetically, an inductor left short-circuited will maintain a constant rate of current through it
with no external assistance:

current sustained with
the inductor short-circuited

Practically speaking, however, the ability for an inductor to self-sustain current is realized only
with superconductive wire, as the wire resistance in any normal inductor is enough to cause current
to decay very quickly with no external source of power.

When the current through an inductor is increased, it drops a voltage opposing the direction of
electron flow, acting as a power load. In this condition the inductor is said to be charging, because
there is an increasing amount of energy being stored in its magnetic field. Note the polarity of the
voltage with regard to the direction of current:

. . .

. . .

. . . to the rest of
the circuit

Energy being absorbed by
the inductor from the rest

increasing current

increasing current

-

+
voltage drop

The inductor acts as a LOAD

of the circuit.

Conversely, when the current through the inductor is decreased, it drops a voltage aiding the
direction of electron flow, acting as a power source. In this condition the inductor is said to be
discharging, because its store of energy is decreasing as it releases energy from its magnetic field to
the rest of the circuit. Note the polarity of the voltage with regard to the direction of current.
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. . .

. . .

. . . to the rest of
the circuit

-

+
voltage drop

Energy being released by
the inductor to the rest

decreasing current

decreasing current

The inductor acts as a SOURCE

of the circuit.

If a source of electric power is suddenly applied to an unmagnetized inductor, the inductor will
initially resist the flow of electrons by dropping the full voltage of the source. As current begins to
increase, a stronger and stronger magnetic field will be created, absorbing energy from the source.
Eventually the current reaches a maximum level, and stops increasing. At this point, the inductor
stops absorbing energy from the source, and is dropping minimum voltage across its leads, while the
current remains at a maximum level. As an inductor stores more energy, its current level increases,
while its voltage drop decreases. Note that this is precisely the opposite of capacitor behavior, where
the storage of energy results in an increased voltage across the component! Whereas capacitors store
their energy charge by maintaining a static voltage, inductors maintain their energy ”charge” by
maintaining a steady current through the coil.
The type of material the wire is coiled around greatly impacts the strength of the magnetic field

flux (and therefore how much stored energy) generated for any given amount of current through
the coil. Coil cores made of ferromagnetic materials (such as soft iron) will encourage stronger field
fluxes to develop with a given field force than nonmagnetic substances such as aluminum or air.
The measure of an inductor’s ability to store energy for a given amount of current flow is called

inductance. Not surprisingly, inductance is also a measure of the intensity of opposition to changes
in current (exactly how much self-induced voltage will be produced for a given rate of change of
current). Inductance is symbolically denoted with a capital ”L,” and is measured in the unit of the
Henry, abbreviated as ”H.”
An obsolete name for an inductor is choke, so called for its common usage to block (”choke”)

high-frequency AC signals in radio circuits. Another name for an inductor, still used in modern
times, is reactor, especially when used in large power applications. Both of these names will make
more sense after you’ve studied alternating current (AC) circuit theory, and especially a principle
known as inductive reactance.

• REVIEW:

• Inductors react against changes in current by dropping voltage in the polarity necessary to
oppose the change.

• When an inductor is faced with an increasing current, it acts as a load: dropping voltage as it
absorbs energy (negative on the current entry side and positive on the current exit side, like a
resistor).
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• When an inductor is faced with a decreasing current, it acts as a source: creating voltage as
it releases stored energy (positive on the current entry side and negative on the current exit
side, like a battery).

• The ability of an inductor to store energy in the form of a magnetic field (and consequently to
oppose changes in current) is called inductance. It is measured in the unit of the Henry (H).

• Inductors used to be commonly known by another term: choke. In large power applications,
they are sometimes referred to as reactors.

15.2 Inductors and calculus

Inductors do not have a stable ”resistance” as conductors do. However, there is a definite mathe-
matical relationship between voltage and current for an inductor, as follows:

dt

Where,

dt

"Ohm’s Law" for an inductor

v =
di

L

v = Instantaneous voltage across the inductor

L = Inductance in Henrys
di

= Instantaneous rate of current change
(amps per second)

You should recognize the form of this equation from the capacitor chapter. It relates one variable
(in this case, inductor voltage drop) to a rate of change of another variable (in this case, inductor
current). Both voltage (v) and rate of current change (di/dt) are instantaneous: that is, in relation
to a specific point in time, thus the lower-case letters ”v” and ”i”. As with the capacitor formula, it
is convention to express instantaneous voltage as v rather than e, but using the latter designation
would not be wrong. Current rate-of-change (di/dt) is expressed in units of amps per second, a
positive number representing an increase and a negative number representing a decrease.

Like a capacitor, an inductor’s behavior is rooted in the variable of time. Aside from any
resistance intrinsic to an inductor’s wire coil (which we will assume is zero for the sake of this
section), the voltage dropped across the terminals of an inductor is purely related to how quickly its
current changes over time.

Suppose we were to connect a perfect inductor (one having zero ohms of wire resistance) to a
circuit where we could vary the amount of current through it with a potentiometer connected as a
variable resistor:
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+

-

(zero-center)

A
- +

Voltmeter

If the potentiometer mechanism remains in a single position (wiper is stationary), the series-
connected ammeter will register a constant (unchanging) current, and the voltmeter connected
across the inductor will register 0 volts. In this scenario, the instantaneous rate of current change
(di/dt) is equal to zero, because the current is stable. The equation tells us that with 0 amps per
second change for a di/dt, there must be zero instantaneous voltage (v) across the inductor. From
a physical perspective, with no current change, there will be a steady magnetic field generated by
the inductor. With no change in magnetic flux (dΦ/dt = 0 Webers per second), there will be no
voltage dropped across the length of the coil due to induction.

Time

Time

Potentiometer wiper not moving

Inductor
current

IL

Inductor
voltage

EL

If we move the potentiometer wiper slowly in the ”up” direction, its resistance from end to end
will slowly decrease. This has the effect of increasing current in the circuit, so the ammeter indication
should be increasing at a slow rate:
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+

-

A
- +

Potentiometer wiper moving
slowly in the "up" direction

Increasing
current

Steady
voltage

-+

Assuming that the potentiometer wiper is being moved such that the rate of current increase
through the inductor is steady, the di/dt term of the formula will be a fixed value. This fixed value,
multiplied by the inductor’s inductance in Henrys (also fixed), results in a fixed voltage of some
magnitude. From a physical perspective, the gradual increase in current results in a magnetic field
that is likewise increasing. This gradual increase in magnetic flux causes a voltage to be induced
in the coil as expressed by Michael Faraday’s induction equation e = N(dΦ/dt). This self-induced
voltage across the coil, as a result of a gradual change in current magnitude through the coil, happens
to be of a polarity that attempts to oppose the change in current. In other words, the induced voltage
polarity resulting from an increase in current will be oriented in such a way as to push against the
direction of current, to try to keep the current at its former magnitude. This phenomenon exhibits
a more general principle of physics known as Lenz’s Law, which states that an induced effect will
always be opposed to the cause producing it.

In this scenario, the inductor will be acting as a load, with the negative side of the induced
voltage on the end where electrons are entering, and the positive side of the induced voltage on the
end where electrons are exiting.
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Time

Time

change

Time

Potentiometer wiper moving slowly "up"

Inductor
current

IL

Current

Inductor
voltage

EL

Changing the rate of current increase through the inductor by moving the potentiometer wiper
”up” at different speeds results in different amounts of voltage being dropped across the inductor,
all with the same polarity (opposing the increase in current):

Time

Time

Inductor
current

IL

Inductor
voltage

EL

Potentiometer wiper moving "up" at
different rates

Here again we see the derivative function of calculus exhibited in the behavior of an inductor.
In calculus terms, we would say that the induced voltage across the inductor is the derivative of the
current through the inductor: that is, proportional to the current’s rate-of-change with respect to
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time.

Reversing the direction of wiper motion on the potentiometer (going ”down” rather than ”up”)
will result in its end-to-end resistance increasing. This will result in circuit current decreasing (a
negative figure for di/dt). The inductor, always opposing any change in current, will produce a
voltage drop opposed to the direction of change:

+

-

A
- +

Potentiometer wiper moving

current

- +

in the "down" direction

Decreasing

How much voltage the inductor will produce depends, of course, on how rapidly the current
through it is decreased. As described by Lenz’s Law, the induced voltage will be opposed to the
change in current. With a decreasing current, the voltage polarity will be oriented so as to try to
keep the current at its former magnitude. In this scenario, the inductor will be acting as a source,
with the negative side of the induced voltage on the end where electrons are exiting, and the positive
side of the induced voltage on the end where electrons are entering. The more rapidly current is
decreased, the more voltage will be produced by the inductor, in its release of stored energy to try
to keep current constant.

Again, the amount of voltage across a perfect inductor is directly proportional to the rate of
current change through it. The only difference between the effects of a decreasing current and an
increasing current is the polarity of the induced voltage. For the same rate of current change over
time, either increasing or decreasing, the voltage magnitude (volts) will be the same. For example,
a di/dt of -2 amps per second will produce the same amount of induced voltage drop across an
inductor as a di/dt of +2 amps per second, just in the opposite polarity.

If current through an inductor is forced to change very rapidly, very high voltages will be pro-
duced. Consider the following circuit:
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+

-

Neon lamp

6 V

Switch

In this circuit, a lamp is connected across the terminals of an inductor. A switch is used to
control current in the circuit, and power is supplied by a 6 volt battery. When the switch is closed,
the inductor will briefly oppose the change in current from zero to some magnitude, but will drop
only a small amount of voltage. It takes about 70 volts to ionize the neon gas inside a neon bulb like
this, so the bulb cannot be lit on the 6 volts produced by the battery, or the low voltage momentarily
dropped by the inductor when the switch is closed:

+

-
6 V

no light

When the switch is opened, however, it suddenly introduces an extremely high resistance into
the circuit (the resistance of the air gap between the contacts). This sudden introduction of high
resistance into the circuit causes the circuit current to decrease almost instantly. Mathematically,
the di/dt term will be a very large negative number. Such a rapid change of current (from some
magnitude to zero in very little time) will induce a very high voltage across the inductor, oriented
with negative on the left and positive on the right, in an effort to oppose this decrease in current.
The voltage produced is usually more than enough to light the neon lamp, if only for a brief moment
until the current decays to zero:
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+

-
6 V

- +

Light!

For maximum effect, the inductor should be sized as large as possible (at least 1 Henry of
inductance).

15.3 Factors affecting inductance

There are four basic factors of inductor construction determining the amount of inductance created.
These factors all dictate inductance by affecting how much magnetic field flux will develop for a
given amount of magnetic field force (current through the inductor’s wire coil):

NUMBER OF WIRE WRAPS, OR ”TURNS” IN THE COIL: All other factors being
equal, a greater number of turns of wire in the coil results in greater inductance; fewer turns of wire
in the coil results in less inductance.

Explanation: More turns of wire means that the coil will generate a greater amount of magnetic
field force (measured in amp-turns!), for a given amount of coil current.

less inductance more inductance

COIL AREA: All other factors being equal, greater coil area (as measured looking lengthwise
through the coil, at the cross-section of the core) results in greater inductance; less coil area results
in less inductance.

Explanation: Greater coil area presents less opposition to the formation of magnetic field flux,
for a given amount of field force (amp-turns).

less inductance more inductance
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COIL LENGTH: All other factors being equal, the longer the coil’s length, the less inductance;
the shorter the coil’s length, the greater the inductance.
Explanation: A longer path for the magnetic field flux to take results in more opposition to the

formation of that flux for any given amount of field force (amp-turns).

less inductance more inductance

CORE MATERIAL: All other factors being equal, the greater the magnetic permeability of
the core which the coil is wrapped around, the greater the inductance; the less the permeability of
the core, the less the inductance.
Explanation: A core material with greater magnetic permeability results in greater magnetic

field flux for any given amount of field force (amp-turns).

less inductance more inductance

air core
(permeability = 1)

soft iron core
(permeability = 600)

An approximation of inductance for any coil of wire can be found with this formula:

Where,

N = Number of turns in wire coil (straight wire = 1)

L =
N2µA

l

L =

µ =

A =

l =

Inductance of coil in Henrys

Permeability of core material (absolute, not relative)
Area of coil in square meters
Average length of coil in meters

It must be understood that this formula yields approximate figures only. One reason for this
is the fact that permeability changes as the field intensity varies (remember the nonlinear ”B/H”
curves for different materials). Obviously, if permeability (µ) in the equation is unstable, then the
inductance (L) will also be unstable to some degree as the current through the coil changes in
magnitude. If the hysteresis of the core material is significant, this will also have strange effects on
the inductance of the coil. Inductor designers try to minimize these effects by designing the core in
such a way that its flux density never approaches saturation levels, and so the inductor operates in
a more linear portion of the B/H curve.
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If an inductor is designed so that any one of these factors may be varied at will, its inductance will
correspondingly vary. Variable inductors are usually made by providing a way to vary the number
of wire turns in use at any given time, or by varying the core material (a sliding core that can be
moved in and out of the coil). An example of the former design is shown in this photograph:

This unit uses sliding copper contacts to tap into the coil at different points along its length.
The unit shown happens to be an air-core inductor used in early radio work.

A fixed-value inductor is shown in the next photograph, another antique air-core unit built for
radios. The connection terminals can be seen at the bottom, as well as the few turns of relatively
thick wire:

Here is another inductor (of greater inductance value), also intended for radio applications. Its
wire coil is wound around a white ceramic tube for greater rigidity:
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Inductors can also be made very small for printed circuit board applications. Closely examine
the following photograph and see if you can identify two inductors near each other:
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The two inductors on this circuit board are labeled L1 and L2, and they are located to the
right-center of the board. Two nearby components are R3 (a resistor) and C16 (a capacitor). These
inductors are called ”toroidal” because their wire coils are wound around donut-shaped (”torus”)
cores.

Like resistors and capacitors, inductors can be packaged as ”surface mount devices” as well. The
following photograph shows just how small an inductor can be when packaged as such:
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A pair of inductors can be seen on this circuit board, to the right and center, appearing as small
black chips with the number ”100” printed on both. The upper inductor’s label can be seen printed
on the green circuit board as L5. Of course these inductors are very small in inductance value, but
it demonstrates just how tiny they can be manufactured to meet certain circuit design needs.

15.4 Series and parallel inductors

When inductors are connected in series, the total inductance is the sum of the individual inductors’
inductances. To understand why this is so, consider the following: the definitive measure of induc-
tance is the amount of voltage dropped across an inductor for a given rate of current change through
it. If inductors are connected together in series (thus sharing the same current, and seeing the same
rate of change in current), then the total voltage dropped as the result of a change in current will be
additive with each inductor, creating a greater total voltage than either of the individual inductors
alone. Greater voltage for the same rate of change in current means greater inductance.
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increase in current

L1 L2- + - +

voltage
drop

total voltage drop- +

voltage
drop

Thus, the total inductance for series inductors is more than any one of the individual induc-
tors’ inductances. The formula for calculating the series total inductance is the same form as for
calculating series resistances:

Series Inductances

Ltotal = L1 + L2 + . . . Ln

When inductors are connected in parallel, the total inductance is less than any one of the parallel
inductors’ inductances. Again, remember that the definitive measure of inductance is the amount of
voltage dropped across an inductor for a given rate of current change through it. Since the current
through each parallel inductor will be a fraction of the total current, and the voltage across each
parallel inductor will be equal, a change in total current will result in less voltage dropped across
the parallel array than for any one of the inductors considered separately. In other words, there will
be less voltage dropped across parallel inductors for a given rate of change in current than for any
of of those inductors considered separately, because total current divides among parallel branches.
Less voltage for the same rate of change in current means less inductance.

increase in current

L1 L2

+

--

+
voltage
drop

IL1 IL2

total

Thus, the total inductance is less than any one of the individual inductors’ inductances. The
formula for calculating the parallel total inductance is the same form as for calculating parallel
resistances:

1
+

1
+ . . .

1

1

Parallel Inductances

Ltotal =

L1 L2 Ln

• REVIEW:

• Inductances add in series.

• Inductances diminish in parallel.
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15.5 Practical considerations

Inductors, like all electrical components, have limitations which must be respected for the sake of
reliability and proper circuit operation.
Rated current: Since inductors are constructed of coiled wire, and any wire will be limited in its

current-carrying capacity by its resistance and ability to dissipate heat, you must pay attention to
the maximum current allowed through an inductor.
Equivalent circuit: Since inductor wire has some resistance, and circuit design constraints typ-

ically demand the inductor be built to the smallest possible dimensions, there is no such thing as
a ”perfect” inductor. Inductor coil wire usually presents a substantial amount of series resistance,
and the close spacing of wire from one coil turn to another (separated by insulation) may present
measurable amounts of stray capacitance to interact with its purely inductive characteristics. Unlike
capacitors, which are relatively easy to manufacture with negligible stray effects, inductors are dif-
ficult to find in ”pure” form. In certain applications, these undesirable characteristics may present
significant engineering problems.
Inductor size: Inductors tend to be much larger, physically, than capacitors are for storing

equivalent amounts of energy. This is especially true considering the recent advances in electrolytic
capacitor technology, allowing incredibly large capacitance values to be packed into a small package.
If a circuit designer needs to store a large amount of energy in a small volume and has the freedom
to choose either capacitors or inductors for the task, he or she will most likely choose a capacitor.
A notable exception to this rule is in applications requiring huge amounts of either capacitance or
inductance to store electrical energy: inductors made of superconducting wire (zero resistance) are
more practical to build and safely operate than capacitors of equivalent value, and are probably
smaller too.
Interference: Inductors may affect nearby components on a circuit board with their magnetic

fields, which can extend significant distances beyond the inductor. This is especially true if there
are other inductors nearby on the circuit board. If the magnetic fields of two or more inductors are
able to ”link” with each others’ turns of wire, there will be mutual inductance present in the circuit
as well as self-inductance, which could very well cause unwanted effects. This is another reason
why circuit designers tend to choose capacitors over inductors to perform similar tasks: capacitors
inherently contain their respective electric fields neatly within the component package and therefore
do not typically generate any ”mutual” effects with other components.

15.6 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.
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16.1 Electrical transients

This chapter explores the response of capacitors and inductors sudden changes in DC voltage (called
a transient voltage), when wired in series with a resistor. Unlike resistors, which respond instan-
taneously to applied voltage, capacitors and inductors react over time as they absorb and release
energy.

16.2 Capacitor transient response

Because capacitors store energy in the form of an electric field, they tend to act like small secondary-
cell batteries, being able to store and release electrical energy. A fully discharged capacitor maintains
zero volts across its terminals, and a charged capacitor maintains a steady quantity of voltage across
its terminals, just like a battery. When capacitors are placed in a circuit with other sources of voltage,
they will absorb energy from those sources, just as a secondary-cell battery will become charged as

cdxcv
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a result of being connected to a generator. A fully discharged capacitor, having a terminal voltage
of zero, will initially act as a short-circuit when attached to a source of voltage, drawing maximum
current as it begins to build a charge. Over time, the capacitor’s terminal voltage rises to meet the
applied voltage from the source, and the current through the capacitor decreases correspondingly.
Once the capacitor has reached the full voltage of the source, it will stop drawing current from it,
and behave essentially as an open-circuit.

Switch

10 kΩ

100 µF15 V

R

C

When the switch is first closed, the voltage across the capacitor (which we were told was fully
discharged) is zero volts; thus, it first behaves as though it were a short-circuit. Over time, the
capacitor voltage will rise to equal battery voltage, ending in a condition where the capacitor behaves
as an open-circuit. Current through the circuit is determined by the difference in voltage between the
battery and the capacitor, divided by the resistance of 10 kΩ. As the capacitor voltage approaches
the battery voltage, the current approaches zero. Once the capacitor voltage has reached 15 volts,
the current will be exactly zero. Let’s see how this works using real values:

0

Time (seconds)

1 2 3 4 5 6 7 8 9 10

0

2

4

6

8

10

12

14

16

Capacitor voltage

---------------------------------------------

| Time | Battery | Capacitor | Current |
|(seconds) | voltage | voltage | |
|-------------------------------------------|
| 0 | 15 V | 0 V | 1500 uA |
|-------------------------------------------|
| 0.5 | 15 V | 5.902 V | 909.8 uA |
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|-------------------------------------------|
| 1 | 15 V | 9.482 V | 551.8 uA |
|-------------------------------------------|
| 2 | 15 V | 12.970 V | 203.0 uA |
|-------------------------------------------|
| 3 | 15 V | 14.253 V | 74.68 uA |
|-------------------------------------------|
| 4 | 15 V | 14.725 V | 27.47 uA |
|-------------------------------------------|
| 5 | 15 V | 14.899 V | 10.11 uA |
|-------------------------------------------|
| 6 | 15 V | 14.963 V | 3.718 uA |
|-------------------------------------------|
| 10 | 15 V | 14.999 V | 0.068 uA |
---------------------------------------------

The capacitor voltage’s approach to 15 volts and the current’s approach to zero over time is
what a mathematician would call asymptotic: that is, they both approach their final values, getting
closer and closer over time, but never exactly reaches their destinations. For all practical purposes,
though, we can say that the capacitor voltage will eventually reach 15 volts and that the current
will eventually equal zero.
Using the SPICE circuit analysis program, we can chart this asymptotic buildup of capacitor

voltage and decay of capacitor current in a more graphical form (capacitor current is plotted in
terms of voltage drop across the resistor, using the resistor as a shunt to measure current):

capacitor charging

v1 1 0 dc 15

r1 1 2 10k

c1 2 0 100u ic=0

.tran .5 10 uic

.plot tran v(2,0) v(1,2)

.end

legend:

*: v(2) Capacitor voltage

+: v(1,2) Capacitor current

time v(2)

(*+)----------- 0.000E+00 5.000E+00 1.000E+01 1.500E+01

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

0.000E+00 5.976E-05 * . . +

5.000E-01 5.881E+00 . . * + . .

1.000E+00 9.474E+00 . .+ *. .

1.500E+00 1.166E+01 . + . . * .

2.000E+00 1.297E+01 . + . . * .

2.500E+00 1.377E+01 . + . . * .

3.000E+00 1.426E+01 . + . . * .
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3.500E+00 1.455E+01 .+ . . *.

4.000E+00 1.473E+01 .+ . . *.

4.500E+00 1.484E+01 + . . *

5.000E+00 1.490E+01 + . . *

5.500E+00 1.494E+01 + . . *

6.000E+00 1.496E+01 + . . *

6.500E+00 1.498E+01 + . . *

7.000E+00 1.499E+01 + . . *

7.500E+00 1.499E+01 + . . *

8.000E+00 1.500E+01 + . . *

8.500E+00 1.500E+01 + . . *

9.000E+00 1.500E+01 + . . *

9.500E+00 1.500E+01 + . . *

1.000E+01 1.500E+01 + . . *

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

As you can see, I have used the .plot command in the netlist instead of the more familiar
.print command. This generates a pseudo-graphic plot of figures on the computer screen using
text characters. SPICE plots graphs in such a way that time is on the vertical axis (going down)
and amplitude (voltage/current) is plotted on the horizontal (right=more; left=less). Notice how
the voltage increases (to the right of the plot) very quickly at first, then tapering off as time goes
on. Current also changes very quickly at first then levels off as time goes on, but it is approaching
minimum (left of scale) while voltage approaches maximum.

• REVIEW:

• Capacitors act somewhat like secondary-cell batteries when faced with a sudden change in
applied voltage: they initially react by producing a high current which tapers off over time.

• A fully discharged capacitor initially acts as a short circuit (current with no voltage drop) when
faced with the sudden application of voltage. After charging fully to that level of voltage, it
acts as an open circuit (voltage drop with no current).

• In a resistor-capacitor charging circuit, capacitor voltage goes from nothing to full source
voltage while current goes from maximum to zero, both variables changing most rapidly at
first, approaching their final values slower and slower as time goes on.

16.3 Inductor transient response

Inductors have the exact opposite characteristics of capacitors. Whereas capacitors store energy in
an electric field (produced by the voltage between two plates), inductors store energy in a magnetic
field (produced by the current through wire). Thus, while the stored energy in a capacitor tries to
maintain a constant voltage across its terminals, the stored energy in an inductor tries to maintain a
constant current through its windings. Because of this, inductors oppose changes in current, and act
precisely the opposite of capacitors, which oppose changes in voltage. A fully discharged inductor
(no magnetic field), having zero current through it, will initially act as an open-circuit when attached
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to a source of voltage (as it tries to maintain zero current), dropping maximum voltage across its
leads. Over time, the inductor’s current rises to the maximum value allowed by the circuit, and the
terminal voltage decreases correspondingly. Once the inductor’s terminal voltage has decreased to
a minimum (zero for a ”perfect” inductor), the current will stay at a maximum level, and it will
behave essentially as a short-circuit.

Switch

15 V

1 Ω

1 H

R

L

When the switch is first closed, the voltage across the inductor will immediately jump to battery
voltage (acting as though it were an open-circuit) and decay down to zero over time (eventually
acting as though it were a short-circuit). Voltage across the inductor is determined by calculating
how much voltage is being dropped across R, given the current through the inductor, and subtracting
that voltage value from the battery to see what’s left. When the switch is first closed, the current is
zero, then it increases over time until it is equal to the battery voltage divided by the series resistance
of 1 Ω. This behavior is precisely opposite that of the series resistor-capacitor circuit, where current
started at a maximum and capacitor voltage at zero. Let’s see how this works using real values:

0

Time (seconds)

1 2 3 4 5 6 7 8 9 10

0

2

4

6

8

10

12

14

16

Inductor voltage

---------------------------------------------

| Time | Battery | Inductor | Current |
|(seconds) | voltage | voltage | |
|-------------------------------------------|
| 0 | 15 V | 15 V | 0 |
|-------------------------------------------|
| 0.5 | 15 V | 9.098 V | 5.902 A |
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|-------------------------------------------|
| 1 | 15 V | 5.518 V | 9.482 A |
|-------------------------------------------|
| 2 | 15 V | 2.030 V | 12.97 A |
|-------------------------------------------|
| 3 | 15 V | 0.747 V | 14.25 A |
|-------------------------------------------|
| 4 | 15 V | 0.275 V | 14.73 A |
|-------------------------------------------|
| 5 | 15 V | 0.101 V | 14.90 A |
|-------------------------------------------|
| 6 | 15 V | 37.181 mV | 14.96 A |
|-------------------------------------------|
| 10 | 15 V | 0.681 mV | 14.99 A |
---------------------------------------------

Just as with the RC circuit, the inductor voltage’s approach to 0 volts and the current’s approach
to 15 amps over time is asymptotic. For all practical purposes, though, we can say that the inductor
voltage will eventually reach 0 volts and that the current will eventually equal the maximum of 15
amps.
Again, we can use the SPICE circuit analysis program to chart this asymptotic decay of inductor

voltage and buildup of inductor current in a more graphical form (inductor current is plotted in
terms of voltage drop across the resistor, using the resistor as a shunt to measure current):

inductor charging

v1 1 0 dc 15

r1 1 2 1

l1 2 0 1 ic=0

.tran .5 10 uic

.plot tran v(2,0) v(1,2)

.end

legend:

*: v(2) Inductor voltage

+: v(1,2) Inductor current

time v(2)

(*+)------------ 0.000E+00 5.000E+00 1.000E+01 1.500E+01

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

0.000E+00 1.500E+01 + . . *

5.000E-01 9.119E+00 . . + * . .

1.000E+00 5.526E+00 . .* +. .

1.500E+00 3.343E+00 . * . . + .

2.000E+00 2.026E+00 . * . . + .

2.500E+00 1.226E+00 . * . . + .

3.000E+00 7.429E-01 . * . . + .

3.500E+00 4.495E-01 .* . . +.
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4.000E+00 2.724E-01 .* . . +.

4.500E+00 1.648E-01 * . . +

5.000E+00 9.987E-02 * . . +

5.500E+00 6.042E-02 * . . +

6.000E+00 3.662E-02 * . . +

6.500E+00 2.215E-02 * . . +

7.000E+00 1.343E-02 * . . +

7.500E+00 8.123E-03 * . . +

8.000E+00 4.922E-03 * . . +

8.500E+00 2.978E-03 * . . +

9.000E+00 1.805E-03 * . . +

9.500E+00 1.092E-03 * . . +

1.000E+01 6.591E-04 * . . +

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Notice how the voltage decreases (to the left of the plot) very quickly at first, then tapering off
as time goes on. Current also changes very quickly at first then levels off as time goes on, but it is
approaching maximum (right of scale) while voltage approaches minimum.

• REVIEW:

• A fully ”discharged” inductor (no current through it) initially acts as an open circuit (voltage
drop with no current) when faced with the sudden application of voltage. After ”charging”
fully to the final level of current, it acts as a short circuit (current with no voltage drop).

• In a resistor-inductor ”charging” circuit, inductor current goes from nothing to full value while
voltage goes from maximum to zero, both variables changing most rapidly at first, approaching
their final values slower and slower as time goes on.

16.4 Voltage and current calculations

There’s a sure way to calculate any of the values in a reactive DC circuit over time. The first step is to
identify the starting and final values for whatever quantity the capacitor or inductor opposes change
in; that is, whatever quantity the reactive component is trying to hold constant. For capacitors, this
quantity is voltage; for inductors, this quantity is current. When the switch in a circuit is closed
(or opened), the reactive component will attempt to maintain that quantity at the same level as it
was before the switch transition, so that value is to be used for the ”starting” value. The final value
for this quantity is whatever that quantity will be after an infinite amount of time. This can be
determined by analyzing a capacitive circuit as though the capacitor was an open-circuit, and an
inductive circuit as though the inductor was a short-circuit, because that is what these components
behave as when they’ve reached ”full charge,” after an infinite amount of time.

The next step is to calculate the time constant of the circuit: the amount of time it takes for
voltage or current values to change approximately 63 percent from their starting values to their
final values in a transient situation. In a series RC circuit, the time constant is equal to the total
resistance in ohms multiplied by the total capacitance in farads. For a series LR circuit, it is the
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total inductance in henrys divided by the total resistance in ohms. In either case, the time constant
is expressed in units of seconds and symbolized by the Greek letter ”tau” (τ):

L

R

For resistor-capacitor circuits:

τ = RC

For resistor-inductor circuits:

τ = 

The rise and fall of circuit values such as voltage and current in response to a transient is, as was
mentioned before, asymptotic. Being so, the values begin to rapidly change soon after the transient
and settle down over time. If plotted on a graph, the approach to the final values of voltage and
current form exponential curves.

As was stated before, one time constant is the amount of time it takes for any of these values
to change about 63 percent from their starting values to their (ultimate) final values. For every
time constant, these values move (approximately) 63 percent closer to their eventual goal. The
mathematical formula for determining the precise percentage is quite simple:

Percentage of change = 1 - 
1

x 100%
et/τ

The letter e stands for Euler’s constant, which is approximately 2.7182818. It is derived from
calculus techniques, after mathematically analyzing the asymptotic approach of the circuit values.
After one time constant’s worth of time, the percentage of change from starting value to final value
is:

1 - 
1

e1
x 100% = 63.212%

After two time constant’s worth of time, the percentage of change from starting value to final
value is:

1 - 
1

e2
x 100% = 86.466%

After ten time constant’s worth of time, the percentage is:

1 - 
1

e10
x 100% = 99.995%

The more time that passes since the transient application of voltage from the battery, the larger
the value of the denominator in the fraction, which makes for a smaller value for the whole fraction,
which makes for a grand total (1 minus the fraction) approaching 1, or 100 percent.

We can make a more universal formula out of this one for the determination of voltage and
current values in transient circuits, by multiplying this quantity by the difference between the final
and starting circuit values:
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1 - 
1

(Final-Start)Change =

Universal Time Constant Formula

Where,

Final =

Start =

e =

t =

 Value of calculated variable after infinite time
(its ultimate value)

Initial value of calculated variable

Euler’s number (  2.7182818)

Time in seconds

Time constant for circuit in seconds

et/τ

τ =

Let’s analyze the voltage rise on the series resistor-capacitor circuit shown at the beginning of
the chapter.

Switch

10 kΩ

100 µF15 V

R

C

Note that we’re choosing to analyze voltage because that is the quantity capacitors tend to hold
constant. Although the formula works quite well for current, the starting and final values for current
are actually derived from the capacitor’s voltage, so calculating voltage is a more direct method.
The resistance is 10 kΩ, and the capacitance is 100 µF (microfarads). Since the time constant (τ)
for an RC circuit is the product of resistance and capacitance, we obtain a value of 1 second:

τ = RC

τ = (10 kΩ)(100 µF)

τ = 1 second

If the capacitor starts in a totally discharged state (0 volts), then we can use that value of voltage
for a ”starting” value. The final value, of course, will be the battery voltage (15 volts). Our universal
formula for capacitor voltage in this circuit looks like this:

1 - 
1

(Final-Start)Change =

1 - 
1

et/1
Change = (15 V - 0 V)

et/τ
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So, after 7.25 seconds of applying voltage through the closed switch, our capacitor voltage will
have increased by:

1 - 
1

Change = 14.989 V

Change = (15 V - 0 V)
e7.25/1

Change = (15 V - 0 V)(0.99929)

Since we started at a capacitor voltage of 0 volts, this increase of 14.989 volts means that we
have 14.989 volts after 7.25 seconds.

The same formula will work for determining current in that circuit, too. Since we know that
a discharged capacitor initially acts like a short-circuit, the starting current will be the maximum
amount possible: 15 volts (from the battery) divided by 10 kΩ (the only opposition to current in
the circuit at the beginning):

Starting current =
15 V

10 kΩ

Starting current = 1.5 mA

We also know that the final current will be zero, since the capacitor will eventually behave as an
open-circuit, meaning that eventually no electrons will flow in the circuit. Now that we know both
the starting and final current values, we can use our universal formula to determine the current after
7.25 seconds of switch closure in the same RC circuit:

1 - 
1

Change = - 1.4989 mA

Change = (0 mA - 1.5 mA)
e7.25/1

Change = (0 mA - 1.5 mA)(0.99929)

Note that the figure obtained for change is negative, not positive! This tells us that current has
decreased rather than increased with the passage of time. Since we started at a current of 1.5 mA,
this decrease (-1.4989 mA) means that we have 0.001065 mA (1.065 µA) after 7.25 seconds.

We could have also determined the circuit current at time=7.25 seconds by subtracting the
capacitor’s voltage (14.989 volts) from the battery’s voltage (15 volts) to obtain the voltage drop
across the 10 kΩ resistor, then figuring current through the resistor (and the whole series circuit)
with Ohm’s Law (I=E/R). Either way, we should obtain the same answer:
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I =
E

R

I = 
15 V - 14.989 V

10 kΩ

I = 1.065 µA

The universal time constant formula also works well for analyzing inductive circuits. Let’s apply
it to our example L/R circuit in the beginning of the chapter:

Switch

15 V

1 Ω

1 H

R

L

With an inductance of 1 henry and a series resistance of 1 Ω, our time constant is equal to 1
second:

L

R

1 H

1 Ω

1 second

τ = 

τ = 

τ = 

Because this is an inductive circuit, and we know that inductors oppose change in current, we’ll
set up our time constant formula for starting and final values of current. If we start with the switch
in the open position, the current will be equal to zero, so zero is our starting current value. After
the switch has been left closed for a long time, the current will settle out to its final value, equal
to the source voltage divided by the total circuit resistance (I=E/R), or 15 amps in the case of this
circuit.
If we desired to determine the value of current at 3.5 seconds, we would apply the universal time

constant formula as such:

1 - 
1

e3.5/1

Change = 14.547 A

Change = (15 A - 0 A)

Change = (15 A - 0 A)(0.9698)

Given the fact that our starting current was zero, this leaves us at a circuit current of 14.547
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amps at 3.5 seconds’ time.

Determining voltage in an inductive circuit is best accomplished by first figuring circuit current
and then calculating voltage drops across resistances to find what’s left to drop across the inductor.
With only one resistor in our example circuit (having a value of 1 Ω), this is rather easy:

ER = (14.547 A)(1 Ω)

ER = 14.547 V

Subtracted from our battery voltage of 15 volts, this leaves 0.453 volts across the inductor at
time=3.5 seconds.

EL = Ebattery - ER

EL = 15 V - 14.547 V

EL = 0.453 V

• REVIEW:

• Universal Time Constant Formula:

•

1 - 
1

(Final-Start)Change =

Universal Time Constant Formula

Where,

Final =

Start =

e =

t =

 Value of calculated variable after infinite time
(its ultimate value)

Initial value of calculated variable

Euler’s number (  2.7182818)

Time in seconds

Time constant for circuit in seconds

et/τ

τ =

• To analyze an RC or L/R circuit, follow these steps:

• (1): Determine the time constant for the circuit (RC or L/R).

• (2): Identify the quantity to be calculated (whatever quantity whose change is directly opposed
by the reactive component. For capacitors this is voltage; for inductors this is current).

• (3): Determine the starting and final values for that quantity.

• (4): Plug all these values (Final, Start, time, time constant) into the universal time constant
formula and solve for change in quantity.
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• (5): If the starting value was zero, then the actual value at the specified time is equal to the
calculated change given by the universal formula. If not, add the change to the starting value
to find out where you’re at.

16.5 Why L/R and not LR?

It is often perplexing to new students of electronics why the time-constant calculation for an inductive
circuit is different from that of a capacitive circuit. For a resistor-capacitor circuit, the time constant
(in seconds) is calculated from the product (multiplication) of resistance in ohms and capacitance
in farads: τ=RC. However, for a resistor-inductor circuit, the time constant is calculated from the
quotient (division) of inductance in henrys over the resistance in ohms: τ=L/R.

This difference in calculation has a profound impact on the qualitative analysis of transient
circuit response. Resistor-capacitor circuits respond quicker with low resistance and slower with high
resistance; resistor-inductor circuits are just the opposite, responding quicker with high resistance
and slower with low resistance. While capacitive circuits seem to present no intuitive trouble for the
new student, inductive circuits tend to make less sense.

Key to the understanding of transient circuits is a firm grasp on the concept of energy transfer
and the electrical nature of it. Both capacitors and inductors have the ability to store quantities
of energy, the capacitor storing energy in the medium of an electric field and the inductor storing
energy in the medium of a magnetic field. A capacitor’s electrostatic energy storage manifests itself
in the tendency to maintain a constant voltage across the terminals. An inductor’s electromagnetic
energy storage manifests itself in the tendency to maintain a constant current through it.

Let’s consider what happens to each of these reactive components in a condition of discharge:
that is, when energy is being released from the capacitor or inductor to be dissipated in the form of
heat by a resistor:

Capacitor and inductor discharge

Time

E

Time

I

heat heat

Stored
energy

Dissipated
energy energy

Dissipated
energy
Stored

In either case, heat dissipated by the resistor constitutes energy leaving the circuit, and as a
consequence the reactive component loses its store of energy over time, resulting in a measurable
decrease of either voltage (capacitor) or current (inductor) expressed on the graph. The more power
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dissipated by the resistor, the faster this discharging action will occur, because power is by definition
the rate of energy transfer over time.

Therefore, a transient circuit’s time constant will be dependent upon the resistance of the circuit.
Of course, it is also dependent upon the size (storage capacity) of the reactive component, but since
the relationship of resistance to time constant is the issue of this section, we’ll focus on the effects
of resistance alone. A circuit’s time constant will be less (faster discharging rate) if the resistance
value is such that it maximizes power dissipation (rate of energy transfer into heat). For a capacitive
circuit where stored energy manifests itself in the form of a voltage, this means the resistor must
have a low resistance value so as to maximize current for any given amount of voltage (given voltage
times high current equals high power). For an inductive circuit where stored energy manifests itself
in the form of a current, this means the resistor must have a high resistance value so as to maximize
voltage drop for any given amount of current (given current times high voltage equals high power).

This may be analogously understood by considering capacitive and inductive energy storage in
mechanical terms. Capacitors, storing energy electrostatically, are reservoirs of potential energy.
Inductors, storing energy electromagnetically (electrodynamically), are reservoirs of kinetic energy.
In mechanical terms, potential energy can be illustrated by a suspended mass, while kinetic energy
can be illustrated by a moving mass. Consider the following illustration as an analogy of a capacitor:

gravity

Cart

slope

Potential energy storage
and release

The cart, sitting at the top of a slope, possesses potential energy due to the influence of gravity
and its elevated position on the hill. If we consider the cart’s braking system to be analogous to the
resistance of the system and the cart itself to be the capacitor, what resistance value would facilitate
rapid release of that potential energy? Minimum resistance (no brakes) would diminish the cart’s
altitude quickest, of course! Without any braking action, the cart will freely roll downhill, thus
expending that potential energy as it loses height. With maximum braking action (brakes firmly
set), the cart will refuse to roll (or it will roll very slowly) and it will hold its potential energy for a
long period of time. Likewise, a capacitive circuit will discharge rapidly if its resistance is low and
discharge slowly if its resistance is high.

Now let’s consider a mechanical analogy for an inductor, showing its stored energy in kinetic
form:
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Cart
and release

Kinetic energy storage

This time the cart is on level ground, already moving. Its energy is kinetic (motion), not potential
(height). Once again if we consider the cart’s braking system to be analogous to circuit resistance and
the cart itself to be the inductor, what resistance value would facilitate rapid release of that kinetic
energy? Maximum resistance (maximum braking action) would slow it down quickest, of course!
With maximum braking action, the cart will quickly grind to a halt, thus expending its kinetic
energy as it slows down. Without any braking action, the cart will be free to roll on indefinitely
(barring any other sources of friction like aerodynamic drag and rolling resistance), and it will hold
its kinetic energy for a long period of time. Likewise, an inductive circuit will discharge rapidly if
its resistance is high and discharge slowly if its resistance is low.

Hopefully this explanation sheds more light on the subject of time constants and resistance, and
why the relationship between the two is opposite for capacitive and inductive circuits.

16.6 Complex voltage and current calculations

There are circumstances when you may need to analyze a DC reactive circuit when the starting values
of voltage and current are not respective of a fully ”discharged” state. In other words, the capacitor
might start at a partially-charged condition instead of starting at zero volts, and an inductor might
start with some amount of current already through it, instead of zero as we have been assuming so
far. Take this circuit as an example, starting with the switch open and finishing with the switch in
the closed position:

Switch

15 V

R1 R2

L 1 H

2 Ω 1 Ω

Since this is an inductive circuit, we’ll start our analysis by determining the start and end values
for current. This step is vitally important when analyzing inductive circuits, as the starting and
ending voltage can only be known after the current has been determined! With the switch open
(starting condition), there is a total (series) resistance of 3 Ω, which limits the final current in the
circuit to 5 amps:
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I =
E

R

I =
15 V

3 Ω

I = 5 A

So, before the switch is even closed, we have a current through the inductor of 5 amps, rather
than starting from 0 amps as in the previous inductor example. With the switch closed (the final
condition), the 1 Ω resistor is shorted across (bypassed), which changes the circuit’s total resistance
to 2 Ω. With the switch closed, the final value for current through the inductor would then be:

I =
E

R

I =
15 V

2 Ω

I = 7.5 A

So, the inductor in this circuit has a starting current of 5 amps and an ending current of 7.5
amps. Since the ”timing” will take place during the time that the switch is closed and R2 is shorted
past, we need to calculate our time constant from L1 and R1: 1 Henry divided by 2 Ω, or τ = 1/2
second. With these values, we can calculate what will happen to the current over time. The voltage
across the inductor will be calculated by multiplying the current by 2 (to arrive at the voltage across
the 2 Ω resistor), then subtracting that from 15 volts to see what’s left. If you realize that the
voltage across the inductor starts at 5 volts (when the switch is first closed) and decays to 0 volts
over time, you can also use these figures for starting/ending values in the general formula and derive
the same results:

1 - 
1

Change = (7.5 A - 5 A) Calculating current
et/0.5

Change = (0 V - 5 V) 1 - 
et/0.5

1
Calculating voltage

. . . or . . .

---------------------------------------------

| Time | Battery | Inductor | Current |
|(seconds) | voltage | voltage | |
|-------------------------------------------|
| 0 | 15 V | 5 V | 5 A |
|-------------------------------------------|
| 0.1 | 15 V | 4.094 V | 5.453 A |
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|-------------------------------------------|
| 0.25 | 15 V | 3.033 V | 5.984 A |
|-------------------------------------------|
| 0.5 | 15 V | 1.839 V | 6.580 A |
|-------------------------------------------|
| 1 | 15 V | 0.677 V | 7.162 A |
|-------------------------------------------|
| 2 | 15 V | 0.092 V | 7.454 A |
|-------------------------------------------|
| 3 | 15 V | 0.012 V | 7.494 A |
---------------------------------------------

16.7 Complex circuits

What do we do if we come across a circuit more complex than the simple series configurations we’ve
seen so far? Take this circuit as an example:

Switch

20 V

2 kΩ

R1

R2 500 Ω

R3

3 kΩ

C 100 µF

The simple time constant formula (τ=RC) is based on a simple series resistance connected to
the capacitor. For that matter, the time constant formula for an inductive circuit (τ=L/R) is also
based on the assumption of a simple series resistance. So, what can we do in a situation like this,
where resistors are connected in a series-parallel fashion with the capacitor (or inductor)?

The answer comes from our studies in network analysis. Thevenin’s Theorem tells us that we
can reduce any linear circuit to an equivalent of one voltage source, one series resistance, and a load
component through a couple of simple steps. To apply Thevenin’s Theorem to our scenario here,
we’ll regard the reactive component (in the above example circuit, the capacitor) as the load and
remove it temporarily from the circuit to find the Thevenin voltage and Thevenin resistance. Then,
once we’ve determined the Thevenin equivalent circuit values, we’ll re-connect the capacitor and
solve for values of voltage or current over time as we’ve been doing so far.

After identifying the capacitor as the ”load,” we remove it from the circuit and solve for voltage
across the load terminals (assuming, of course, that the switch is closed):
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Switch
(closed)

Thevenin
voltage20 V

2 kΩ

500 Ω

R1

R2

R3

3 kΩ

1.8182 V=

E

I

R

Volts

Amps

Ohms

R1 R2 R3 Total

2k 500 3k 5.5k

20

3.636m 3.636m 3.636m 3.636m

7.273 1.818 10.909

This step of the analysis tells us that the voltage across the load terminals (same as that across
resistor R2) will be 1.8182 volts with no load connected. With a little reflection, it should be clear
that this will be our final voltage across the capacitor, seeing as how a fully-charged capacitor acts
like an open circuit, drawing zero current. We will use this voltage value for our Thevenin equivalent
circuit source voltage.

Now, to solve for our Thevenin resistance, we need to eliminate all power sources in the original
circuit and calculate resistance as seen from the load terminals:

Switch
(closed)

Thevenin
resistance

R1

R2 500 Ω

R3

3 kΩ

2 kΩ

454.545 Ω=

RThevenin = R2 // (R1 -- R3)

RThevenin = 500 Ω // (2 kΩ + 3 kΩ)

RThevenin = 454.545 Ω

Re-drawing our circuit as a Thevenin equivalent, we get this:
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Switch

EThevenin

1.8182 V

RThevenin

454.545 Ω

C 100 µF

Our time constant for this circuit will be equal to the Thevenin resistance times the capacitance
(τ=RC). With the above values, we calculate:

τ = RC

τ = (454.545 Ω)(100 µF)

τ = 45.4545 milliseconds

Now, we can solve for voltage across the capacitor directly with our universal time constant
formula. Let’s calculate for a value of 60 milliseconds. Because this is a capacitive formula, we’ll set
our calculations up for voltage:

Change = (Final - Start) 1 -
1

Change = (1.8182 V - 0 V) 1 -
1

e60m/45.4545m

Change = (1.8182 V)(0.73286)

Change = 1.3325 V

et/τ

Again, because our starting value for capacitor voltage was assumed to be zero, the actual voltage
across the capacitor at 60 milliseconds is equal to the amount of voltage change from zero, or 1.3325
volts.
We could go a step further and demonstrate the equivalence of the Thevenin RC circuit and the

original circuit through computer analysis. I will use the SPICE analysis program to demonstrate
this:

Comparison RC analysis

* first, the netlist for the original circuit:

v1 1 0 dc 20

r1 1 2 2k

r2 2 3 500

r3 3 0 3k

c1 2 3 100u ic=0

* then, the netlist for the thevenin equivalent:
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v2 4 0 dc 1.818182

r4 4 5 454.545

c2 5 0 100u ic=0

* now, we analyze for a transient, sampling every .005 seconds

* over a time period of .37 seconds total, printing a list of

* values for voltage across the capacitor in the original

* circuit (between modes 2 and 3) and across the capacitor in

* the thevenin equivalent circuit (between nodes 5 and 0)

.tran .005 0.37 uic

.print tran v(2,3) v(5,0)

.end

time v(2,3) v(5)

0.000E+00 4.803E-06 4.803E-06

5.000E-03 1.890E-01 1.890E-01

1.000E-02 3.580E-01 3.580E-01

1.500E-02 5.082E-01 5.082E-01

2.000E-02 6.442E-01 6.442E-01

2.500E-02 7.689E-01 7.689E-01

3.000E-02 8.772E-01 8.772E-01

3.500E-02 9.747E-01 9.747E-01

4.000E-02 1.064E+00 1.064E+00

4.500E-02 1.142E+00 1.142E+00

5.000E-02 1.212E+00 1.212E+00

5.500E-02 1.276E+00 1.276E+00

6.000E-02 1.333E+00 1.333E+00

6.500E-02 1.383E+00 1.383E+00

7.000E-02 1.429E+00 1.429E+00

7.500E-02 1.470E+00 1.470E+00

8.000E-02 1.505E+00 1.505E+00

8.500E-02 1.538E+00 1.538E+00

9.000E-02 1.568E+00 1.568E+00

9.500E-02 1.594E+00 1.594E+00

1.000E-01 1.617E+00 1.617E+00

1.050E-01 1.638E+00 1.638E+00

1.100E-01 1.657E+00 1.657E+00

1.150E-01 1.674E+00 1.674E+00

1.200E-01 1.689E+00 1.689E+00

1.250E-01 1.702E+00 1.702E+00

1.300E-01 1.714E+00 1.714E+00

1.350E-01 1.725E+00 1.725E+00

1.400E-01 1.735E+00 1.735E+00

1.450E-01 1.744E+00 1.744E+00

1.500E-01 1.752E+00 1.752E+00

1.550E-01 1.758E+00 1.758E+00

1.600E-01 1.765E+00 1.765E+00
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1.650E-01 1.770E+00 1.770E+00

1.700E-01 1.775E+00 1.775E+00

1.750E-01 1.780E+00 1.780E+00

1.800E-01 1.784E+00 1.784E+00

1.850E-01 1.787E+00 1.787E+00

1.900E-01 1.791E+00 1.791E+00

1.950E-01 1.793E+00 1.793E+00

2.000E-01 1.796E+00 1.796E+00

2.050E-01 1.798E+00 1.798E+00

2.100E-01 1.800E+00 1.800E+00

2.150E-01 1.802E+00 1.802E+00

2.200E-01 1.804E+00 1.804E+00

2.250E-01 1.805E+00 1.805E+00

2.300E-01 1.807E+00 1.807E+00

2.350E-01 1.808E+00 1.808E+00

2.400E-01 1.809E+00 1.809E+00

2.450E-01 1.810E+00 1.810E+00

2.500E-01 1.811E+00 1.811E+00

2.550E-01 1.812E+00 1.812E+00

2.600E-01 1.812E+00 1.812E+00

2.650E-01 1.813E+00 1.813E+00

2.700E-01 1.813E+00 1.813E+00

2.750E-01 1.814E+00 1.814E+00

2.800E-01 1.814E+00 1.814E+00

2.850E-01 1.815E+00 1.815E+00

2.900E-01 1.815E+00 1.815E+00

2.950E-01 1.815E+00 1.815E+00

3.000E-01 1.816E+00 1.816E+00

3.050E-01 1.816E+00 1.816E+00

3.100E-01 1.816E+00 1.816E+00

3.150E-01 1.816E+00 1.816E+00

3.200E-01 1.817E+00 1.817E+00

3.250E-01 1.817E+00 1.817E+00

3.300E-01 1.817E+00 1.817E+00

3.350E-01 1.817E+00 1.817E+00

3.400E-01 1.817E+00 1.817E+00

3.450E-01 1.817E+00 1.817E+00

3.500E-01 1.817E+00 1.817E+00

3.550E-01 1.817E+00 1.817E+00

3.600E-01 1.818E+00 1.818E+00

3.650E-01 1.818E+00 1.818E+00

3.700E-01 1.818E+00 1.818E+00

At every step along the way of the analysis, the capacitors in the two circuits (original circuit
versus Thevenin equivalent circuit) are at equal voltage, thus demonstrating the equivalence of the
two circuits.
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• REVIEW:

• To analyze an RC or L/R circuit more complex than simple series, convert the circuit into a
Thevenin equivalent by treating the reactive component (capacitor or inductor) as the ”load”
and reducing everything else to an equivalent circuit of one voltage source and one series
resistor. Then, analyze what happens over time with the universal time constant formula.

16.8 Solving for unknown time

Sometimes it is necessary to determine the length of time that a reactive circuit will take to reach a
predetermined value. This is especially true in cases where we’re designing an RC or L/R circuit to
perform a precise timing function. To calculate this, we need to modify our ”Universal time constant
formula.” The original formula looks like this:

1 - 
1

(Final-Start)Change =
et/τ

1 - = (Final-Start) e-t/τ

However, we want to solve for time, not the amount of change. To do this, we algebraically
manipulate the formula so that time is all by itself on one side of the equal sign, with all the rest
on the other side:

Change 1 - = (Final-Start) e-t/τ

Change 
Final-Start

= e-t/τ1 - 

Change 
Final-Start

= ln( e-t/τ )1 - ln

ln
Change

Final - Start
1 -t = −τ

The ln designation just to the right of the time constant term is the natural logarithm function:
the exact reverse of taking the power of e. In fact, the two functions (powers of e and natural
logarithms) can be related as such:

If ex = a, then ln a = x.

If ex = a, then the natural logarithm of a will give you x: the power that e must be was raised
to in order to produce a.

Let’s see how this all works on a real example circuit. Taking the same resistor-capacitor circuit
from the beginning of the chapter, we can work ”backwards” from previously determined values of
voltage to find how long it took to get there.
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Switch

10 kΩ

100 µF15 V

R

C

The time constant is still the same amount: 1 second (10 kΩ times 100 µF), and the starting/final
values remain unchanged as well (EC = 0 volts starting and 15 volts final). According to our chart
at the beginning of the chapter, the capacitor would be charged to 12.970 volts at the end of 2
seconds. Let’s plug 12.970 volts in as the ”Change” for our new formula and see if we arrive at an
answer of 2 seconds:

ln 1 -t = -(1 second)
12.970 V

15 V - 0 V

t =

t = 2 seconds

-(1 second)

t = (1 second)(2)

(ln 0.13534))

Indeed, we end up with a value of 2 seconds for the time it takes to go from 0 to 12.970 volts across
the capacitor. This variation of the universal time constant formula will work for all capacitive and
inductive circuits, both ”charging” and ”discharging,” provided the proper values of time constant,
Start, Final, and Change are properly determined beforehand. Remember, the most important step
in solving these problems is the initial set-up. After that, it’s just a lot of button-pushing on your
calculator!

• REVIEW:

• To determine the time it takes for an RC or L/R circuit to reach a certain value of voltage or
current, you’ll have to modify the universal time constant formula to solve for time instead of
change.

•

ln
Change

Final - Start
1 -t = −τ

• The mathematical function for reversing an exponent of ”e” is the natural logarithm (ln),
provided on any scientific calculator.
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16.9 Contributors

Contributors to this chapter are listed in chronological order of their contributions, from most recent
to first. See Appendix 2 (Contributor List) for dates and contact information.

Jason Starck (June 2000): HTML document formatting, which led to a much better-looking
second edition.
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Appendix A-1

ABOUT THIS BOOK

A-1.1 Purpose

They say that necessity is the mother of invention. At least in the case of this book, that adage
is true. As an industrial electronics instructor, I was forced to use a sub-standard textbook during
my first year of teaching. My students were daily frustrated with the many typographical errors
and obscure explanations in this book, having spent much time at home struggling to comprehend
the material within. Worse yet were the many incorrect answers in the back of the book to selected
problems. Adding insult to injury was the $100+ price.

Contacting the publisher proved to be an exercise in futility. Even though the particular text I
was using had been in print and in popular use for a couple of years, they claimed my complaint
was the first they’d ever heard. My request to review the draft for the next edition of their book
was met with disinterest on their part, and I resolved to find an alternative text.

Finding a suitable alternative was more difficult than I had imagined. Sure, there were plenty of
texts in print, but the really good books seemed a bit too heavy on the math and the less intimidating
books omitted a lot of information I felt was important. Some of the best books were out of print,
and those that were still being printed were quite expensive.

It was out of frustration that I compiled Lessons in Electric Circuits from notes and ideas I had
been collecting for years. My primary goal was to put readable, high-quality information into the
hands of my students, but a secondary goal was to make the book as affordable as possible. Over the
years, I had experienced the benefit of receiving free instruction and encouragement in my pursuit
of learning electronics from many people, including several teachers of mine in elementary and high
school. Their selfless assistance played a key role in my own studies, paving the way for a rewarding
career and fascinating hobby. If only I could extend the gift of their help by giving to other people
what they gave to me . . .

So, I decided to make the book freely available. More than that, I decided to make it ”open,”
following the same development model used in the making of free software (most notably the various
UNIX utilities released by the Free Software Foundation, and the Linux operating system, whose
fame is growing even as I write). The goal was to copyright the text – so as to protect my authorship
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